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PREFACE 


The presertb work is a translation of the eighth German edition. 
The notation for vectors has been modified, so as to bring it into 
line with that customary in English books. A new feature is the 
coUestion of problems and solutions. Special thanks are due to the 
translate for the capable and careful way in which ho has carried 
out his task. 

E. BECKER. 

Berlin, May, 1932. 



The Etiglish publishers 7vish to express their thanks fa the aufkaritir^ 
of the University of London for permission to use their vvaminalion papers 
in the collection of examples. 



PREFACE 

TO THE EIGHTH GERMAN EDITION 


The work entitled An Introdiiction to Maxwell's Theory ^ by A. 
Foppl, appeared in 1894. Ten years later, the second edition, recast 
and thoroughly revised, was published as the first volume of Max 
Abraham’s Theory of Electricity. For a whole generation of physicists 
after that date, “ Abraham-Foppl ” was more widely used than any 
other textbook introductory to electrical theory. The fact that as 
many as seven editions appeared in Abraham’s lifetime is convincing 
evidence of the estimation in which the work was held by teachers 
and students. 

In the new edition, I have felt bound to preserve the essential 
features of a book so obviously suited to its purpose, and many passages 
have been taken over unchanged. At the same time, some fairly exten- 
sive alterations have been made in particular sections, always in the 
direction of laying greater emphasis on the concrete physical content 
of the theory, and less on its purely formal aspects. To assist the student 
towards a vivid comprehension of the text, the number of diagrams 
has been increased more than fivefold. 

New sections have been added dealing with electrostriction, and 
with the thermodynamics of the field. The theory of the skin efi’ect 
has been amplified, and the theory of waves in wires has been extended 
to the case when resistance is taken into account. In the exposition 
of the theory of alternating currents, advantage has been taken of the 
vector diagram used by electrical engineers. The treatment of electric 
currents as a cyclic system has been omitted altogether. The sub- 
stance of the last two sections of the previous edition — on ferro- 
magnetism and induction phenomena in moving bodies — has been 
incorporated in other sections. 

In the choice of units I have followed Abraham’s last edition in 
every detail. The system used throughout is the Gaussian system, 
in which the energy density in a vacuum is equal to 

^ ergs/cm.®, 
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and the dielectric constant and permeability of a viicuum are ('aeh 
taken as imity. It does not seem possible at present to set Uf) a system 
of units 'wbicli will satisfy the electrical engineer and the ])liysi(iist 
alike. With regard to MiraveU’s theory, the diHereiKM', bet\v('en the, 
physicist and the electrician is not a matter of not.iit.ion merely, but of 
principle. The technical view adheres much inon* strictly than current 
physics (Iocs to the original form of tins F;i.nidi'y-A!ii.xw(‘ll theory. 
The engineer looks upon the vectors E and D evim in a viicniiiu ■ 
as magnitudes of quite diilercnt kinds, related 1.0 one, iinoi.her )norc 
or less like tension and exteiusiou in tius tlicory of ('histicity. From 
this point of view it must of coui’se seem a very (nu'stionable proceilure, 
in an exposition of fundamontiil pi-inc,iple.s, to put the laelor of pro- 
portionality K, in the equation D A’E, e(pial to I for empty space, 
thus artificially attributing to D and E tlie same dimensions. On the 
other hand, the distinction in ])riiic.iple between D and E. wliifdi is 
closely connected with the mechanical theory of t.he a'ther, has l)e.en 
absolutely abandoned in modern physii's, the electronwgiietie. eon- 
clitions at any point in enifity space being now mgarded as compleiicly 
defined when wo arc given one electric vector E ami one magnetic 
vector B (or H). The luituericnl identity of E and D (for euqity space) 
in the Oanssian system of units is not, for the physicist, tin' result 
of an arbitrary delinitioii, but the, e.\-j)res.siou of tlu' fact that E mid D 
are actually the same thing. Tim introduction by the engineer of a 
dielectric! constant and permeability not mpud to 1 in a vacuum se(‘nis 
to the physicist to be merely an ad.ilie.i', by means of whieli formula! 
are reduced to a sha[)o wdiich is convenient for pratitiea.1 (‘alculal.ions. 

For purposes of rcifcrenct^, a list of imporlaiii. formula' i.s given in 
an appondi.x. 

Li. JlEClvKli. 

Berlin, February, 1930. 
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INTRODUCTION 


The theory of electric and magnetic phenomena, as it existed 
before Maxwell, was based on the conception of action at a distance 
between bodies which are electrified, magnetized, or traversed by 
electric currents. The only physicist who took a different view was 
Faraday. But he was not enough of a mathematician to express his 
ideas in the complete and self-consistent form which would have 
raised them to the rank of a theory. His method of regarding and 
describing electrical phenomena was, it is true, a mathematical one, 
but he did not express himself in terms of the ordinary symbolism 
of mathematics. This was first done by Maxwell, who translated 
Faraday’s ideas into strict mathematical form, and thus built up a 
theory which differed essentially from the theory of action at a distance 
even in its foundations, and stiU more in its higher developments. 

The discoveries of Heinrich Hertz supplied the proof that electro- 
magnetic processes do actually take place in dielectrics, and in par- 
ticular in free space, and the fundamental ideas of Maxwell’s theory 
have now been accepted by aU physicists. 

What are the essential characteristics which distinguish Maxwell’s 
theory of field action from the theories of action at a distance? 

The essential ideas underlying Maxwell’s theory which we shall 
have to consider are these: 

1. The idea that all electric and magnetic action of one body 
on another separated from it is transmitted through the intervening 
space, whether that be empty or occupied by matter. 

2. That the seat of electric or magnetic energy is to be found not 
only in the body which is electrified or magnetized, or which is traversed 
by a current, but also, and to a far greater extent, in the surrounding 
field. 

3. That the electric current in an unclosed conducting circuit is 
closed, or made complete, by a supplementary displacement 
current ” in the dielectric, and that this displacement current is 
connected with the magnetic field strength in the same way as the 
conduction current. 

adii 
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4. That the flux of magnetic induction has no sources, or, in other 
words, that “ true ” magnetism is never found. 

5. That light waves are electromagnetic waves. 

Maxwell himself stated his equations in tonus of quaternions, 
but only rather incidentally; in essence, his exposition is based on 
Cartesian methods. With the latter, however, it is dillicult to grasp 
the connexion of the formulae as a whole. Ifc is much easier to (lo so 
when the vector calculus is employed. Tlio. trouble it costs to make 
oneself familiar with vector methods is amply repaid by the advan- 
tages gained. The use of vectors is in fact indispensabli', if wliat wo 
aim at is to secure as faithful a reproduction as possible of Faraday's 
idea of the flux of force. The theory of vectors and vector lields is 
therefore placed at the head of the present work. The notul-ion is 
that now used by nearly all writers who are doing original work in 
electrodynamics. In the following chapters, tlie method of V(!ctors, 
which is useful in rigid dynamics and in hydrodynamics as well as in 
electricity, will be employed throughout. 
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VECTORS AND VECTOR FIELDS 


CHAPTER I 

Vectors 


1. Definition of a Vector. 

Tke equations of physics are ultimately relations between quantities 
which are immediately measurable. What a measurement tells is the 
number of times a given unit is contained in the quantity measured. 
The unit may be chosen arbitrarily (e.g. a metre, a second, a degree 
Centigrade), or it may be reduced to other units, previously defined, 
with which it is connected by an equation. The formula for the unit, 
obtained by solving this equation, represents the dimensions of 
tlie unit with respect to the other units. The so-called “ absolute ’’ 
system of measurement employs the three fundamental units of length, 
mass, and time; but no matter what units are chosen to serve as the 
foundation of the absolute system, the two sides of any equation in 
physics must “ balance ”, i.e. they must agree with each other not 
only numerically but also in dimensions. In fact, if there were any 
disparity in the dimensions, a change in the fundamental units would 
destroy the numerical equality of the two sides of the equation. The 
fact that the dimensions must balance is taken advantage of in physical 
calculations as a first check upon the accuracy of an equation. 

Physical quantities of the simplest type are completely defined 
by the assignment of a single number, along with a known unit. Such 
quantities are called scalars; mass and temperature are examples. 

But there are other physical quantities, which do not belong to the 
class of scalars. Thus, in order to specify the final position of a point 
which is displaced from a given initial position, three numbers arc 
required, say, for example, the Cartesian co-ordinates of the final 
point with respect to axes through the initial point. In this case we 
might, without introducing any new kind of quantity, work throughout 
with scalars, viz. the component displacements. But if we did so we 
should in the first place be neglecting the fact that, physically speaking, 
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a displacement is a single idea; and, secondly, we should be importing 
a foreign element into the question, viz. the co-ordinate system, wliicli 
has nothing to do with the displacement itself. We shall th(?Teforo 
introduce Ssplacements as quantities of a new type, and esta})liHh 
a system of rules for their use. Only when we come to evaluatt'. foriuiilte 
numerically will it be necessary to bring in a doKuitci (^o-ordinatti system. 

Rectilinear displacements of a point, and all physical <iun.ntities 
which can be represented by such displacoraents (in the sainci way 
as the values of a scalar can be represented by the points of a si.raight 
line), and which also obey the same law of addition as tlio corresponding 
displacements, are called vector,^. 

A rigorous test for determining whether a quantity is a vector 
or not will be given in § 3 (p. 6). 


2. Addition and Subtraction of Vectors. 

In the definition of a vector just given, voiitou addition has been 
reduced to composition of rectilinear displacements. Tak(', now two 
vectors and B of the same dimensions and tjqxs in ordiu’ to add 
them, consider a movable ])oint situatc'd t.o begin wiih 
at 1 (fig. 1). Lot this point bo given, first, tiu*, dis- 
placement (1, 2), representing the V('(itor A in magni- 
tude, direction, and sense; tliou the displaccanmit (2, 3), 
agreeing in length, direction, 
and sense f with the vector 
B; the result is equivalent 
to a displacement of the 
movable point from 1 to 
This rectilinear displace- 
ment which tabes the point 
directly from 1 to 3 is 
called the resultant or geometric sum of tlic two displaccanents (I, 2) 
and (2, 3). It represents a vector C which, in accordaiict^ with th(^ 
definition of § 1, wo call the resultant or sum of the vectors A and B: 



A ■/ 


— 


Fig. i 


Fig. a 


C = A + B. 


(U 


If the displacement B is made first, ami tlien the dis])lac(uucn(; A 
(fig. 2), the movable point describes the path (M3), which with (123) 
makes up a parallelogram; accordingly tlio resul(;ant of th('. dis- 
placements B and A, like that of A and B, is represented by th('. 
diagonal (1, 3) of that parallelogram. Hence vector addition obeys 
the commutative law: the geometric sum of two vedors is indcpvmlvM 
of the order of addition: 

A+B=B+A ( 2 ) 


♦Heavy typo will bo used throughout to indicate vectors, 
t In future, the word direction wiU be used so as to include sense, [Tr.] 
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This parallelogram law of addition (fig. 2) is characteristic of the 
quantities called vectors. Quantities exist with which we can associate 
the properties of magnitude and direction, but which follow another 
law of composition. For example, we know from kinematics that 
iniinitely small rotations of a rigid system about a fixed point can 
be represented by vectors, since their composition obeys the parallelo- 
gram law. On the other hand finite rotations are compounded in a 
more complicated way, and therefore are not vectors. It is proved 
in statics that forces acting on a particle follow the parallelogram 
law of addition; such forces are therefore vectors. 

If we consider the displacements derived by addition from three 
vectors A, B, and C, we see that the following law holds, called the 
associative law of vector addition: 

{A+B)+C= A+(B+C) (3) 

In fig. 3 the sum of three vectors is found by completing the quadri- 
lateral, which has the individual vectors and their siun for its sides; 
and similarly the sum of n vectors is 
formed by means of the so-called vector 
polygon; this has n+1 sides, namely 
the n vectors which are to be added, 
and their resultant. 

We may now ask the question: 

What meaning is to be attached to the 
geometric difference of two vectors A 
and B? The answer is that we define the diSerence in such a way 
that the relation 

B — B = 0 (4) 

holds for vectors, just as the similar relation holds for scalars. The 
vector — B therefore corresponds to a displacement which annuls the 
displacement B, i.e. brings the movable point back to its original 
position. Thus — B is a vector of the same magnitude as B, but in 
the opposite direction. By the geometric difference of the vectors 
A and B we mean the geometric sum of A and — B, so that we define 
vector subtraction as follows: 

A vector B is subtracted from a vector A by adding to ha vector of the 
same magnitude as B, but in the opposite direction. 

In the parallelogram of fig. 2, the diagonal (13) represents the 
geometric sum A B, the diagonal (42) the geometric difference 

A - B. 

The rules for the addition and subtraction of vectors which 
have now been laid down agree formally with the laws of ordinary 
algebra. 
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3. Unit Vectors and Fundamental Vectors. Components. 

By the product A of a scalar a and a vcclo}' a, 

A = aa = aa, (5) 

WQ understand a vector whose magnitude is equal to tlic product of 
the magnitudes of the scalar a and the voefcor a, 

|A| = |al.|al (i3(/) 

and which has the same direction as a, or the oj)posite dir(‘ciion, 
according as the scalar a is positive or negative. 

The multiplication of vectors by scalars obeys tlie rules of the 
algebra of scalar quantities. The coimnutativo law has already boon 
explicitly stated in (5); and the distributive Jaw also liolds^ i.e,. 


(a + i8)a = aa + a(a-rh) wta-l-ah. . . {hh) 

All vectors A which have the same direction can be comieeted with 
a vector s, also in that direction, and of magnitude 1: 

A=-lA|s (()) 


A vector s, of magnitude 1, is called a vnU vcclor. Wo. shall ailopt 
the convention of associating the dimensions (§ 1) c>f a V(S'tor with its 
magnitude; the unit vector s in (G) must tlienlon'- bi^ givi'u the 
dimensions of a pure number. Unit vectors adord a (‘onvcaiient means 
of specifying the direction of a vector, or of a nuinbt'r of paraih*! 
vectors.* Let there now be given a fixed unit vt'clor s, and an arbitrary 
vector a, which makes with s the angle (/>. The quantity 

= 1 a I cosr/j (7) 


is called the com'ponent of a rclutim io the unit vedor s, or the (vniponcnt 
of a in the direction s; it is equal to the length of t-In^ ‘[)roj\^f.ti()n of a 

on the line of the unit V(M,iiA)r s, taken 
with the positive or negative', sign a('.- 
cording as the projection agr<‘(‘s in sense 
with s or not. 

The conyponent of a vedor is a ^scalar 
quantily; if wo wish to expn-ss the j)ro- 
jeetion of a on the. line of tliei unit 
vector s in a form wliich indicatf'S its 
direction also, we*, have to multiply the 
component of a in the direction s by the unit vector s itsejf: Iicnco 
the projection as a vector is represented (fig, 4) by 

1 a I cos(f > . s. 

* The word direction is sometimes used as oq^uivalout to mil vector* [Tr.] 



Fig. 4 
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Consider next tte sum of three vectors A, B, C: 

A + B + C. 

As may be seen from 5, tbe component of this sum in the 
direction s is 

+ Bs "h Os, 

i.e. the algebraic sum of the components of the vectors A, C in the 
direction s. This result can be extended to any number of vectors, 
so that we have the theorem: the component of the geometric sum of 
any number of vectors in 
a given direction is equal 
to the algebraic sum of the 
corresponding components 
of the vectors taken sepa- 
rately. 

Vectors of arbitrary direction and magnitude can be spocifted l)y 
their components in fixed directions. For this purpose wci require 
three directions (or unit vectors) not lying in one i)lanc. We clioose 
three mutually perpendicular unit 
vectors i, j, k as ^^fundamental 
vectors their directions may bo 
taken as those of the axes of a 
Cartesian co-ordinate system. 

As we know, systems of axes 
X, y, z are of two kinds, which arc 
distinguished as right-handed and 
left-handed; all right-handed systems 
can be brought into coineidenco with 
one another, and all left-handed 
systems with one another, but not 
a right-handed system with a left- 
handed system. By reflection in 
one of the co-ordinate planes a 
right-handed system becomes a 
left-handed system, and inversely. 

Also, by reflection in the origin of 
co-ordinates (reversal of the directions of all three axes), a right- 
handed system becomes a left - handed system, and inversely. 
Following Maxwell, we shall in this book always employ the right- 
handed system. 

Such a system is shown in fig. 6. The a;-, j/-, z-axes, which arc 
also the lines of the fundamental vectors i, j, k, are related to each 
other in such a way that a rotation from the cc-direction to the y- 
direction, combined with a forward motion in the ^j-direction, is similar 
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fco the motion of a right-handed screw; so Uiat the a;-. ?/-, z- 
directions of a right-handed system can bo indicated respectively by 
the thumb, forefinger, and middle finger of the right hand. 

Let the components of the vector a Tthiti\^o to tlic lundanionial 
vectors i, j, k, i.e. in the directions of the axes x, ij, c, b(5 

Then the projections of the vector a on the axi's arc given in magnitiulo 
and direction by 

a^i, a^i, a.k. 

Summation of these three vectors brings us hiiek, as we see from fig. G, 
to the vector a itself; we have thercfori', 

a = aa!i + «a(3-l-«sk (8) 

Suppose now that the vector a is given, in niagiiitiulo iuul diroettion; 
then its compements are uniquely defined by th<^ equaiioiis 

= I a I oos(a, a:), = [ a | cos(a, y), a, ■--- 1 a | cos(a, n). {8a) 

Conversely, when the three components arc assigned, the v<'el.or a 
is uniquely specified as the diagonal of the rectangiiliir para.llei<'|)i]i(;d, 
whose edges are the vectors aj, a^j, a.k. Its jiiugnitudc is 

1 a 1 = - 1 - -1- a/) («/;) 

and its direction is given by the three cosines, whieli ciiu bo found from 
(8a) and (86). 

From the three components of a vector relative to tli(! fundaiii('uta.l 
vectors i, j, k we can calculate its component r(3lativ<) to any unit vector 
s, when we know the angles which s makes with the fuiu!intu‘nl.al 
vectors. According to equation (8), and the theorem illustrai,ed in 
fig. 5, wo have to osqjrcss the vector a as the. sum of tlin 30 parfial vectors 
parallel to i, j, k, and then take the algobniic sum of the components 
of these three partial vectors in the direction s. Wo thus find 

a„ = a,,cos(s, a;)4-aj,cos(s, ?/)-|-a, e.os(s, c). . . (')) 

This law for the calculation of tlic component of a vector r<!hitiv(! to 
an arbitrary axis is (^inctivo of vectors. The. law o.vi)ress('s the. fae.t 
that to every direction in space there coiTespoiifls a (i(,'ri.jdn scalar 
quantity, namely the component of the -vector a in that direction; 
and that this scalar is a homogeneous lincjar function of th<! e.osines 
defining the direction. Conversely, equation (')) gives a general t<ist 
for determining whether a physical quantity is a vector or not: bi/ 
means of a vedor, wUh &oeary diredion in space tltcre is usmiaUd a 
scalar “ compmerd ”, which is a homogcncom linear function of the 
components (i.e. the direction cosines) of the unit vector in that direction. 
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4. The Inner or Scalar Protact. 

Let P be a force acting at a certain point. If the point moves with 
velocity v, then the work done by the force per unit time is a scalar 
quantity; its value is given by the product of the magnitudes of the 
vectors F and v and the cosine of the angle between them. We write 
this product in the form 

Ev = 1 F I . I V 1 . cos(P, v) (10) 

and call it the scalar producty or (aJfter Grassmann) the inner 'product^ 
of the two vectors; and the names and notation are used similarly 
with any pair of vectors. 

The cosine of the angle between the directions of the two vectors 
becomes -1-1 when the directions are the same, —1 when they are 
opposite, and 0 when they are at right angles. Applying this to the 
fundamental vectors i, i, k, wo find 

ij === 3 k== ki== 0, but ii== 33 === kk== 1. . . (11) 

As is immediately obvious from the definition (10), the scalar product 
remains unchanged when wo change the order of the factors. Thus 
inner multiplication of two vectors obeys the commutedive law. The 
scalar product of two vectors F and v may also be regarded as the 
algebraic product of the magnitude of one of them (say v) by the 
component of the other (F) in the direction of the first. This inter- 
pretation loads immediately to the distributive laio of scalar multiplica- 
tion, 

vSFft=SvF,, (12) 

;z=i h=i 

In fact, according to a theorem proved at fig. 5 (p. 6), the component 
ill any direction of the geometric sum of the vectors F^ is equal to 
the algebraic sum of the components of the vectors Fji in that direction. 
If, as above, we regard the vectors ¥n as forces, v as a velocity, then 
the statement in (12) is: the w^ork done by the resultant force is equal 
to the algebraic sum of the amounts of work done by the individual 
forces. 

Since the commutative and associative laws hold, it follows that 
inner multiplication of vectors is carried out by the rules of ordinary 
algebra. Thus o.g. we have 

(a + b) (c -f- d) = ac + be + ad -j- bd. *, . (13) 

If we express the two factors A and B of a scalar product by the funda- 
mental vectors i, j, k, we find 

AB = (Ag,i + Ay\ -f- Afi'k) (Ba-i + + Bg-k) 
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If we multiply out the right-hand side according to ordinary algebraic 
rules and take account of (11), we find 

+ ( 14 ) 

a formula which, from the definition of the scalar product and cquatiou 
(8a), is equivalent to the known formula of analytical geometry 

cos (AB) = cos (A, x) cos (B, x) + cos (A, y) cos (B, y) + cos (A, c) cos (B, z). 


5. The Outer Product or Vector Product. 

Two vectors A and B (in that order) define a paTallelogram and 
a currency (i.e. a definite sense in which the perimeter of the parallelo- 
gram is described). Tlic area of the 
parallelogram is 

S--=|A|.lBl.sin(A. B). 

An entity of this ty])e ww sluill (‘.ail a 
“directed area’^'^' This is chdincul Uf 
be a plane area with a curnuicy. Two 
directed areas arc said to l)e (?({ual when 
their pianos are paralkd, iludr curn^ueics 
the same, and tb'ir alisoluk^ va!ia\s 
equal. The directcjcl area (hdined l)y 
the parallelogr‘ani whu-h has the two 
vectors A and B as conse(*ai(ivo sid(‘K, 
as in fig. 7, is called the outer product of the two vocitors A a.nd B; 
it is denoted by the symbol [AB]. With any given din^tiUHl area w(' 
can associate a definite vector C, and conversely; vix;. we tak(^. 0 at 
right angles to the directed area, and in such a sense tliat adva-nce in 
the direction of C, and turning in the sense of description of the dir(*eted 
area, constitute together a right-handed screw motion; tlui kmgth of 
C is equal to the absolute value of the directed area.. In i\u\ si)('cia.l 
case of the directed area specified as above by the vc(d'.ors A and B, 
the vector C thus defined is called the vector product of A and B. 
for which we shall write 

C=[AB] (15) 



For calculation with directed areas wo now lay down tin* following 
definition: the sum ofammiher of directed areas is to mean I fiat directed 
area which is associated with the vector obtained by addbuj the vectors 
associated with the given directed areas. 

The appropriateness of this definition can bo scon by ci)iiHul(‘ring Mio com- 
ponent Cg of the vector C in any direction s, which malcos wiili C thti angle 
In fact, if we project the directed area itself on a plane perpc'ridicular ti> St 


• Ger. “ Han^rossc 
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the area of the projection has the same numerical value as viz. | C | . | cos^ [. 
Wo can also arrange matters so that the projection has the same sign as Og. 
Wo do this by assigning to the plane 8 the currency which, with s, corresponds 
to a right-handed screw, and then regarding the projection upon 8 as positive 
or negative according as the currency of the projection is the same as that of 8 
or not. The component of a directed area, relative to a plane possessing currency, 
is therefore equal to the component of the vector associated with the directed 
area, along the (right-handed screw) normal to the plane. 

From the above definition it follows that the commutative law does 
not hold for a vector product. We have in fact 

[AB] + [BA] = 0 (16) 

On the other hand the distributive law is still valid: 

[(A+B)D]=[AD]+[BD] (17) 

To prove this equation, we note that a vector product [AB] is not 
altered if we replace the vector A by its projection A' on a plane 
perpendicular to D. If this is done with the three vectors A + B, 
A, B, and if the figure thus produced in a plane perpendicular to D 
has its linear dimensions enlarged in the ratio j B | : 1, and is turned 
through a right angle, then the vectors A', B', A' + B' become the 
vectors [AB], [BB], and [(A + B)B]. 

In particular, for the unit vectors i, j, k, we have 

[ij] = k = — [ji]; [jk] = i = — [ki]; [ki] = j = — [ik]n 

and [ii]=[jj] = [kk] = 0. J ^ 

If we nse tliese results to multiply out the vector product 
[AB] = [{AJ + 3 + {B,i + Syj + B,k)l 


we obtain the formula 

A^B,)+i.{A^B,- AM (19) 

or, in the compact determinant form, 
i 3 k 

[AB]= A^ A^ A, . . (20) . 4 


An example of the outer product of two vectors o ^ ^ 

is the moment of a force P. Let 0 (fig. 8) 3 

be the point with respect to which (or about 

which) moments are taken; and from 0 let the radius vector r be 

drawn to the point P, at which the force P acts. Then the moment 

vector, i.e, the moment of the force P with respect to 0, is 
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^Another example comes from the kmematics of a rigid body. Let the 
rigid body have one point 0 fixed, and let it rotate about the axis 
ON (fig, 9). Along this axis mark off the 
segment OTJ, of a length to indicate the 
magnitude of the angular velocity, and in the 
direction having the usual right-handed screw 
relation to the direction of rotation. We 
thus associate with the motion of rotation a 
definite vector u. Further, if r is tlio radius 
vector from 0 to any point P of the rigid 
body, and v is the velocity of P, tlion clearly 

V = [ur]. . . . (21a) 

In fact, the point P moves at right angles 
to the plane through r and u; and the arrow, 
which indicates the direotioii of v, ])oints also 
in the direction of the vcictor product. Agjiui, 
Fig. 9 the magnitude of v is found by drop[)iiig a 

perpcncHcular from P to tlu) axis, ami multi- 
plying its length by the angular velocity. This gives ju’ecisoly the 
absolute value 

I u I . I r I , sin(u, r) 

of the vector product; the result stated above is thcrefoni proved. 

6. Products of Three Vectors. 

We shall always use square brackets to denote V(‘(;[.or products, 
and shaJl therefore employ round brackets when w<^ ^vivsh i.o separate 
a scalar product of two vectors from other vectors. Tln‘e<'. vectors can 
be multiplied together in three different ways. 

(а) Product o/ a vector and the scalar 'product of (au> other mlors: 
A(BC). Here (BC) is a scalar, so that A(BC) is a V('e-tf>r paralhi to 
A; and clearly it is a totally different vector from, say, (AB)0. 

(б) Scalar product of a vector and the vector product of two other 
vectors: A[BC]. Here wc have the important relation 

A[BC] = B[CA] C[ABJ (fi2) 

In fact, by the elementary rule (volume * ™ base height) <',aclL of 
these expressions represents the volume of tln^ parallelepiped whose 
edges axe A, B, C. Moreover, all three expressions give, this volmne 
with the positive sign, if the vectors A, B, C in that order form a rigiit- 
handed system. 

The expression for the products in terms of the com])oncnts of tlio 
vectors A, B, C is, by (14) and (20), 




VECTORS 


Ax Ay Ag 

A[BC] = B[CA] = C[AB] = By Bg . (23) 

Ox Gy Cg 

(c) Vector product of a vector and the vector product of two other 
vectors: [A[Ba]] = F. 

Tlie vector F lies in tlie plane wLich is defined by the vectors B 
and C, and is perpendicular to the projection of A on this piano. For 
the vector [BO] is perpendicular to the plane referred to, and F is 
perpendicular to A and to [BC]. 

The ic-component of the vector F is, according to (20), 

Fx - Ay{BxGy ^ ByCx) - Ag{BJOx - SA); 

this may be written 

= Bx{AxGx + AyGy + AgOg) — Gx(AxBx + AyBy + 

or, from (14), 

Fx==Bx{m-Gx{m\ 

corresponding equations hold for the other components, and we have 
therefore the single vector equation 

[A[BC]] = B(AC) - C}(AB) (24) 

A product of the third kind is by this relation reduced to two products 
of the first kind. Using the same notation, we also find easily 

[A[BC]] + [B[CA]] + [C[AB]] = 0, , . . (25) 

on expanding the terms as in (24). 

As one more example of this type, we may calculate the scalar 
product of two vector products [AB] . [CD]. 

This is a product of the second kind, in which the fibrst vector is re- 
placed by the product of two others; we apply the rule (23), and obtain 

[AB] . [CD] = C[D[AB]]. 

But since, by rule (24), we have 

[D[AB]] = A(BD) — B(AD), 

it follows that 

[AB] . [CD] = (AC) (BD) — (BC) (AD). . . (26) 

7. DifEerentiation of Vectors with Respect to the Time. 

The diSerential coefficient — or derivative — of a vector a with respect 
to a scalar variable t (say the time) is defined as a limit by the equation 

- - = 

dt A£= 0 Ai 


( 27 ) 
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Since division by a scalar leaves vectorial properties as they were, 
the derivative of a vector with respect to a scalar variable is itsell 
a vector. If, for esample, r is the radius vector from a Esed point 0 
to a moving point P, then 

f"*) 

gives the velocity vector of the point P. 

Since the derivatives of vectors with respect to a scalar variable 
are deduced by a limiting process from subtraction of vectors and 
division by scalars, which are operations subject to the rules of ordinary 
algebra, it follows that the rules of the differential cakniliis (laii be 
extended at once to the differentiation of a sum of vectors: 


d(A+ B) 
dt 


(lA , dB 


or of the product of a scalar and a vector: 

daCL 
dt 


da , da, 


or of the inner product of two vectors: 

d(AB) fdAJ\ , /„ dB^ 


dt 






( 20 ) 


10) 


(Ol) 


A similar rule holds also for the differentiation of an outer ■i>roduot; 
but in this case care must be taken to write the factors in the, <jorrect 
order: 

|[AB]=gB]+[A2; • . . ■ (:«) 

since interchange of the factors changes the sign of a vector product. 
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Vector Fields 

1. Illustration from Hydrodynamics. 

In the jSxst chapter we have developed the idea of a vector, and the 
rules of vector algebra, with particular reference to the mechanics 
of a material particle. The velocity of a particle is represented by a 
single vector. In the present chapter we turn to the problem of analysing 
the state of motion of a fluid filling space. In tliis case the velocities 
of different particles arc in general independent of one another, and 
every point has its own special velocity vector. The moving continuous 
fluid represents, wo say, a vectm' field. 

We speak in mathematical physics of the field of a physical quantity, 
when we consider the quantity from the point of view of its dependence 
upon position in a region of space; it is assumed that in general (i.e. 
with the exception of particular surfaces, lines, and points) its values 
arc continuous. A field may be either a scalar field (e.g. a temperature 
field) or a vector field (e.g. a gravitational field). 

The study of fluid motion contributed greatly to the development 
of the theory of vector fields. Helmholtz’s fundamental researches 
on vortex motion were specially valuable, and were the foimdation 
upon which Maxwell built when he undertook to set Faraday’s con- 
ception of the field on a mathematical basis. To Maxwell, indeed, 
hydrodynamical analogies were more than mere mathematical pic- 
tures; hydrodynamical ideas with regard to the mechanism of the field 
guided him in his task of working out a theory of the electromagnetic 
field as depending upon action transmitted through a medium. 

We are therefore following the course of historical development 
when in this chapter we expound the mathematical theory of vector 
fields in the light of the hydrodynamical pictui'c. In our previous 
work with any single vector we have associated a displacement; 
similarly now we replace the vector whose field we are investigating 
by the velocity vector of a fluid fiOiling space. In this hydrodynamical 
representation, it is true, if wo do not wish to restrict ourselves to 
specialized fields we must sometimes suppose the fluid to have properties 
diverging somewhat from those of actual fluids. There can bo no 
objection to this, since it is only a mathematical analogy which is in 
question. 
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2. Tlie Irrotational Field. The Grradient and the Line Integral* 


From any scalar field we can derive a vector field as follows. With 
every point {x, z) of space let a scalar ^ be associated in such a way 
that (j}{Xy y, z) is a continuous and differentiable function of position. 
In this scalar field we place a small vector ds, and consider the increase 
of the function ^ for the change of position ds. If dx^ dij, dz are the 
components of cZs, and ds its length, the required increase is 


• (1) 

0/p 

Since ^ = cos(s, x), &o., it follows that the rate of increase of per 
unit length in the direction ds is 

I! ^ 2 92 

^ view of ( 9 ), p. 6, this resnlt may be read: The required rate of 
increase in the direction ds is equal to the component of the vector 
d^/dx, d(f>jdy, d<j>ldz in the direction ds. We call this vector the gradimt 
of the scalar <j> at the point {x, y, z), and write 

v = grad^ = i|+j|+fef. . . . (ii) 


The vector grad^ is perpendicular to the level surface ^ — const. 
For, by (1), the scalar product (grad 96, ds) is zero, if the vector ds lies 
in the surface ^ = const. The direction of grad^ coincides with the 
direction of steepest ascent of the scalar Its magnitnde is given by 



By means of (2) we have therefore derived a vector hehl v[x, y, z) 
from the scalar field <f){x, y, z). 

A conception which is fundamental for the whole of mathcniaticiu 
physics is the Une integral in a vector field: we join any two points, 
1 and 2, of a vector field by an arbitrary curve, which wo regard as 
composed of individual line elements ds (in the direction from 1 to 2). 
At each point of the curve we form the scalar product 

(vds) = v,ds, 

where v is the given vector field, and sum for every ds. On passing to 
the limit d% -> 0, we obtain the line integral 

/\ds = £«,ds (3) 

In general, of course, its value varies %vith. tte patli of integration . 
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In the speeial case before us, where the vector x is the gradient of a 
scalar, the line integral (3) is independent of the path joining the points 
1 and 2. 

In fact, 0 - 

Vods = -p^ds 


is tLe increnient of the scalar ^ for the path element ds; in the line 
integral (3) all these infinitesimal contributions are added together 
and give the total increment of 

^ vds = ^2 

The line integral of a gradient has therefore the same value for two 
paths having the same initial point and the same final point, so that 
the line integral of a gradient vanishes for any closed jpatk: 

fxds=^^^ds = 0 (3&) 

The fluid motion which represents the field of the vector v will be 
called irrotational i£ the line integral of v over any closed path vanishes, 
and the field represented will also in this case be called an motational 
field. The above theorem can now be expressed in the form: the field 
of the gradient of a scalar ^ is always an irrotational field. 

In a field of force the line integral of the force vector gives the 
work done. The condition that the line integral along every closed 
curve should be zero, is here equivalent to the following: it is impossible 
to obtain an unlimited amount of work by guiding a particle indefinitely 
often round a closed path. We have proved that this condition is 
fulfilled when the force vector is the gradient of a scalar. 

The converse theorem is also true: an irrotational vector field can 
alivays be regarded as the fidd of the gradient of a scalar. In fact, if we 
assign the arbitrary value 9^0 the scalar at the point 0, the value 
of the scalar at any point P is defined as 

4iP) = ^0+ w 

where, ia virtue of (36), the path of iutegratiou from 0 to P is entirely 
arbitrary. Hence, by giving the final point P of this path the small 
displacement ds, we obtain 

dj)==xds, or 

The irrotational vector field is therefore actually the gradient of the 
scalar ^ defined by (4). 
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If the field we are coasidcring is a field of force, then (— ^) is called 
the potential, or preferably the scalar potetUial The e^stcnce of a 
potential is the necessary and sufficient condition that it should not 
be possible to obtain an unlimited amoimt of work from the field 
of force by the method mentioned above. It was from the irrotational 
field associated with gravitation that the idea of the potential first arose. 

The equation of motion of a material particle in a field of force P, 
viz. 

mi = P, 

gives, after scalar multiplication by v, 

Hence (Ma - ihnv\ - Pds (5) 

If F = —grad (j), the integral on the right is independent of (ho path 
and equal to result: the increase of kinetic 

energy is equal to the fall of potential. 

The idea of potential has been extended to hydrodynamics, where 
the scalar (— ^) associated with every irrotational motion is called 
the velocity potential. 


3. The Strength of a Distribution of Sources, Gauss's Theorem, and 
Divergence. 

The ideal fluid on which our hydrodynamical picture is bas(‘(l will 
in what follows be supposed to be incompressible.. TJiis introduces 
a limitation upon the fluid’s freedom of motion, since, in a region 
which is completely filled, just as much fluid on the whole imist; enter 
any closed surface as leaves it. Only special kinds of vcHitor lioUs 
could be represented by motion of this type. 

In order to remove this limitation, we shall make, tlie addii.ioual 
supposition that at certain points fluid is continiudly being g(‘neratotl, 
and at others destroyed. Points of tlie first sort will be callcjd sources, 
points of the second sort sinlvs, or negative soiirc(‘s; but w<‘. sliall 
leave ourselves the option of using the word source in a more ginioral 
sense, as including both positive and negative soure.es. \Vt‘ an* now in 
a position, by assuming a suitable source system, to n‘pn‘s<mt an 
arbitrary vector field by a steady motion of an incompri‘Ssibl(i fluid. 

We assume the sources to be continuously distributtMl in spjujo. 
The problem then arises of finding a measure for the strength of tho 
source system. 

For this purpose, we imagine a definite volume V to Ixi markcil oil 
and we measure the volume of fluid which leaves V per unit time. 
Since we are assuming the fluid to be incompressible and the motion 
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steady, this volume ol fluid must represent the total strength of all 
the sources contained within V, 

Now the quantity of fluid which in time dt flows in the direction 
of the (outward or inward) normal across a surface element of area 
dS is 

dS . v^dt = d/S I V ] . cos(v, n ) . dt, 

for this is the volume of a cylinder of base dS and height VndL The 
volume of fluid which on the whole flows out of the region F per second 
is therefore given by the integral taken over the surface S bounding F, 

J JvfidS=J f cos(??, x) + Vy cos{n, y) + v. cos(»i, z)} d8. (6) 



Here dS is an element of the surface bounding F, and n is the outward 
drawn normal. Wo now convert the integral 

J Jv:c cos{n, x)dS 

into a volume integral. For this purpose we suppose F divided up 
into little prisms of rectangular section parallel to the a:-axis. One 
of these prisms is shown in fig, 1, It has the cross-section dydz^ and 
cuts out two olemeats d/S' and dS" of the surface S. The contribution 
of these two elements to the surface integral is 

vj cos(n', x)dS' + v/ cos(fi", x)d8\ 

Let and 05 ^^ be the aj-co-ordinates of the ends of the prism, and 
suppose '> x\ Then clearly we have 

cos(?^^ x)dS"— dydz 

and cos(w', x)dS' = —dydz, 


(E484) 


2 
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so that the contribution of the prism becomes 
dydz . (Va," — vj) = dydzj^^ 

If we now sum over all the prisms into which we supposed V to be 
divided, we obtain 

J J'vsiCOB{n,x)dS = J J J ^dxdydz, ... (7) 

Carrying out the corresponding transformation for the other two i)n,rts 
of the right side of (6), we obtain the important result called Gauss's 
theorem: 

We now define the divergence of our field at any point as the outward 
flow per unit volume from a volume element including the i)oint in 
question, or 


divv: 


: lim 




( 9 ) 


For its value we find at once from (8) 


divv=^-!+|i+3!i. 

ox ay dz 


( 0 «) 


If v(a;, y, z) is to represent a motion without sources, then v must 
everywhere satisfy the differential equation. 


divv = 

dy^ dz 


0. 


4. Green’s Theorem. 

The possibility of converting a volume integral into a surface integml 
by Gauss’s theorem, 

I L M^=////livvdF, 

allows us to make some important transformations. 

In the first place, lot v be the product of a scalar ifi and a sccoml 
vector A, 

v= l/rA. 

Then divT= ^tdivA + 

divv = »/i div A 4- (grad i}i. A), 
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and accordingly, by (8), 

/ / ~ 1 1 1 A)}d7. . (10) 


If furtber the vector A can be represented as the gradient of a scalar 
^ (A = grad ^), then A„ = d^jdn and 


divA=?M+?M+?!^ 

0a?^aj/2+0z2- 


The sum of the second derivatives of a function (f> is expressed by the 
notation Ac[>, where the symbol A is called Laplace^ s operator: 


dy^'^ dz^‘ 


■ . • ( 11 ) 


Hence, when we make the substitution A = grad equation (10) 
takes the form 


/ (grad grad ^)}dF. (12) 


The result holds for any two functions of position ift and (f> which within 
V are finite, continuous, and twice differentiable. 

If from (12) we subtract the equation obtained by interchanging 
if/ and we find 

Both (12) and (13) are referred to as Green’s theorem. In electro- 
dynamics, we shall have to make use of them very frequently.^ 


5. Point Sources. 

Hitherto we have always assumed that the sources are distributed 
continuously, and that the divergence is finite. In point of fact these 
conditions are fulfilled in all natural vector fields. Cases occur, 
however, where the distribution of sources approximates to a dis- 
continuous form, the sources becoming condensed practically into 
points, lines, and surfaces. Since discontinuous distributions are 
sometimes easier to handle mathematically than continuous ones, 
we, so to speak, idealize the problem proposed by dealing with a 
nearly equivalent discontinuous distribution. In doing so, however, 
if we would make sure of escaping fallacies, we must not lose sight 
of the fact that we have introduced assumptions not strictly in accord 
with reality. 

* In (12) and (13) note that n is the normal to S drawn outwards from V (or rather, 
drawn from within V towards 8). 
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la tMs seetioa we shaU discuss tKe irrotational motion generalod 
by 'point sources. We start from the case of a single point source in 
a fluid filUTig the whole of space. From symmctiy, the mcomprcssible 
fluid issuin«°from the point source spreads out imiformly ni all direc- 
tions The flow will be radial, and the same quantity of fluid will 
cross’ all the spherical surfaces which have the point source for their 
centre. This defines the strength of the source if, as hitherto, we measure 
that strength by the volume of fluid issuing from the source per unit 
time. From now on, however, we shall define the strength of a source 
in terms of the of an ideal fluid whoso density, wliich i.s .still 
at our disposal, is put equal to Ifitr. This is done in onler that the 
formula may bring out clearly the analogy between the field of a 
moving fluid, and an electric field of force referred to absolute electro- 
static units. Thus a source is to have the strength 1, if iu one second 
it generates 4ir cubic centimetres of the incorapro.s,sible fluid. TJie 
mass of fluid crossing per second the surface of a .sphere of ra.diu.s '/ 
with centre at the source is therefore equal to the strength c; 

e=lffv^dS=r\; . ... . (!■!) 

conversely the radial velocity is given in terms of the strength by 

e 

it varies as the inverse square of the distance from the point source. 
It becomes infinite at the source itself. 

The motion is irrotational, the vector v being expressible as the 
negative gradient of a potential; 

v=-grad^, ^ = ^ (15) 

Suppose next that we have a series of point souTce.s, h in miuibi'r, 
of strengths . . ., e,„ the fields of which are suporun|)o.se(l; tlicn 
we can define the resultant field either by geometric addition of the 
vectors v^, . . ., Vj, or more simply by algebraic adilitiou of f.hc 
scalar potentials . . ., 

A h Q, 

V = S Vi = — grad ^=S ■*. . . . (id) 

j=l 2«1 

For a closed surface, within which there is a nuinbci* of point Hour( 5 (is, 
the volume of fl.uid which crosses the surface outwards is equal i.o irt 
times the algebraic sum of the strengths of the sources enclosed l)y 
the surface. 
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If Xi, yt, z< are the co-ordinates of the ith source, then the value 
of the potential (j> at the point {x, y, z) is, by (16), 


^{x, y,z)=l^ 


1=1 V(a: — x,f +{y — y,f +{z— Zff 


(17) 


It is easily proved that this function, everywhere except at the sources, 
satisfies Laplace’s equation for irrotational motion with no sources, 


divv— A#=-(a + P+g) = 0 . 


For a surface S surrounding h point sources we have 

J J VndS= 47r(% + <^2 "f" * • • “T ^h)‘ • • (iS) 


To prove this, apply Gauss’s theorem to a region bounded by the 
surface S and by small spheres S;, described about the 

sources as centres. In the region thus marked off, divv is everywhere 
zero, so that 

Jlv„dS+fl^v„dS,+ .. . + vJ8,=^0. 


Here n is always to be taken outwards from the space we are dealing 
with, so that (14) gives 

J* J* = 47rep 


and so on. The theorem (18) is therefore proved. 

As an application of (17) consider the potential of a system of sources 
situated at distances which are all finite^ but great in comparison with the 
distances of the sources from one anol]m\ To find this potential, take 
the origin of co-ordinates in the neighbourhood of the source system, 
and expand the expression (17) in powers of j/,-, and which are 
now small compared to x, y, z\ we therefore put 


^ = [^o] + 2 






where the index 0 means that the values of the quantities in question 
are to be taken in each case for Xi = yi = Zi = 0. Now 


3 1 x--Xi 

V a:j)2-{- {z-Ztf (V (a:— (y— «/i)®+ {zr-Ziff 



3-7’ (<•= Va:® + J/2+z®), 


SO that 
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[j f + 1 + • • 


To tbis order of approximation, the behaviour of our source system 
is therefore characterized by 

(1) its total strength, e = Se,-, 

i 

(2) the vector m = Sejii (the components of which are Se^^, 

i 

Heiyi, XeiZi), which we call the ‘^moment of the source 
system 


We have thus 


# = 5+'-^+ 


•» 


or, if 0 is the angle between the vector m and the radius vector r to 
the point (a:, y, z), 


<{> = - + 
r j. 


m . cosd 

7 ^ 


. . ( 19 ) 


It follows that to a first approximation a system of sources acts at 
great distances like a point source of strength Se,-. 

z 

To bring out the nature of the second approximation, we shall 
consider a system in which is zero, and that for the simj)lest case. 


6. Double Sources. 

We take two point sources of strengths and — e. Let a be tlie 

vector represented by the line from the sink (— c) to the source (+<?). 

Then (fig. 2) 

e(r+ — r_) = oa - m 

is the moment of our system consist- 
ing of the two point sources. From 
this we generate a “ double source or 
'"doublet'^ of moment m, by letting a 
tend to zero and at the same time e to infinity, in such a way that ea 
retains the constant value m. 

The point source -f e by itself produces at any point P the potential 
0+ = e/r. If we now take the step a from P to another point P', wc 
see that, apart from sign, the sink — e produces the same potential 


Fig. 3 
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at P as the source +e does at P'. The potential at P due to the two 
sources together is therefore 

^(P) = ^+(P)-^+(P'). 

But, by the definition of a gradient, this is the same as 

<f> = —(a, grad ^+) = (— ea, grad 1/r). 

The a:-component of grad 1 Jr is 

^ 1 1 X 

dx r' 

We accordingly obtain for the potential of the doublet 

(f> = — (m, grad 1/r) = i (mr) = ^ | m | . cos&, . (20) 


in agreement with the second approximation in the general formula (19). 

In particular^ if the doublet is situated at the origin of co-ordinates 
and m is in the positive direction of the axis of z, ( 20 ) becomes 




( 20 a) 


Field gradient and source gradient. If x, y, z are the co-ordinates of a 
point P in the field, and 77 , ^ those of the source s, we must always, 
when applying the operation grad ” to a function of the distance 
r = 's/lx — + ( 2 / — + (z— ^)2 between the two points, notice 

carefully whether the diSerentiation is with respect to the co-ordinates 
of the source or to those of the point in the field. To prevent errors, 
it is often useful to indicate explicitly by means of a suffix (/ or s) 
which differentiation is meant. Thus the components in the two cases 
are: 

19 1 


J 1 3 1 


1 1 
By r’ 

1 1 
dy r’ 


1 1 
dz ? 

A 1 

dl V 


Obviously we bave always grad^^ = — gradj^. 

When deducing ( 20 ) we differentiated with respect to the co- 
ordinates of the field point P; to emphasize this, we may now con- 
veniently write 


^ = - (m, grad^ ^) = (m, grad, ^). 


(20') 
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7. Deteimination of aa tootatioaal Vector Field when its Sources 
are Given. 

In § 5 the only motion discussed is that due to point sources. 
Besides these separate sources of sfaengths e^, e^, . . we shall now 
admit sources which are continuously distributed in space. For this 
purpose we introduce a function of position p(x, y, z) defined by tho 
equation 

45Tp = div V (21) 

It Mows that pdF is the mass of fluid (of density l/47r) which leaV(‘s 
the volume element dY per second. To the velocity potential 




n 


due to the point sources we must add a part representing tho efi'ecL 
of the sources pdY which are distributed throughout the space con- 
sidered. The aggregate potential may then be conjectured to be 




( 22 ) 


or, in more explicit form, 
y,z) = 'Z 




V{x— iCif +{y — y,f -f- (a — Zff 

+ f f f Dd^d-qdl^ 

J J J ^/{x— ii'f 


(22rt) 


We shall now deduce this formula rigorously. First, however, wo shall 
make certain that an irrotational motion is uniquely defined hy its 
sources. To this end we again state the problem whoso solution wo 
conjecture to be given by the expression (22a). 

We wish to find a vector field v haviug the following properties: 

(а) V is to be irrotational, i.e. there must be a function ^ sticli 
that V = — grad 

(б) V, as well as its potential is everywhere finite and con- 
tinuous, except at certain particular points (point sources). 
At any point source, however, the difference 



is to be fimte and continuous (y£ = distance from the point 
source), and is then called the strength of the source. 

(c) Everywhere but at the point sources 

477/) = div V = — 

is to be a prescribed function of position. 
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[d) All sources are to be at a finite distance; in other words, 
it shall be possible to assign a finite length I so that, outside 
a sphere of given centre and radius I, there are no point 
sources and p is everywhere zero. 

We begin with the proof of uniqueness. If possible, let and Vg 
be two vector fields which satisfy aU the conditions (a) to (d), and which 
can be derived from the potentials and respectively. Apply 
Green’s theorem (12) to the difierence 

— ^2 = X> 

replacing both ifs and ^ in (12) by x- Thus 

where we let the boundary tend to infinity. The left side vanishes 
in the limit, since by condition (d) x tends to 0 like l/i2 at least, and 
3x/9w like IjR^ at least, whereas the surface area JJcZjS becomes infinite 
only as R^, On the right side Ax is everywhere zero, for v^ and Vj 
have the same sources, so that v^ — V 2 is certainly free from sources. 
We therefore obtain, for the vector w = — V 2 == grad X) result 

///l»|Mr=o, 

which can only be true if the vector w vanishes everywhere. The 
two solutions and V 2 accordingly coincide, i.o. the problem stated 
can have but one solution at most. A vector jidd which is irrotational 
and free from sources throughout, and ivhich vanishes at infinity, must 
therefore vanish everywhere. 

To find the solution explicitly, we now apply Green’s theorem to 
Dur problem, in the form (13): 

//(^ I s) 

where for 0 we take the potential function 
required, and put 

r standing for distance from the point P at 
which the value of 0 is sought. As the 
boundary of the integration space we choose: 

(1) a closed surface tending to infinity, 

(2) small spherical surfaces round the point 
sources . . ., 6;^ and the field point P 
(fig. 3). From the considerations just cited it follows that the 
external surface in the Emit contributes nothing to the left side 

(e484) 2* 



Fi£.3 
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of (13). Tlie sphere round the first source contributes 



for, according to condition (o), 0 in the neighbourhood of the source 
may be put in the form ^ == e^^lr + a finite part, and the finite part 
can contribute nothing when the sphere contracts to a point. The 
term (%/y) . di/jjdn contributes nothing cither, for the surface area 
vanishes as in the limit. Also may be taken as constant, and equal 
to ljy\, the reciprocal of the distance of P from the soittcc. 

There accordingly remains as the contribution from the first source 



and similarly for the other sources. Next, the spherical surface round 
P contributes 

//(; 

A calculation similar to that given for the sources shows that in t]io 
limit when the volume of the sphere vanishes this becomes 

-47r(^(P). 

On the right side of (13) we are given = —inp, and AiJ/ is ^:('ro 
everywhere. Hence we have 

as the equation giving the potential ^(P); this agrees exactly wilJi 
the value conjectured above at equation (22), p. 24. 


B. Surface Distributions of Sources. Simple and Double Strata. 



Fig. 4 


Up to this point wo have made th() 
stipulation that the potential (f> and the 
vector V == —grad apart from indi- 
vidual points (sources), arc everywhere 
to he finite and continuous functions of 
position. We shall now, as a preliuiinai'y 
to the discussion of surfaces of discon- 
tinuity, consider the problem of a circular- 
disk throughout the volume of which 
there is a uniform distribution of 


sources, the radius of the disk being 
a ma its thictoess j]. We co^e ourselves to the calculation of the 
potential on the axis of the disk, which we take as axis of z (fig. 4). 
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If p is the constant strength per unit volume of the disk, then a circular 
ring of radius r and width dr produces at the point (0, 0, ^ the potential 

rjp . ^Trrdr 

V?+7‘ 

The potential of the whole disk is therefore 

4(z) = 2irr)p [Va^ -f 2 ® — V^] • (23) 




Here we have assumed that y) is small compared to z. We now pass 
to the limit ?] = 0, p = co , in such a way that the surface density 


0}= 7}p 


remains constant. Along with the potential 

= 27Ta)[Va^ + - V^] . . . (23a) 


we consider also the current velocity v {v„ and Vy must from symmetry 
vanish on the 2 :-axis), 


025 




-2rrcD 


l-Va 


Va^+ : 


*]■ 


(236) 


What we are chiefly interested in is the behaviour of our solutions 
when we pass from one side of the disk to the other (figs. 5, 5a). 

For large values of 25 the potential <}> has the value co7ra?j \z\. At 
the disk itself, <j) is continuous, having on both sides the value 2™a; 
on the contrary, is positive on the 25-positive side, but negative on 
the 2 :-negative side. For 25 = 0, we obtain, according as we approach 
25 = 0 through positive or negative values of 525 , 

V+Q = 217 ( 0 , V_Q = —2770). 

Generalizing this result, we are led to the theorem: When ive cross 
a surface layer of sources {a simple stratum) of sfmigth o per unit area 
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{the surface divergence), the potenlid <f) cfianges continuously, but the 

normal component of its gradient, i.e. changes abnipUy by 

theamount^itov. _ „ c „ 

The proof of the theorem is as follows. Let an arbitrary surtace 

S be mven, on which the surface density to is a given continuous 
functiSi of position. Suppose that we pass through the surface (m 
the direction of the normal) at the point P. If we cut out of the sinfacc 
a circular disk round P as centre, we can ^vido the action of 
the whole surface into two parts; first, the action of the disk — as 
shown above, this produces a sudden change of amount 4nt(j) in 
but no sudden change in ^ itself; secondly, the action of the rest of 
the surface— this, being due to sources all at a finite distance from 
P, cannot produce discontinuities of any kind. 



Fig. 6 



Fiff. 6a 


We now proceed to consider two parallel circular disks at a distanc^e 
7] from one another, having equal and opposite surface densities -l-a> 
and — o) (figs. 6, 6a). At a point z on the axis, the + 0 ) disk produces 
the potential given by (23a), the — a> disk the potential — <:^(c r/). 

Hence the result on the whole (provided rj is small relative to z) is 


and 


0 ^ 0 d 


(23c) 


We now, as before, let o tend to infinity and rj to zero, in such a way 
that the product 

T= 0)7] 


retains a constant value. We then call r the moment of the double, 
stratum^ in which by this process the two disks coalesce. Our 
last two formulae are therefore equivalent to the following general 
theorem: 
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m 


Wlim we cross a double stratum of moment r, the potential (f> changes 

suddenly by irrT, but the noT7nal component — Vn undergoes 
sudden change, 

With the help of these results we can now 
see at once what effect is produced on an 
irrotational fluid motion by assigned sudden 
changes of <56 and at a given surface jS . 

We distinguish the two sides of the given 
surface by suffixes 1 and 2; and n 2 axe the 
outward normals of the regions bounded by 
the surface, or, in other words, the normals 
drawn from the interiors towards the surface 
(cf. fig. 7). 

The discontinuity in the normal component of v is then 
Let now the discontinuities of and ^ be assigned as functions of 
position on the bounding surface S or, as we may write it, S 12 ' 

4770) = ‘-(Vn, + ] 

4,Tr=^i — <^2- / 



(24) 


From the results abeady found we might anticipate that an element 
d/Si 2 of the surface acts on a point T(x, y, z) outside the surface (1) like 
a source of strength o)dS-^ on account of the discontinuity in 
(2) like a double stratum of moment Tnd/Si 2 on account of the dis- 
continuity in Here n is that normal imit vector which points from 
the lower to the higher potential (the dbection n in fig. 7 corresponds 
to the case > ^ 2 )- therefore expect, from (15) and (20), that 
the contribution of dS-^^ potential at a point P is (of. p. 23) 


)dS- 


(Tn(iSi2.grad/i), 

and therefore that the total potential due to our surface of discon- 
tinuity is 

<t>=ff^dSj2—ffr(ngia.ifj)d8^^. . . (26) 
We shall now verify this formula by means of Green’s theorem 

=///(M^ - 

We again denote by r the distance from tbe field point P, and put 

, 1 
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Let ^ be tte required potential possessing the properties of dis- 
continuity at tKe surface which are assigned by (24). Everywhere 
else we are to have A<^ = 0. 

As the boundary of the integration space we now take: (1) an 
external surface, winch (as in § 7, p. 25) we send to infinity and which 
contributes nothing to the surface integral; (2) a sphere round the 
field point P (the surface jSq in fig. 8) which, as shown in § 7, contributes 
to the surface integral 

^(I’)--^-4iTr2=47r^(P); 


(3) a surface or surfaces /Sg enveloping ^12 and excluding it from 
the integration space. In the region thus bounded, ^ and ijj are every- 
where finite and continuous, and satisfy the equations Aiji— 0, 
= 0, so that the right-hand side in Green’s equation is zero. 
There therefore remains only 




d(f> 




Fig. 8 


Next, on tke right side, take together each pair of 
elements dS^ and dS^ which face each other (fig. 8). 
Taking the normal direction n of tlic given surface 
to coincide with % we have % = — n, ng -- n. Tims 

/IV _ d /In 

d% 9 ji \r/ ’ 9??3 dll \r) ‘ 


On taking 8^ and 8^ together, we obtain an integral over the surface 
of discontinuity: 

If in this we put 

^ r ’ 1 = (“' ;) = - (“> g™'i/ ;) > 

and also introduces in place oi ^ and of <j,, - the discon- 
tinuities assigned by (24), we obtain exactly formula (25). 

9. The Uniform Double Stratum. 


stratum of moment t produces according to (25) the 
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This expression admits of an important transformation. If r is the 
vector drawn from the field point to the element dS-^^, then 


grad,J = 


r 

73^ 


so that 


(n . grad, -) 


1\ ^r) _ _ cos(n, r) 




The potential therefore becomes 




cos(n, v)dSi 2 


Now 


cos(n 


is the solid angle tinder which the surface clement would be seen 
by an observer at the field point. We thus obtain 

,f>=Jfrd£l: (26) 

where dQ is to be taken positive or negative according as the observer 
at the field point has the positive or negative side of the surface 
element next to him (fig. 9). 




When T is constant over the surface, the double stratum is said 
to be uniform. In this case (26) assumes the simple form 

(f) = tO. 

The 'potential of a uniform double stratum of moment r is equal to the 
product of T and the solid angle H under which the curve bounding the 
double stratum is seen from the field point (fig. 10). 

If we contract the boundary curve to a point, we obtain a closed 
double stratum. For this, Q becomes zero at a point outside the 
surface, but 2^7 for a point within it. Hence if a uniform double stratum 
is closed (with its positive side outwards), ^ == 0 at all exterior points, 
but <l> = — 47TT at all interior points. 
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The cuirent v = —grad ^ produced by a uniform double stratum 
is found from the following consideration. If is the change in ^ 
for a displacement 8a, then (v.Sa) = — S^= — rSO. Here S£1 is 
the change in the solid angle due to the displacement of the field point 
by Sa. Clearly we would obtain the same change if wo kept the 
field point fixed and displaced the double stratum by — Sa. In this 
displacement a line element ds of the boundary curve sweeps out the 
element of area — [Sa . ^Zs], which is seen from the field point under 
the solid angle 

__ (r[8a.ds]) _ ([ds.rJSa) 

^3 ^3 


From this 8i2 is obtained by integration over the boundary curve. 
Thus r, , 


for every direction Sa; therefore 


r=zr(f^ 


i.r] 


(20^) 


10. Curl, and Stokes’s Theorem. 

At p. 15 we called a vector field irrotational, if for every closed 
path the line integral 

^ %ds (27) 

vanishes. The necessary and sufficient condition for this was found 
to be that v must be expressible in the form (—grad ^), i.c. that a 
scalar ^ must exist such that 



def, 

dy 


dz 


Cut from these relations it follows at once that for an irrotational 
vector V the three quantities 


dy dz I 

^ 

dz dx I 


dVf 


. . (28) 


M's 


dVy dv^ 
dx dy j 


must be everywhere zero. 

should be taken 
in the vector field. 


This suggests that the three quantities 
as a measure of the intensity of rotation 
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We sEall eventually (see p. 35, at equation (30)) prove that the 
quantities Wy, defined in (28) represent the components of 
an actual vector (cf. p. 6), which we shall denote by the symbol curl v. 
We therefore (in the first instance purely formally) write equation (28) 
in the form 

w = curl V, (28a) 

or 

curl V = i 






fdv^ dv. 




dy/ 


In order to bring out the connexion 
between the line integral (27) and the 
new quantity w, we begin with the case 
(fig. 11) of an area in the plane of xy, 
round which we make a circuit in the 
positive sense, i.e. in such a sense that 
the circuit has the right-handed screw 
relation to advance along the positive 
direction of the 2 :-axis. For this circuit 
we calculate the line integral 



^Vsds = ^ {Vg-dx + Vydy). 


In calculating the fitrst term j Vg.dXy we take together the two elements 

of the curve corresponding to the same dx (for y' and y'\ where y' > y"). 
Here dx is positive for the smaller value «/" of y. The contribution from 

these two elements to j v^dx is therefore 

/*y' 

-dx {v^{y') - v^(y")] = -dx .J^ dy. 

Hence altogether 

fv„dx = -J f^dxdy, 


the integral on the right being taken over the whole area, 
the term fvydy in a similar way, we therefore find 




Treating 


The integrand on the right is precisely the quantity introduced 
in (28). If we choose S so small that may be regarded as constant 
within 8, then 

(£vsds = WgSs 
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or — ^somewhat more exactly — 



. ( 29 ) 


Tius in order to define tEe quantity at any point of the field wc 
can either calculate the derivatives appearing in (28) or — and this 

is a more suggestive method— we can form the integral round 

an area S including the point in question, so that the right-handed 
screw normal is parallel to Oz, and divide the integral by the area; 

is then, by (29), the limit to which the quotient tends for S tending 
to 2 ero. Similarly we can of course obtain and by taking the 
directed normals to the chosen areas parallel to Oa; and Oy. 

We now inquire: how may the quantity 

lim (£ Vsds 
s=oo J 


be represented if we take the normal n to in any arbitrary direction, 
say with direction cosines cos(n, x), cos{n, y), cos(n, zyi Take the orioiu 
of co-ordinates near the element of area, so that in a region containun^ 
the element S we can represent the vector v by the first few terms ol 
a Taylor expansion, 


% — “b 



wia corresponding expressions for and v,. When wo insert tlicso 
values m 

^Vsds= ^ {v„d'x + i>ydi/ Vgdz), 


tLe terms in and {dvJdx)o TOnish, since the integrals 
and 

are clearly ^ero. There only remains then 

fe)o fyde. 
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account of the algebraic signs of the integrals as depending on the 
currencies of the paths, we have 

S cos(n, z) = ^ xdy = — ^ ydx, 

S cos(n, y) = ^ zdx = — ^ ^da, 

S cos(n, x) — ^ ydz — — ^ ^dy. 

The result is therefore 






. . (30) 


Until we had proved this equation we had no right to call the 
quantities w,j, introduced in (28) the components of a vector. 
But we can now do so, for (30) states that for a small area S, oriented 
in any way and having the right-handed screw normal n, we have 

= .cos(n, w). . . (30a) 


In words: 


‘the line integral 


dS. 


is equal to the product of the area 

enclosed and the component of the vector curl v in the direction of 
the normal to that area 

This theorem contains at the same time a definition of curl v which 
is independent of co-ordinates. 

StoTces^s Theorem , — ^Equations (29) to (30a) hold rigorously only in 
the limit 8^ = 0. With their help, however, we can at once deduce 
a general theorem for a line integral taken 
along an arbitrary closed curve. Eor this 
purpose consider a surface bounded by the 
given curve s, but otherwise quite arbitrary. 

By the currency assigned to s, every element 
of this surface has associated with it a normal 
direction definitely fixed by the right-handed 
screw rule. We divide up this surface into 
elements of area dS-^, dS^, dS^, &c., all small 
(fig. 12). If for all such elements separately 

we now form the integrals J v^ds, and add these elementary contour 

integrals, the contributions arising from the common boundary of any 
two elements (e.g. dSi and d/Sg) exactly cancel each other, since they 



Fig. 13 
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tilw 3 »vs occxtr in pnirs, nncl tlio/fc "witli opposite signs- Tlius nftor addi- 
tion tiiere is left only the integral over the original bounding contour 


S Vsds= (£ «scfe-f- S %ds+ . . . 

J S J dSi J dSi 

We can now apply our equation (30a) to every separate surface clement. 
We thus obtain Stokes’s theorem 

^ Vsds =ff ^ndS; w == curl v. 


It is to be noted that the surface S was taken quite arbitrarily through 
the given space curve. If then we take two different surfaces and S 2 
through the given curve, we must by (31) have 


J J WndSi= J J wJSz. 


But the two surfaces together define a region of space, of which they 
form the complete boundary. If in the last equation we reverse the 
direction of the normal to one of the surfaces (say then 


J J WndS^^ + J JwndS^ = 0 , 


and this is the total flux of the vector v out of the space bounded by 
the two surfaces together (fig. 13). We sec therefore that the vector 
w = curl V is always solenoidal, i.e. the relation 

div curl V = 0 (;52) 

holds in all cases; as may also bo proved at once 

/ calculate the vector curl curl v, of 

/ /' / J which use will be made later. Its ic-component is 

/ / / obviously 


Fig. 13 


dy\dx dy) dzKdz dx) 

= 4- 4. 4. 

0a; \ 005 0y ~ dz) \0a;2 1" "r 


so that in vector notation we have 

curl curl v = grad div v — Av 

Further, we have of course always 

curlgrad^=0 ( 34 ) 

We shall also use later the relation 

div [AB] = (B curl A) — (A curl B), , . . (35) 

whi^ is true for any two vectors A and B, as may easily be verified 
by writmg it out in terms of co-ordinates. 
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11. Calculation of a Vector Field from its Sources and Vortices. 

We saw in § 7 (p. 24) how an iirotational vector field can be cal- 
culated by a general process when its sources are given. In this section 
we shall deal with the general problem of calculating a vector field 
whose sources and vortices * are prescribed. As before, we assume 
that all sources and vortices are at a finite distance. The problem 
therefore is, to define a vector field v so that, simultaneously, 

div V = 47r/), (36a) 

curl V = 47rc, (366) 

the scalar p and the vector c being given for every point of space. 
Here c cannot be assigned quite arbitrarily; in fact, in view of (32) 
wc must have 

div c = 0 (36c) 

everywhere. That at most only one solution can exist of equations 
(36a, 6) follows from the theorem proved in § 7 (p. 25) to the effect 
that a vector field which is everywhere irrotational and solenoidal 
must vanish. For the difference of two solutions must necessarily 
satisfy the equations div v = 0 and curl v = 0 throughout the field. 

We proceed to investigate the solution of our problem. For this 
purpose we split up the vector v of which we are in search into two 


parts Vi and v?, 

V = Vi + Vg, (36ci!) 

and try to satisfy (36a, 6) by assuming 

curlvi=0, divvi = 47r/); . . . (36e) 

curl Vg = 4770, div V 2 = 0 (36/) 


We thus split up the required vector field v into an irrotational field 
having the prescribed sources^ and a solenoidal field Vg having the pre- 
scribe vortices. 

This splitting up can certainly only be done in one way. For the 
irrotational part is, by § 7, uniquely defined by the condition (36e). 
We can even give its value explicitly; is derivable from a potential 

ij}y W ith T -pr 

Ti= — grad where .^= . . {B6g) 

We are now left only with the problem of defining the solenoidal 
field V 2 in accordance with (36/). But the solenoidal property allows 
us to express V 2 as the curl of another vector A, 

V 2 = curl A (367i) 

♦ Ger., Quellm und Wirbeln, 
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The Tector A so defined is called tie vector potential of Vg- And just 
the first equation (36^) only defines ^ within an arbitrary constant^ 
so vre can add to the vector potential A an arbitrary irrotational 
vccton without (36A) being thereby altered. We shall take advantage 
of rhis part of A which we can stiU choose arbitrarily, to subject A to 
tie restrictive condition, 

div A = 0 (3Gi) 


In terms of A (36/) becomes 

curl curl A = Atto. 

Hence by formula (33), taking account of (36i), we have 

AA = — 47tc, (36Z0 

an equation exactly analogous to Laplace’s equation for the scalar 
potential 

= — 47rp, 

the solution of which has already been given in (36/7). The aTuilogy 
enables us to write down the solution of (367c) at once. It is 

A = ///^ M 

We have accordingly solved the problem with which wo started. The 
result runs 

V = — grad <f> + curl A, 

It only remains to assure ourselves that the vector field given by (361!) 
is actually solenoidal, as is required by (36i). Now in the first place 
(36Z) obviously gives (cf. p. 23) 

fff{^ grady - /// (c grad, ^^dV. 

(e grad, = div J div c. 

But by (36c) e must always be given as a solenoidal vector, so that we 
find 

III O '*’' — firi 

Now the whole vortex system is interior to S; consequently c„~ 0 
at every point of S. The vector A is therefore actually solenoidal. 
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If in equation (10), p. 19, we take grad 0 == A = Vg, and apply 
tke equation to tlie whole fields the surface integral vanishes in the 
limit when the surface is pushed to infinity. Hence 

/// K . Va) = 0. (36m) 

We have therefore the theorem: 

The volume integral^ taken over the whole system, of the scalar 'product 
of an irrotational and a solenoidal vector is always zero. 


12. Time Kate of Change of the Fltis; through a Moving Element of 
Area. 

Let A he an arbitrary velocity field, which may vary with the 
time, so that A is any (continuous and differentiable) function of 
X, y, % and t. Then is the flux through or across a surface S, 

i.e. the volume of fluid passing across S per miit time. If the surface 
is at rest, the time rate of change of the flux is 

But if the surface 8 itself is moving, the mere change of the position 
of 8 in the field A will cause changes in the flux. We now define a 
new kind of differentiation with respect to the time by the symbol 

A as follows: 

yjA,dS=fIi.dS (37) 

A is therefore a vector the flux of which across the moving surface is 
equal to the time rate of increase of the flux of A across the same 

surface. In order to calculate A, we must of 
course know the motion of our surface exactly. 

Let this motion be described by the vector u, 
which we suppose to be given for every element 
d8 of the surface and to represent the velocity 
of the element. 

Now let 8i (fig. 14) be the position of our 
surface 8 at time ^ — (fe, and Sg its position at 
time t. We obtain 8^ from by giving every 
surface element of the (hsplacement ndt. 

The surfaces 8^ and So, along vrith the small 
strip traced out in the motion by the curve which bounds them, 
include the volume dt .IjUndS, 
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The time rate of change of the flux of A across S is now to be 
calculated from the difference between the flux across at time t 
and the flux across Si at time t dti 

d r ds= 

dtJJ^ 

We apply Gauss’s theorem to the flat box-shaped space bounded by 
Sly So and the strip connecting their edges, and that for the time L 
Here the normal to S^ is the outward normal, that to 8i the inward 
one. Also, a surface element of the side face, as regards both numerical 
value and outward normal direction, is given by [ds u]&. Hence Gauss’s 
theorem gives 

J A„^t^S 2 + dt^ (A[<Zsu]) — J 

I J A)UndS. 

We have further 

f f ^n,t-dt == // “ / /“g/’ 

Hence, by subtraction, 

f fA„,tdS,- ffA„,,.,,dS^ 

= dt^J JA^dSi + J Jidiv A)u„dS]^— ^ (A[d:su])|. 

The last term on the right can be transformed by Stokes’s theorem: 
thus 

A[dsu] = ^ ([uA]ds) ==^f f (curl [uA])„d5^; 
so that we obtain finally 

^ // =//{^n + W„ div A— (curl [uA])„}(i/S. 

This also determines the vector A defined by (37), viz. we have 

A= A+ udivA— cuxl[uA]. . . . (37a) 

In electrodynamics this expression is particularly important in tlie 
case when we have to caWate the rate of change of the flux of in- 
duction through a moving coil. 

13. Orthogonal Curvilinear Co-ordinates. 

Many calculations in electrodynamics can be simplified by choosing, 
instead of a Cartesian co-ordinate system, another kind of system 
which takes advantage of the relations of symmetry involved in the 
particular problem under consideration. Let the new co-ordinates 
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^15 ^^25 «3 be defined by specifying tlic Cartesian co-ortlinatos 'A " 
as functions of u^, 

X a:(WjL, ^2, w-a), 

y == 2/K, 

2!= ifg. ^k)- 

We confine ourselves to tlic case wben the three families of surfaces 
const., ^2= const., ^3= const., arc orthogojial to one anotleT. 
In that case the line element ds == -[- dij^ -h ^^iven by f lie 

expression 


where /ig, may be functions of %, W3. Also, we adopt the. con- 

vention that the new co-ordinate system shall bo a rigld-dianded 
system, like the old. 0 

Consider the infinitesimal parallelepiped, 
whose diagonal is the lino element c/s, and 
whose faces coincide with the planes or 
or = const. The lengths of its edges 
are then (fig. 15 ) \dui^y and 

its volume is hjiji^du-^du^dii;^* Further, let 
^(wi, Wgj be a scalar function, and A a 
vector field with the components A 2, A-j 
in the three directions in which ^^3 

increase. 

For the ^^jL-component of the gradient of <!> w’c liavti at once (iig. lb) 

m 





A 


or 


(gTadij!>)jL= lim 

ft"*, 8V 


hidiii 


t ‘tS,M 


and similarly for the directions 2 and 3. 

To calculate the divergence of a vector A wo go baek (o 
theorem. The flux througli the area OBI 10 , taken in the, tlircrlinr) 
of the outward normal, is — AJiJudu.du.,, while tlie flux Ibrtai^di 
AFGJis g** “ ■ 

A-jLji^dn.Jlu^'^- {AJuh^chi^du^du^- 

From these and the corresponding expressions for tlic other two pairs 
of surfaces, using the result 

div A . -- j j A 

we obtain the equation 

{a!; + al + 4 \ ' 
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Tlie component 1 of the curl is found by applying Stokes’s theorem 
to the surface OBHC. Here we have 

£A,ds + £ Asds = ^ {Ash^ih)du^, &c., 
so that = 


and similarly, by cycHc changes of the indices, for the directions 2 

^^^Fkally, Laplace’s operator A = div grad is obtained by combining 
(38a) and (386): 


A<j> = 


1 f ^ 9^\ , A /Ml A (hb li 

hhh 19mi V ^ 9V 0U2 V hz duj ^ 9% \ 9% 



■We glia.l1 now apply these general formulae to two special cases which 
are particiilarly important in applications. 


(a) Cylindrical Co-ordinates. 


a; == r cosa 
2 / = r sina 


z^z 

ds^ = dri- + rHa^ + dz\ 


We have therefore in this case 

% = r y^== 1 

^^2 = a and 

u^ = z ^3=1. 

Hence, by equations (38a) to (38c?), 

grad^ = ^, grad„ <i>=Y^, grad, cf> = ||, 

div A = - ^ (r^,) + - 

r dr r da dz 


(c-lA), = i^^ 


“ dz’ 

94, 


(curlA),= ^--^, 
(curl A), = - (r4,) — 


dz^‘ 


(38c) 
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(6) Spherical Polar Co-ordinates. 

x—r sin0 cosa 
y=r sin0 sina 
z = r cos9 
ds^ = 

We tave therefore in (38) to (38(i) to put 

Ui = r Ai=l 


Then 


Us- 




grad,^ = grad« gra^a^J 


dr 


6 and 


_ia^ 


Aa = r 
hs = r sind. 


1 


r sind da’ 

, 1 dA^ 


■ sind 0d ‘ y gjj^g 


1 dAr 1 aMj 


(curl A)e = 


rsind da 


dr 


(ouriA). = l{|M.)-^}, 


1 d^ 
r^ sin^d aa^' 


(38/) 


14. Tensors. Polar and Axial Vectors. 

As we saw at equation (9), p. 6, a vector a gives us the means of 
associating any direction s in space with a scalar 

as = aa; cos(s, x) + ay cos(s, y) + cos(s, z), 

the component of the vector in that direction; ag is a homogeneous 
linear function both of the vector components ay, and of the 
direction cosines of s. 

Now it often happens in physics that a vector ft is associated with 
a direction by the above law: 

ft = ai cos(s, x) + fta cos(s, y) + % cos(s, z); . . (39) 

where we have three vector's ft^, fto, ftg associated with the directions 
X, y, z instead of the three scalar components aa>, of a vector a. 

Likewise, just as the three scalars a^, Oy, associated with the 
co-ordinate directions define a vector a, so the three vectors ft^, ftg, ftg 
may be blended together to form a new kind of quantity (or magnitude) 
which we call a tensor. By the components of the tensor we mean 
the 3 X 3 = 9 components of the vectors ft^, ftg, ftg. 
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Since tlie direction cosines in (9), p. 6 , or in (39), are the com- 
ponents of the unit vector s, we can also write 

g = giSffi -r ga®» + 

for this wo use the condensed notation 

g = Q . s, 

f.nd we sar that the vector g is produced by multiplication of the 
tensor Q by s. We can also in the same way multiply Q by any other 
vector r of length | r { = r: we thus obtain 

Q . r = aF a -i- g/j + gs^- 

= r[giCOs(r, fl:) + g 2 Cos(r, ?/) -f Og cos(r, z)]. (396) 


Thus by rnea-ns of the tensor Q every vector r is associated with a 
vector Q . r, the relation between the two vectors being linear and 


homogeneous. 

In order to justify the introduction of tensors as magnitudes of 
a new kind, we may point to the fact e.g. that the “ state of stress ” 

at a given point of a solid body 



is represented by a tensor. 
Through a point P of the strained 
body we take an element of a.rea 
dS, to which we assign a normal 
direction s. If in imagination mi 
remove the matter adjacent to dS 
on that side of it to wliicli tin? 
vector s points, then in order to 
keep the remaining part of the 
body in position we must apply a 
certain force distributed ovtn* dH. 
Dividing this force by dS so a-s 


Fig. t6 


to make it refer to unit area, 


wo obtain a certain slresn T acting 
across the area dS, to which area we assign in the usual way a tlcllnite 
sense of description, or “ currency To every orientation of the 
element of area through P, and therefore also to every unit vector s, 
there thus corresponds a stress vector T. We now ask: how arc these 


stress vectors, corresponding to the various directions s, related to 
one another? Take a rectangular co-ordiuate system with P as origin, 
and cut out of the comer of the first octant an infinitely small tetra- 
hedron (fig. 16), the area of whose base is dS, and the outward normal 
s to which has the components s„ = cosa, = cosjS, s. cosy. 
The areas of the other faces are then dS cosa, dS cosjS, dS cosy; the 
stresses acting on these are — T^, — Tj, — Tg, where Tj, Tg, T 3 arc the 
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respective stresses coiresponding to the positive directions of the axes 
of y, z. (The outward normals of the faces are in the negative direc- 
tions of the axes.) If the stress on the base is again denoted by T, 
the forces acting on the tetrahedron are TcZ/S, cosa, cos/3, 

— cosy. The equation of equilibrium is therefore 

^dS — \d8 cosa — TgcJ/S coSjS — cosy == 0; 

and the relation required is 

T = Ti cosa + To cos^ + % cosy. . . . (40) 

Comparison with (39) shows that the state of stress at any one point 
of a solid body is a tensor; it is given if the stresses T^, Tg corre- 
sponding to the directions of the axes are given for some co-ordinate 
system; the stress T across any area is a linear homogeneous function 
of these, and also of the direction cosines of the normal to the area. 
If Tasi Ty, T. are the components of T parallel to the axes, then from 
(40) 

cosa -f ^12 cosj8 + Ti 3 cosy, 

= ^21 cosa + ^22 COSjS + cosy, 

1\ = Tgi cosa + ^32 cos^d + jTgg cosy; 

where e.g, 721 ^ ^-component of T^. In the special case of a stress 
tensor, these tensor components satisfy the condition of symmetry 

the significance of which we shall see presently. 

Another example of a tensor is obtained as follows. 

We saw at equation (la), p. M, that the rate of increase of a scalar 
field <[> in any direction is given by the corresponding component of 
a vector, viz. the gradient of 

Is "" 8 2 

If then a vector field is given, by every point of a region in space being 
associated with a vector a, each of the components a^., Uy, a^, con- 
sidered by itself, constitutes a scalar field. Applying (la), p. 14, to 
these, we have 

% ^ I? + Vy + 'di 

^ ^ ^ + I? 

^ 2/) + ^ C0S(S. z). 
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Slultiplying these equations by the fundamental vectors i, j, k and 


adding, we obtain 


5s 


cos(s, x) + ~ cos(s, y) + ~ cos(s, z). 


(41) 



-ai== 




3s 


‘’ay' 

"While therefore the rate of increase of a scalar field defines a vector, 

the derivative of a vector field is given by a tensor. , . , 

We may make a pnysical ap- 
- plication of tMs result. Tlic most 
general distortion, or strain, of a 
body is defined when the displace- 
ment vector a is known for every 
point. Consider a small vector 
eZs with components dx, dy, dz, 
connecting two particles of tlie 
body which is to be subjected to 
the strain. If a(a;, y, z) is the dis- 
placement of the point (ir, 2 ;), then the change in ds is the difference 
of the displacements of its ends, which is (fig. 17) 


Fig. 17 


Sa 7 5a , , 9a 7 , 5a , 


(41a.) 


According to (39a) this total differential is to be regarded as the 
product of the strain tensor (consisting of the partial derivatives of 
the displacement vector field) and the vector ds. 

If, following the notation used above for the stress tensor, we 
denote the components of a tensor by 

qij, is the ith component of that vector which corresponds to the Zd'h- 
co-ordinate axis, we can split up the vector equation (39) into the 
following equations in components: 

23^ = 221^® + 222^1/ + 223^1:, [ . . • . (4L6) 

2«= 231^*+ 232^2/ + 233^c- } 


The tensor components, which are the coefficients of this linear systimi 
of equations, can be exhibited conveniently in the form 

"211 2i2 2i3‘ 

221 *222 223 • 

_231 232 ■ 233 . 

This scheme is called a square matrix. The diagonal running down- 
wards from left to right, which contains those elements of the matrix 
whose two indices are the same, is called the 'principal diagonal. If 
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elements wHch are images of eacli other in the principal diagonal are 
equal in each case, the matrix, as also the tensor whose components 
it contains, is said to be symmetric. Thus in a symmetric tensor we have 

?12 = ? 21 > ?13 ~ ? 3 i 5 323 ~ 332 * 

If, on the other hand, the tensor components which are images of 
each other in the principal diagonal are equal hut of opposite sign^ 
and if the elements of that diagonal all vanish, the tensor is called 
antisymmetric, or slcew-symmetric. 

If we have two tensors A and B, which on multiplication by the 
vector r give the vectors 

a = A . r = + a^^r^ + a^r, 

and b = B . r == + h^r^ + h^r^, 

then we have 

a + b = (ai + bi)r« + (a^ + + (ag + \)r,. 

Hence the vectors (a^ + bi), + bg), {a^ + bs), corresponding re- 

spectively to the three co-ordinate directions, deW a tensor, whose 
product by r is a + b. We denote it by A + B, and call it the sum 
of the tensors A and B; its components are got by adding the corre- 
sponding components of A and B; its matrix is therefore 

^11 H " ^11 %2 ^12 %3 ^13 

^21 4 “ ^21 ^22 4 " ^22 ®23 4 “ ^23 • 

-<^31 4 “ ^32 4 " i ^32 %3 4 " ^^ 33 - 


Any tensor whatever can be expressed as the sum of a symmetric and 
an antisymmetric tensor. For, by the addition rule, we have 


3ii 3 i2 
321 322 
L331 332 


3i3 

323 

333J 


4- 


811 

1(8i2 4“ 821) 
.'2(813 4“ 831) 
0 

'2 (821 812) 

U(831~3 i 3) 


2'(8i2 4* 821) 
822 


i-(3i2~82i) 

0 

i'(832 823) 


i48i3 + 831) 
■J(323 + 832) 
833 

i(3i3~“33i)" 
i(323“ 332) 
0 


We have now to inquire what properties of a tensor are independent 
of the particular position the co-ordinate axes may chance to have. 
With this end in view, we write (416) in the abbreviated form 

= S ji&rjfc (i = 1,2,3),' . . . (41c) 

k=X 
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wliere ■we are denoting tte x, y, z components of tlie 'vector a by q-^ 
q._, ffg. If we now rotate the axes, so that g/ and r/ are the components 
01 5 and r with respect to the new co-ordinate system, there -will be 
another relation 

q{=^q'ur: (4]d) 

5 

betTeGn these quantities. The rotation of the axes is specified by the 
nine direction cosines of the new axes relative to the old. We Jiave 
then 

3 / = S r/ = S (‘lie) 

f k 

and the cosines aij^ are subject to the conditions of orthogonality 
S 0-2*3 3»ud S ctg£ etj*^ == 332*3 • * • (^iy*) 

i i 

the symbol S„ standing for 0 when s r, and 1 when s=r. 

By inserting (41e) and (41c) in (41d), we obtain 

s,k Sfk 

This equation must hold for any vector r. Hence wo must have 

2a^sfe= S j'j-sOsX;. 

On multiplying by and summing with respect to k, we find by 
(41/) the tensor transformation formula 

3 fr ^^is^rk^sle* ••••#. (41 3 ) 

s,k 

From (41g) we deduce at once: if for all indices q^^. = q^,, thou also 
= s' u- On the other hand, if q.^. = -g-j,, then also = —q\i. 
The p-operty of a tensor, of being symtnetric or antisymmetric, is in- 
dependent of the co-ordimte system-. 


If in ( 4 I 3 ) we put i = 


: r and sum for r, we find by (41/) 


The sum of ^e elements m the principal diagonal of a tensor (the 
spur ) IS therefore likewise an invariant. 

By {41sr), the S-tensor 8 ^^ is not changed at all by rotation of the 
axes. Accordingly we also have 


q'ir— AS,.,= Sai,art(s,ji,— A 8 ,s), 

Sjk 
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where A is an arbitrary num])er. Since the deternunant of the cosines 
an, equal to 1, the rule for the multiplication of determinants gives 

the important theorem: the value of the determinant ^ 

2u"*“ ^ fc S'ls 

^21 222-~A . . . (4U) 

231 232 233 "“^ 

is independent of the co-ordinate system. It follows that each of the 
coefficients of the polynomial F(A) is an invariant. In ^particulars the 
roots X, X\ A'"' of the equation F(A) = 0, called the secular equation 
are invariants, or have a meaning independent of axes. 

As an application we shall consider the rate at which the strain 
in a moving continumn changes with the time, the velocity v at every 
point being supposed given. Wc wish to find the change which takes 
place in the distance between two particles in time ht. Let two 
neighbouring parti cl(‘s be joined by the vector s, whose components 
arc a?!, x^, Then tlxc displacement of the initial point of s in time 
Bt is v8i, and that of the other end of s is (v+ (grad v . s))S^. The 
components of the relative velocity of the particles are therefore 
given by 

(4H) 

k OXji, 

0 y 

The tensor ^ *, which thus determines the rate of strain, may be 
separated into a symmetric and an antisymmetric part: 



I'/ie symmetric part 

Vi,i) 

k 

has a characteristic property which may be brought out as follows. 
Let us try to find a vector whose direction is not changed; for this 
we must put Xi = Ao;,-. The system of equations 

= Aajf (41Z) 

k 

has a solution other than Xi = 0 if, and only if, A is a root of the 
doterminantal equation 

F(A) = I Vij^ — AS^fc 1 = 0. 

To each of the roots A', A", A'" of this equation corresponds, by (41Z), 
a direction Xi. If the roots are all different, then (411!) defines three 

C 1:484) 3 
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vectors which, preserve their direction in the symmetric strain. In 
this case, if we take the equations 

k 

and 2%; a?;/' = 

k 

multiply the first by a;/' and the second by a;/, subtract, and smn for 
?, we obtain, in consequence of the symmetry of 

0 = (A' — A") + ajg'aig" + x^x^'). 

Thus the proper vectors ” a;,- corresponding to two different values 
of A are at right angles to each other. Tlie most general symmetric 
strain Vij^ consists therefore of dilatations or comp'essions in three 
mutually perpendicidar directions. If the axes of co-ordinates are taken 
in these directions, then 

= A'a?!*, ±2 = X"x29 Xs = A'^aij. 

The rate of change of the volume V = XiX^x^ is given by 

= a?ia;2a;3 + XjX2Xq + x^X2X^ 

= F(A'+ V'+A'"). 

But the sum of the three roots A' + A" + A'" is the spur ” of the 
tensor (p. 48), and therefore invariant with respect to rotations of the 
axes (p. 48). Thus 

A' + A" -f X” = % + V 22 + % == div V, . (41m) 

and we see that the divergence is the spur ” of the tensor dVijdxj^. 
Again, the antisymmetric part (41^b) of our tensor^ for 'which 

+ tt/ci = 0, .... (-'ILi) 

k 

leaves all lengths and angles unchanged. To prove this, consider the 
time rate of change of the scalar product of two arbitrary vectors 
Xi and a?/': , 

^ Sa?^ ajf = S(ir/a;/' + 

“ ^^ikXi xf-^ ^ai^^XjfXi , 
i^h 

By interchangmg the indices i and h in the last of these summations 
(a mere change of notation which does not alter the sum) we find 
d ^ 

Sa;,- Xi = S Xi x^ {a^j^ ~|- 
» t,k 

= 0. 
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from wMch the theorem stated above easily follows. The tensor 
must therefore represent a rotation. This may also be recognized at 
once, if we write 

0^2 = —“Wy; = U^, ^23 = - ' * (41o) 

Equation (41w) then runs: 

^21^1 ""b ^23^3 ^^3^1 ^^^35 

CC 3 = -f ^32052 = %a ?2 — - 

Comparison with (21a), p. 10, shows that (41?i) does represent a rotation^ 
and that the vector u defined in (41o) specifies the axis of rotation and 
the angular velocity. Further, by (412:) the vector u is connected with 
the velocity field v from which we started by the relation 

n = curl V (42) 

Both the angular velocity u and curl v are p'O'perly speaking not 
vectors at all, but antisymmetric temors. The name axial vectors ” 
is sometimes used for magnitudes of this kind, to distinguish them from 
ordinary or '‘polar’’ vectors. Another important example of an 
axial vector is the vector product of two vectors and which 
properly should be written as a skew-symmetric tensor 

c,-ft = — ajojs 4“ 


The representation of a skew-symmetric tensor by a vector, as given 
in (41o), is only possible in three-dimensional space, and even then 
only in rectangular co-ordinates. In fact, as appears from (41p), the 
laws of transformation for vectors and antisymmetric tensors are not 
the same, unless the determinant of the cosines is equal to +1. 
Even the trifling modification of taking the determinant equal to 
—1 (signifying that the change of axes is from a right-handed to a left- 
handed system, or vice versa) is sufficient to bring out a difference 
in the nature of the two entities. Let us put, for example, a^-fc = — Sj-^; 
(i.e. take images in the origin). Then, according to (41e), the vector 
components become changed in sign while, by (41^^), all tensor com- 
ponents (and accordingly axial vectors) remain unchanged. 

In the preceding sections we may always recognize any axial 
vector that is introduced, from the fact that we require for its 
definition the idea of the right-handed screw. This idea, and the 
consequent restriction to right-handed co-ordinate systems, can be 
avoided altogether by always using the corresponding tensors instead 
of axial vectors. 

To sum up, we may say that for three-dimensional space we have 
in the vector product a very simple and easily visualized practical 
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means of representing a skew-symmetric tensor. We must not forget, 
kowover, if we would avoid misunderstandings, that it amounts to 
no more than a practical rale, which is applicable only within a limited 
domain. 

In applications to physics, the tensors with which we mainly have 
to do are stress tensors. In the theory of Elasticity the stress tensor 
arises from the symmetrical part of the strain tensor, by applying 
Hooke's Law. Since neither Hooke’s Law nor the strain tensor has 
anything to do with a privileged sense of rotation, it follows that 
the stress tensor also is symmetric, as has already been mentioned 
(p.45). 



Part II 

THE ELECTRIC FIELD 


CHAPTER III 

The Electrostatic Field in Free Space 

1. Electric lalensity. 

If a stick of sealing was is rubbed witb a piece of catskin, these 
bodies and the space round about them are thrown into a peculiar 
condition, as is revealed by the fact that light particles in the neigh- 
bourhood are set in motion.' We say that the rubbed bodies are 
electrified and that the space surrounding them is an “electric 
field”. The electrification is not irremovably fixed to the sealing 
wax and the catskin; it may be conomunicated to metals brought 
into contact with them. The process of rubbing is not the only 
means of producing the electrified state; a piece of metal which 
is in connexion with one of the poles of a battery also shows 
electrical actions, which continue even after the connecting wire is 
removed. 

Let an electrified piece of metal be at rest in air. The electric 
field in its neighbourhood is investigated with the help of a proof 
body, which may be, for example, a small ball of elder pith covered 
with gold leaf, and electrified by contact with the rubbed sealing 
wax or the catskin. The proof body is acted upon by a force F in the 
electric field. Suppose this force F to be measured; both its magnitude 
and direction will be different at different points of the field; even at 
a fixed point in the field they will vary according to the way in which 
the pith ball is electrified. With regard to the latter tjrpe of variation, 
however, a very simple law governs the result; if the proof body was 
made to touch the sealing wax, then the direction and sense of the 
force F, which acts on it at a given point of the field, are perfectly 
definite, and only its magnitude depends on the details of the process; 
buL if it was the catskin which was touched, then the direction of the 
force is reversed, its magnitude depending, as before, on the nature 
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of tlie preliminary process. This suggests that we should put, for the 
force which acts on the proof body in the electric field, 

F = e . S, (1) 

vAere the scalar e depends on the electrical state of the proof body, 
while the vector E is independent of that state, but varies in magnitude 
and in direction at the various points of the field. Experiment shoves, 
in fact, that if two proof bodies which have been treated in difi^erent 
ways are brought in succession to the same point in the field, the 
forces upon them are in a definite ratio, 

*• ^2 ~ ^ • ^25 

and that this ratio remains the same when the point varies. Experi- 
ment shows also that the magnitudes of the forces which act on one 
and the same proof body at different points P and P' of the electric 
field are in a ratio independent of the previous treatment of the proof 
body, or 

1F|:|F'I = 1E1;1E'| (16) 

The statements (la), (16) are both included in (1). If is given for the 
first body, is defined for any other body by (la); E can then be 
found for individual points of the field by means of any proof body. 

The scalar factor e in the ex'pressicni (1) is called the ‘‘ electric charge ” 
of the proof body or the quantity of electricity upon it; the vectorial factor 
E is called the electric intensity Charge and intensity are both 
specified unambiguously by equation (1), provided that the unit of 
charge has been defined. The opposite senses of the forces which 
act on the proof body, after contact with the sealing wax and the 
catskin respectively, can be taken into account by distinguishing 
two kinds of electricity, positive and negative. The positive sign 
has been given, quite arbitrarily, to the electricity on the little ball 
rubbed by the catskin, and consequently the .negative sign to the 
rubbed sealing wax.^ The direction of the intensity E is accordingly 
defined as the direction of the force which acts on a proof body which 
has been brought into contact with the catskin. 

The egression (1) for the force which acts on a chcxrged body in 
the electric field, does not hold good without restriction. It ceases 
to hold exactly if the testing body is too close to the charged body, 
and that all the sooner the greater the charge on the small body. 
The expression becomes inexact in those cases also where the intensity 
varies too rapidly with change of position, and the more markedly 
so, the greater the dimensions of the proof body. Later on, we shall 
md out the causes of these divergences, and the expression for the 
force wiU be suitably completed in § 4, p. 91. Meantime, the proof 

* This vector is also caUed the “ electric force ”, and the ** electric field strength 
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body wMch we use must be sufficiently small and carry a sufficiently 
weak charge before we can determine the electric field by means of 
equation (1). 

It is a characteristic feature of Maxwell’s theory that it associates 
an intensity E with every point in space, and takes the vector field 
thus defined as the real subject of investigation. The physical signi- 
ficance of S consists to begin with only in the relation expressed in 
equation (1), which states: if a small charge e were brought up to the 
definite point of space in question, then the force F = eS would act 
upon it there. Maxwell’s theory then goes on to ascribe to this vector 
E a self-existent reality independent of the presence of a testing body. 
Although no observable force appears unless at least two charged 
bodies are present (for instance the charged piece of metal and the 
proof body), nevertheless we assert with Maxwell that the charged 
piece of metal by itself produces in the surrounding space a change 
of physical conditions which the field of the vector E is exactly fitted 
to describe. The primary cause of the action on a testing body is 
considered to be just this vector field at the place where the testing 
hody is situated. As for the piece of metal, its part in the matter 
is merely to maintain this field. We speak accordingly of a theory 
of field action, as contrasted with the theory of action at a distance 
wMch was current before Faraday and Maxwell, and which starts 
from the mutual action between two charges. 

2. Flux of Electric Force. 

We consider in the first place the electric field in free space, i.e. in 
a vacuum. One of the most important results of quantitative electrical 
theory before Faraday was Coulomb’s Law: two charged bodies, 
whose linear dimensions are small in comparison with their distance 
apart, act on each other with a force in the direction of the line joining 
them and inversely proportional to the square of the distance. Since 
either of the two bodies may be regarded at will as the proof body 
in the sense of the preceding section, we have 

where the factor / is independent of the nature and position of the 
bodies. Further, F is a repulsion if Ci and e^ have the same algebraic 
sign, but an attraction if their signs are difierent. 

We can now introduce the absolute electrostatic system of measure- 
ment by laying down the definition: unit quantity of electricity is 
that quantity which acts upon an equal quantity at a distance of 
1 centimetre with a force of 1 dyne. This implies that the factor / 
in the above equation has the value 1. It then follows from equation 
(1) that the unit of E is also determined. 
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We can now describe the result of Coulomb’s experiments in the 
language of Faraday and Maxwell, as follows: a point charge of 
electricity e produces in its neighbourhood an electric field E, which 
is given in magnitude and direction by the equation 


S = 


e 


r- 



in 


Here r is the vector drawn from the charge to the field point. 

Comparison with our earlier results on point sources (p. 20) allows 
us to make the further statement: the electric field B due to a point 
charge e is identical with the irrotational velocity field which is 
produced in an incompressible fluid of density l/47r by a point source 
of strength e. 

In particular, if 5 be any closed surface enclosing the charge e, 
we have 

J J Ends = 4776 ( 2 ) 


We call Ends the flux of force outwards across the surface clement 
dS. Equation (2) therefore asserts that the flux of force outwards 
across a closed surface is equal to the point charge e within it, multi- 
plied by 477. 

WTien several charges act simultaneously on a proof body, the forces 
they exert are superimposed according to the law of vector addition 


F=Fi+F2+. . . . 

In like manner, the intensities E2 due to the charges are also 
supernnposed by the vector law. This experimental fact allows us 
to give equation (2) the much more general interpretation: the total 
jiw office outwards through a closed surface is equal to the total charge 
co}vta%ned within the surface, multiplied by 477. 

This theorem fonns a suitable point of departure for Maxwell’s 
theory. The electnc charges no longer appear as centres of force 
but as sources of flux of force. ’ 

We cam now extend the results already obtained for surface and 
ele^dty sources to the case of similar distributions of 

A volume distribution of charge, the density of which is p(x, v z) 
produces divergence in the flux of force, given by 

div E = 477p. 

A sui^ distribution of charge, of surface density w, produces a 
discontmuily m the normal component * of E, givm by 

= 4770 ). 

compoiient is taken in the direction /nm the field to the surface. 


* 

as in 



THE ELECTROSTATIC FIELD IN FREE SPACE 57 


3. The Electrostatic Potential. 

The field due to a point charge, as defined in (!'), is irrotational. 
It can be expressed as the negative gradient of the scalar (f> == Ci/r: 


E = —grad 




= -^ = 5 . ^ = 5 cos(r, »); 


dx 


r 


and similarly for Ey and 

It follows that the general electrostatic field deduced by super- 
position from the volume sources pdY and the surface sources oy dS 
is also irrotational: 

curl E = 0 (3) 

It is therefore possible (p. 37) to represent the intensity of an electro- 
static field as the negative gradient of a scalar, single-valued potential 
or 

S == —grad <!>, (3a) 

where ^ is called the electrostatic potential The decrease of (j> from 
a point (1) to a point (2) is equal to the line integral of E, taken 
over an arbitrary path s from (1) to (2): 

^1 — 

The electrostatic field corresponds therefore in every respect to the 
field of an irrotational fluid motion, such as was discussed in an earlier 
section (p. 14). The strength e of the sources corresponds, by equation 
(2), to the quantity of electricity, which we have likewise denoted by e. 

If the distribution of electricity is given, the electrostatic potential, 
and with it the irrotational field E, are calculated by the methods 
explained in §§ 5-8 (p. 19). For a series of point charges, n in number, 
the potential (p. 20) is 


... . 

.... (4) 



for a volume distribution of charge 


11 

. ... (4a) 

and for a surface distribution 


j fcodS 

• • • 

. . . (46) 


the field of a double stratum would be found by the method indicated 
in § 9, p. 30. 


(EiSi) 


3 * 
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4. The Distribution of Electricity on Confluetors. 


A problem in electrostatics is not as a rule a mere matter of being 
given a distribution of electricity, and being required to find the 
potential by means of (4a) and (46). The distribution of electricity 
on metallic bodies is itself determined by certain conditions, to the 
definition of which we now proceed. We have already mentioned 
(p. 53) the property possessed by a metal wire, of conununicating 
electricity to a body from the pole of a battery. A body which 
possesses this property is called a '‘conducior of electricity''] one which 
lacks it, an “ insulator The two classes cannot always be strictly 
separated. 

The decision of the question whether a particular body is to be 
called a conductor or an insulator depends essentially on the period 
of time over which the observations extend. If we plaee the body in 
an electrostatic field, what happens in all cases is that a field is first 
set up in the interior of the body, so causing an electric current. This 
current tends to produce on the surface of the body a distribution 
of charge which in the interior of the body exactly compensates the 
external field. Supposing this state of aSairs arrived at, we have again 
before us an electrostatic condition in which the field within the body 
is everywhere null. Now two extreme oases are possible. In the 
fcst case the time which elapses before this final condition is reached 
is small compared with the duration of the experiment (say 10”*® 
second), and consequently we shall find the field within the body to 
be null all the time. We then call the body a conductor. In the second 
case the time is very great (days or months). The current referred 
to then becomes so small that within the period usually occupied by 
an experiment it does not appreciably afEect the results observed. In 
this case we speak of the body as an insulator. Pure electrostatics 
knows only idealized bodies, namely those in which the time 
referred to above is infinitely short (“metals’’), and those in 
which It IS mutely long (“insulators”). Metals, in the sense of 
the word used m electrostatics, are therefore characterized by the 
property that m their interior the field E is null everywhere. In 
other words: ^n the mtenor of a coiiductor the electrostatic potential 6 

IS cnnsfrr.nf. ^ • 


charged 

meta^c bodies, but is otherwise free of charge, can therefore be 
described as follows. At every point outside the metals we have 


inp z=z div E = 0. 


In the interior of 
is no field there, 
of sources on the 


a metal there is obviously no charge, since there 
there m^, however, be a superficial distribution 
outer surface, since a flux of force proceeds from it 
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outwards; this Las tLe value wLere n is tLe normal directed into 
tLe outside space. 

The surface density co of the electricity, multiplied by in, is equal 
to the flux of force across unit area, i.e. 

477£0=S„= — (5) 

There is still the possibility that, besides an ordinary surface dis- 
tribution of sources of flux of force, there may be double sources on 
the bounding surface between air and metal. In fact, according to 
§ 9 (p. 31), a homogeneous double stratum on this closed surface would 
make no change in the field, either inside or outside. For that reason 
it would be difficult to demonstrate its presence experimentally. 
We shall therefore in the meantime leave such double strata out of 
account. 

If the icrotational field of the vector E is known, the distribution 
of electricity can be found from (5). If, on the other hand, the dis- 
tribution of electricity on the surfaces of the conductors were known, 
then the field could be calculated from (46) and (3a). Neither of these 
problems, however, is the one we actually have to face. The funda- 
mental 'problem of electrostatics in fact is this: In space free from charge 


the electrostatic potential <!> satisfies Laplace’s equation: 

div E = — div grad ^ = 0. . . . (6) 

On the surface Si of any conductor, ^ must take a constant value 

0 = = const (6a) 


In the interior of the conductor, ^ must continue to have this value, 
since the gradient of the potential vanishes there. These matters 
being understood, the data are as follows. For each separate conductor 
we are given either its potential or its total charge, 

h f ■ ■ ■ (®) 

and we are required to find the corresponding solution of Laplace’s 
equation. When this is known (an adffitive constant being possibly 
left arbitrary), the electric field is uniquely defined by the gradient of <j). 
This is the electrostatic field, and the corresponding distribution of 
electricity is the actual equilibrium distribution. 

The fact that the field is uniquely defined by the above data may 
also be deduced from Green’s theorem, which gives for the space 
bounded by the surfaces of the conductors 
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If there could be two possible solutions of the problem, and <^ 3 , 
and if <l>o, we should have on every surface either ^=U 

or l{d(l> ';dti)(lS = O/and accordingly | grad ^ | = 0 everywhere. This 
would mean, however, that and ^2 differ at most by an additive 
constant, and that only in the case when it is the charge that is 
prescribed for every conductor. If the potential (j> itself is prescribed 
for even one of the conductors, then the value of becomes absolutely 
definite everywhere. 

5. Capacity of Spherical and Plate Condensers. 

The problem of electrostatics has been solved in only a few cases. 
The simplest case is that of a charged metal sphere. Let e be its charge, 
and a its radius. We infer at once from the sjunmetiy that the dis- 
tribution of charge is xmiform, so that 

is the smface density of the electricity. We can satisfy ecpuitions ( 2 ) 
and (5), which express the relation between charge and flux of force, 
by assuming a flux of force equal to iTre across every sphere concentric 
with the given conductor, the intensity accordingly being 



The potential of this irrotational field is 

on the sphere it has the constant value 

a 

We must now, m order to obtain an electrostatic field which is pliysically 
possible, assign a ter minu s or sink for the flux of force issuing from 
the conductor. We shall assume that a second concentric hollow 
metal sphere of internal radius h encloses the first, and that its surface 
IS charged with negative electricity. Since the charge — c is distributed 
uniformly over this sphere, the surface density has the value 

^ 

and at r = 6 the potential is 

j 
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This arrangement is called a spherical condenser^ and the quotient of 
the positive charge e by the difference of potential (l>a — 9^5 of the 
positively and negatively charged conductors is called the “ capacity ’’ 
of the condenser. Since 




b — a 


the capacity is 



ab 

b — a* 


. . (7) 


Very large capacities can be produced by dimioishing the distance 
6 — a between the two spheres. 

When the capacity of a single sphere by itself is spoken of, it is 
implied that the other sphere which carries the opposite charge is 
situated at a very great distance; in this case the capacity of the 
sphere is equal to its radius a. In laboratory experiments the total 
quantity of electricity in a field is always nil. It is therefore necessary 
in each case to specify the position of the corresponding charge of 
opposite sign, i.e. the place where the flux of force from the sphere 
ends. In laboratory experiments the flux terminates on the walls 
of the room, or on the surface of some conductor in the room. If these 
are situated at distances which are great compared with the radius 
of the sphere, the capacity of the sphere is practically equal to its 
radius. 

A plate condenser consists of two metallic plates the planes of which 
are parallel, and the distance between which is small compared with 
their lateral dimensions. If we neglect the scattering of the lines of 
force in the neighbourhood of the edge, we have between the plates 
a homogeneous field 


lEl 


d ’ 


and consequently a surface density ta of electricity given by 

a 


The capacity of a plate condenser in which the distance of the plates 
is d and the area of each is S is therefore 



This formula may be regarded as a special case of (7). If in fact the 
two radii a and 6 are very nearly equal, the spherical condenser may 
be looked upon as a plate condenser with plate distance b — a = 
and plate area S = iirab. 
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6. The Prolate Sllipsoia of SevoMion. 

TTe shall now consider a conducting prolate ellipsoid of revolution 
whicli is charged with electricity^ what is its fields and what is the 
value of its capacity? The terminus of the flux of force proceeding 
from the conducting" surface, if we are dealing merely with the capacity 
of the ellipsoid itself, is supposed to be at a very great distance; we 
may take it to be a sphere of large radius concentric with the 
ellipsoid. The mathematical problem may then be stated as follows 
(§ 4, p. 59). 

Within the space between the two conductors the potential (f> has 
to satisfy Laplace’s equation 

A^ = 0; . (8) 

on the surfaces of the conductors it takes constant values, 

^ = ^ = ^ 2 ? ( 2 ®) 


the gradient of ^ is perpendicular to these surfaces, and is proportional 
to the surface density cj, since, by (5), p. 59, 


47TCJ = — 


dn' 


Here co is still to a certain extent arbitrary, only the total charge e 
being assigned; where 




8n., 


dS, 


m 


As a rule the distribution of electricity is not so much what is 
wanted as simply the value of the capacity; this is defined when the 
potentials two conductors have been found; we then 

have 


G = 


e 

^1 — 


(So) 


Since no general method is known for solving the fundamental problem 
of electrostatics for conductors of arbitrary shape, we shall find the 
capacity of the prolate ellipsoid of revolution by a special method, 
only applicable to a conductor of this particular form. Going back to 
our hydrodynamical analogy, let us suppose the line joining the foci 
of the ellipsoid to be uniformly covered with sources. We gbn.11 prove 
that the equipotential surfaces of the corresponding irrotational field 
are confocal ellipsoids of revolution, and that this field also possesses 
the other properties required. 
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The total strength of the sources on the line, of length 2Cj we put 
equal to e. The potential of 
the line, viz. 

e f‘ it 

where r denotes the dis- 
tance of the field point 
from any point on the line 
of sources, obviously is a 
solution of Laplace’s equa- 
tion (8). Taking the z-axis 
along the line of sources, 
and the origin at its mid point (fig. 1), we have 

£=+c 



Fig. I 


and we obtain 


4>- 


e 


log(z — ^ + r) 


^=-c 


= i-log^-±£±Ii 
2c °z-o + r^’ 


( 9 ) 


where r^, axe the distances of the field point from the ends of the 
line, at which t = —o, t= +o respectively. 

Writing for brevity 

z+c=Zi, « — c = 22 . 

we must have for an equipotential surface, by (9), 


^ j*— =h = const., 
22 + »-2 


or h + n= + J-a). 

Dividing this by the obvious relation 


(9a) 


■■ 


= ft-, 

h 


we get = , 

- % J'S — 22 

or ^(^1 ^’2 ^ 2 , 

and, on subtracting (9a) from this, 

1 ) (^1 + ^2) = (& + 1 ) ( 2 i — Z2) 
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• o ^ “1“ ^ 

+ ^2 

i.e. the sum of the distances of a point on an cquipotcntial sui'faoc 
rcom the two fixed points 1 and 2 is constant. The equipotential surfaces 
are therefore ellipsoids of revolution whose major axes, in terms of 
the parameter are 

2a = rj + rg = ^37^- 


At a very great distance (a->co) k becomes 1, so that log7c= 0, 
and therefore ^ = 0. Thus the potential vanishes on a sphere situated 
at a very great distance. If now we suppose one of the prolate 
ellipsoids of the confocal family to be a conductor, then the field in 
the space bounded on one side by this surface, and on the other by the 
very distant sphere, satisfies all the conditions of the electrostatic 
problem. This field is irrotational and contains no soui'ces; and the 
total flux of force issuiug from the ellipsoid is equal to the strength e 
of the charged line; lastly, the two conducting surfaces boiinding the 
field are equipotential surfaces. Hence conditions (8), (8a.), ancl (Sb) 
are satisfied. Since by § 4 (p. 59) these conditions define the electro- 
static field uniquely, ^ is the potential of the required field. 

From the equation for 2a we have 

7._« + c 


inserting this value in (9) we find 


• c f a -|“ 0 
9 = log — — 

2c ^ a — c 

-«I,g « + V(a=^-6n 


• (96) 


Again, on the very distant sphere (ct = oo ) we have 


^2=0; 


hence the ccipcuyity C of tho jprolccte ^ipsoid of Tevdlution is given by 


l=ii- 
0 e “ 



o + V(a®-62) 
b 


. . (9c) 


For a very long elHpsoid, i.e. for very small values of the fraction 
0 / 0 , we obtam 


1 l,__2a 
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Tlie capacity of sucli a rod-shaped conductor — ^ wHcIl may be considered 
to be realized by a wire whose section is circular but which tapers 
towards the ends — diminishes with the thickness, for a given length. 
Further, the distribution of electricity in this limiting case is represented 
by the uniform distribution on the line between the foci, which we 
used above in order to determine the potential. Hence the electricity 
is distributed over the rod-shaped conductor in such a way that equal 
lengths of the wire carry equal charges. 


7. A Point Charge in Front of a Conducting Plane. 

We suppose the field to be bounded on one side by an infinite plane, 
which forms the surface of a conductor. At a point A, distant a from 
this plane, let a small body be placed, charged with e units of electricity. 
The dimensions of this body are to be so small, that its electric field, 
if the conducting plane were not there, would be derivable from the 
potential 


The question arises: how is the field afiected by the conducting plane 
boundary? The above potential (f> is obviously far from satisfjdng 
the condition of being constant on the conducting plane. We can, 
however, obtain a field for which that plane 
is an equipotential surface, by taking along 
with the point A another point B which is 
the image of A in the plane, and supposing 
a charge of contrary sign — e to be placed 
at B. If r' is the distance of the field 
point from the image point, then 

■ ■ ( 10 ) 

represents the potential of the combined 
field in the half-space considered. This 
is zero on the boundary plane, since r = / 
there. The field is irrotational and, on 
the side on which A lies, solenoidal. Fig. 2 

i.e. free from sources, except at the point 
A itself; from A a flux of force issues, equal to irre (fig. 2). 

On the plane the normal intensity, in the direction from the 
surface into the field, is 



E 


n 


^ = - i.i+ 1.1 

dn ^ dnr~^ ^ dnr' 
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and the surface density cj is therefore, hy (5), p. 59, 


_ 1 j, _ e a 

^ 477'®” 277 J-3- 


. . (10a) 


Hence electricity distributes itself on the plane surface of the con- 
ductor in such a way that the surface density is inversely proportional 
to the cube of the distance from the point charge. For the total charge 
on the plane we have 



adS 


or, by introducing polar co-ordinates p, 9, 



apdp 


= + e 


(a^+P^)^ o" 


Accordingly the whole of the flux of force which begins at A ends on 
the plane surface of the conductor. At the point where the charge e 
is placed, the intensity due to the charge on the piano is identical 
with that which would be produced by the image e' = — e. Hence 
the force acting on e is the “ image force ” 


(2a)2- 


This phenomenon, in which an electrically charged body calls forth 
a charge of opposite sign on the surface of a neighbouring conductor, 
originally uncharged, is called “ dectrostatic indudion The pheno- 
menon may be regarded as a consequence of the fact that the field 
cannot penetrate into the interior of the conductor. If the conductor 
is of fimte dimensions and has no conducting connexion with other 
bodies, then, seeing that its total charge continues to be nil, the flux 
of force which reaches it on the side facing the exciting point must 
leave the conductor again on the other side. In the case discussed 
above of a conductor extending to infinity and cutting out the field 
on one side, we must regard the charge +6, which was produced at 
the same time as the induced charge —e when the exciting point 
was brought up, as having been removed to infinity. 

■When a point charge, say a small charged body used for the 
pmpose of e^loring a field, is brought into the neighbourhood of a 
charged conductor, its field, as influenced by the presence of the 
inductor, is superimposed upon the original field of the conductor. 
Hence the actual force upon the testing body will not corre-wnrifl 
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to the original distribution on the conductor^ but to the distribution 
as changed by the presence of the testing body itself. It follows that 
the force will not give an exact measure of the original field, and that 
it will be less and less correct the greater the charge on the testing 
body and the nearer it is brought to the conductor. In the immediate 
neighbourhood of the conducting surface the method of finding the 
vector E given in § 1, p. 54, is only correct when the charge on the 
small body can be made infinitely small. Strictly speaking, the vector 
E is not defined by any special value of the ratio of the force on the 
small body to its charge, but by the limit to which this ratio approxi- 
mates when the charge e is indefinitely diminished. 

8. Point Charge and Conducting Sphere. 

Before proceeding to investigate the charge induced on a conducting 
sjphere, we shall first consider the following problem: given two charges 
and —eg at a given distance apart, it is required to find the surface 
on which the potential 

Ti ra 

has the value zero. Let eg be 
the absolutely smaller of the 
two charges. 

We take as origin of polar 
co-ordinates iJ, 0 a point on 
the prolongation of the line 3 

e^ eg, and denote its dis- 
tances from the two charges by and jpg. We have then (fig. 3) 

__ 2Bpj^ COS0, 

rgS = _ 2 Ep 2 cosO. 

The potential is therefore zero i£ 

= 

ea® r/ 

Pi H^jPi 4- j?! — 2E co&d 

~~ p.2 B^jp2 + jPa — 2E COS0' 

We see that this relation is satisfied for all values of 9, if 

(i) £2 = 

and (ii) ^ 

n ea- 

The potential is therefore zero on a sphere, whose centre divides the 
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line joining the two point charges externally in the ratio of the squares 
of the charges; and whose radius is such that the points where the 
charges are placed are “ inverse ” to each other with respect to the 
sphere. 

Point Oliarge and 3IetalUc Sphere . — charge e is situated at a 
distance p from the centre of a conducting sphere of radius R. We 
shall consider two problems. In the first, the sphere is kept at potential 
zero (by being connected to earth). A glance at fig. 3 allows us to 
write down the solution at once. Thus, suppose the sphere removed, 
and in its stead a point charge 



placed at a distance 



from its centre. This, along with the given point charge, produces 
a field whose potential over the original spherical siuface has the 
zero value required, and outside this surface has only the single source e. 
The potential outside the earthed sphere is therefore defined by * 

, e e' 
r 

In the second problem, the sphere is insulated, and previous to the 

point charge being brought up 
was uncharged; hence of course 
it remains uncharged throughout. 
In order to describe its field we 
must therefore imagine a further 
charge -\-e' placed within it, in 
such a position that the constancy 
of the potential on the surface is 
not disturbed thereby, i.e. we sup- 
pose a charge +e' placed at the 
centre of the sphere (fig. 4). The 

„ , j • , , , of the combination, + 

pomt charge e and msulated uncharged sphere, is then 

” If f ~ f ’ 

footoote) -e' -h e' = 0. m it 
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where denotes the distance of the field point from the couti'o. Tlie. 
potential of the spherical surface itself is now e'jll, or c/p, i.c. it is 
equal to the potential at the centre due to e alone. 

It is interesting to see what happens if wo send the point charge 
to infinit y, while increasing it at the same time in such a way that 
the field it produces, viz. 


retains a finite value. In this process the image point — e' goes, oi 
course, to the centre of the sphere, while 


c'p' 


e 


£3 


retains the finite value | Eq | . jB®. Wc therefore obtam a double suiirce 
or, as we say, an electric dipole at the centre of the fqfiiwi, wirieh is 
defined vectorially by the relation 

m=Eo. Ji!®. 


The field Eq of the infinitely distant and infinitely great point cJiurgii 
is, of course, in the neighbourhood of the sphere, honiogencous; (in 
insulated conducting sphere in a Iwmogeneous electric jUM bvcomcs 
polarized in such a my that its surface charge acts in the exterior space 
like a dipole of moment Eq^B® supposed to be placed at the cent re of the 
sphere. 



CHAPTER IV 

Dielectrics 


1. The Piate Condenser and the Dielectric. 

Up to this point we have confined ourselves to the electric field 
in a vacuum (free space). When, as we have done occasionally, we 
have spoken of the field in air, we have been guilty of a slight want of 
exactness which, however, as we shall see immediately, is usually 
unimportant. We have therefore to state explicitly now that the 
formulae of the preceding chapter are to be considered as referring 
to a vacuum and to metals placed in a vacuum. 

The fundamental discovery was made by Faraday that the 
capacity of a condenser is altered when the space between its conducting 
faces is occupied by an insulator, such as glass or sulphur or petroleiun. 
With any known material so used, the capacity in fact is increased. 
The factor E, by which 0 is thus multiplied, was found to be a con- 
stant which is characteristic of the interposed substance. It is called 
the '^dielectric constanV^ of the material in question.* Hence, by § 5, 
p. 60, we now have as values of the capacities: 

spherical condenser, 0 = jff ; 

0 — a 

Q 

plate condenser, C = E — 

ind 

The following are examples of numerical values of E: 

-Air 1*0006 Porcelain 6 

Sulphur dioxide 1*01 Alcohol 26 

Petroleum 2-0 Water 81 

Glass 5 to 7 

In a vacuum E has by definition the value 1. Instead of the word 
\ acuum we also occasionally use the word " aether ”, not connecting 
it in way with the idea of a hypothetical substance, but merely 
usmg the word when we are speaking of space as the carrier of an 
electromagnetic field. 


♦The name “specific inductive capacity ” is also frequently used. 
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Fiff. I 


We align begin by trying to form a clear pictmc of tlic nature 
of Earaday’s discovery in the light of the processes in a plate condouscr. 

Let the two opposing plane faces of the condenser, at distance d 
from each other, be maintained 
in all cases (say by means of a 
battery) at the constant poten- 
tial difference <j}i — tfi^- Then in 
a vacuum the field between the 
plates (directed downwards in 
fig. 1) has everywhere the con- 
stant value jEol = 

so that on each plate there is a charge of surface density wliero 
4i7coo = 1 Eq 1 — “ - ^ 

If we now insert in the condenser a plate, of insulating materinl, of 
thickness d and dielectric constant K, we obtain in that part of the 
condenser which is occupied by the material a different surface donsily 
of charge, viz. 


IVhile the plate is being inserted in the condenser, the battery imnst 
accordingly supply a quantity of electricity 

"■■"o'" 4^ I®"' 

for every square centimotro wliieh is e.ovrrcd by llie insulator; that, 
it actually docs so may easily he vcriiicd witli tlio Indp of an 
meter. For tlxc success of this <'xp(*rinicnt, it is quite uun(*ccss:trv 
that the insulator (say a ghiss pla,t<‘) sluiuM into (‘Oiitact. wii ii 

the faces of the condenser. The coinrs otT oxa(‘.tIy ns hi‘f»*ri‘ 

if we leave a narrow opening botwotui uncial and insulator, pn»vidi*d 
only the width of the opening is small coiiipaivd wilh t.la^ dislanct‘ </ 
between the plates. Now it is proved by expta-iment. that siadi an 
opening docs not alter the capacity eonst^pienily, llu'. <-harg*‘ </! 
the condenser; hence in the opfaiing the irdi*nsi(y must liave (h-- 
value 

47rco: lE'l A’lEol, 

for the metal surface has now a vacuum a,dja<*f*ut to it. Jn the, inf rimr 
of the insulator, on tlio other hand, lla^ 'ini.ensity miisi, still bt* Ej,, 
since the line integral jEgih taken from the one plafe <»f tlie eomlensrr 
to the other must in both cases have the value </>,,. It followa 
that when we pass from the opening info the in'*‘iilatni% tlu^ iriten.-:ity 
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S jumps from ZBq to Eg. But a sudden change in the normal coni' 
ponent of the field strength is always equivalent to the presence of 
a surface charge. The effect of the insulator on the electrostatic field 
is therefore the same as if its surface carried a charge of surface density 
ft)', where 

W = (5:-l)(Eon), 

Eg being the intensity in the insulator, and n the normal to the 
insulator, drawn outwards. 


2. Dielectric Polarization. 

The property possessed by an insulator, which as a whole is 
uncharged, of affecting the field in this way, is called “ polarizahilili/ ”. 
The insulator is “ polarized ” by the electric field Eg. To understand 
this property, we must make the assumption that every material 
body contains positive and negative electricity (charges), and in 
fact an eq^l quantity of each kmd if the body is electrically neutral. 
But while m a conductor one at least of the two kind s is freely movable 
(electrons in a metal, ions in an electrolyte), in an insulator the two 
kinds are bound quasi-elastically, and that in such a way that under 
the iMuence of an electric field the charges can move sb’ghtly (the 
positive in the direction of the field or the negative in the opposite 
dfrection or both at once); the motion, however, coming to a standstill 
when the displacement has reached a certain amount proportional 
to the strength of the field. When the field is switched off, the displaced 
electaerty returns to its original position. This relative displacement 
of ch^ges IS called polanzccfion; it is measured by a vector P, defined 
as Mows. Starting from unpolarized material, we take within it an 
Mbitoary direction s, and an element of area dS peipendicular to s. 
it the matenal now becomes polarized, the quantity of electricity 
which on the whole passes through dS in the direction s in consequence 
of the polaxizafaon is equal to the component of P in the direction s 
multiplied by the area dS. 

A body is said to be homogeneously polarized if the vector P is 

It is clear that residual or surplus 
barges due to polarization can only arise in a given part F of the 
volume of the body, provided the surface integral 




taken ovct the surface enclosing F, has a value different from zero 
k tSia^e ^ (~PndS) is the charge which 

by ^ ^ 

p'dV = — div PdF 
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is the charge arising in the element of volume iV in consequence of 
the polarization. 

It follows that no internal charges can occur when the polarization 
is homogeneous. On the other hand, electricity in the form of surface 
charges will appear at the bounding surface. To see this, consider a 
flat cylinder with base dS, one plane face of which lies wholly in the 
outside vacuum, but the other wholly within the polarized body. 
The charge in this cylinder due to polarization is 

ca'dS=P^dS. 

The surface of a polarized body therefore carries a surface charge 
the density co' of which is equal to 

We can arrive at the same formulae for p' and cx)' in another way 
as follows. Suppose the dielectric divided up into small cylindrical 
elements of volume dV = dS . the bases dS of which are perpendicular 
to P. The polarization of dV gives rise to an electric dipole with the 
moment 

m= PdF, 

for charges + | P | occur on the ends of the little cylinder, and 
these being at distances h from each other produce a moment 
I P I . The potential 0' called forth by this dipole at a field 

point at distance r is, by (20'), p. 23, given by 

(m. grads 

and the potential due to the polarized body is therefore on the whole 

But div (-\== -div P 4- fp . grad so that by Green’s theorem we 
obtain \ ^ tJ 

This equation, however, simply states that the insulator carries a 
surface charge of density a)' = P„, and a space charge of volume 
density p' = — div P. 

We have therefore two perfectly equivalent definitions of P: 
(1) the electric moment 'per unit volume, (2) the quantity of electricity 
passing through a unit of area which is perpendicular to P. 

In the case of the plate condenser discussed above (fig. 1, p. 71) 
we have clearly to do with a homogeneous polarization of the 
inserted plate, in which the vector P is directed downwards, and 
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is given in amount by the free charge on the surface of the plate, or 

(I) 

Thus the numerical relation between tho vectors F and E is defined 
by means of the dielectric constant K The factor of proportionality 
which appears in (1), viz. 

K-l 

is called tke dielectric susceptibility ” of tbe material in question. 

8. Maxwell’s Displacement Vector D. 

The space charges p' and surface charges co' due to polarization 
produce on their part a corresponding divergence of the field intensity 
(p. 56) 

div E = iTTp' = —477 div P 
and = 477do' = 477(P«, + 

In words: the vector E + 47rP in an insulator is everywhere solenoidal. 
Its normal component is subject to no discontinuity at the boundary 
between two insulators. 

Por the vector thus brought to notice we introduce (after Maxwell; 
the special name '' electric disphceymnt ” and the symbol D, so that 

D = E + 477? (2) 

This vector is therefore characterized by the following properties: 

1. In the interior of an uncharged insulator div D = 0 every- 

where, 

2. At the boundary between two insulators tho normal com- 

ponent of D is everywhere continuous. 

The statement 2 is of course really only a consequence of 1, since 
the behaviour at the bounding surface can always be deduced from 
the condition div D = 0 by assuming a continuous transition from the 
one insulator to the other, and passing in a suitable way to tho limit. 

Closely connected with the introduction of the vector B wc have 
the ideas of true ” and ‘'free ” charges, which play a great part in 
older expositions of electrodynamics. Free charges are defined as 
sources of E, true charges on the other luirid as sources of D. If we put 
an insulated metal sphere, charged with a quantity e of electricity, 
in a homogeneous dielectric, its charge becomes partly compensated 
by the surface charge co' = P„ of the adjacent part of the dielectric, 
so that only the free charge ejE is now available as a source of E. 
The true charge on the contrary remains xmehanged in this process. 
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for according to its definition, it is found from tie free charge hy 
subtractin<» the space charges p' and the surface charges a>' which 
are due to polarization. VfUn in future we speak simply of charges, 
we shaU always mean true charges, that is, sources of D. Erom these 
definitions we have the following results: 

3 In the presence o£ true charges (which must therefore be 
charges on metallic bodies, or charges otherwise introduced 
into the insulator), the surface integral 


gives the total charges contained within 8. In particular, 
therefore, the surface density w of the charge on a metal 
contiguous to an insiilator is given by the normal com- 
ponent of D, or 

iTTOt -= . (3) 

for a volume density of charge, 

inp = div D (3a) 

4 In an isotropic insulator, by (1) and (2), 

........ (4) 

where E may bo an arbitrary function of position, and 
the electric intoiisity E is evorywhero irrotational: 

grad./) (5) 

in a region wluu'o A i.s coitinuous, and the tangential com- 
ponents of E are continuous on the two sides of surfaces 
where E is discontimious. 


In many accounts of tli<>, subj.-e.li, tlie, vector D is immediately 
defined by (4). It must tliereforo lu' exjmessly remarked that tins 
definition is much more siiecial than t hat given by (2). It only holds 
when the polarization P is propori.ional to the intensity E. In crystalline 
media, however, tliis is not t.lie cjise. In these the direction of P is m 
general different from that of E, and in place of the scalar dielectric 
constant E, wo have a tensor 

k 

Thus even in this case tluu-e i.s still a linear relation between D and 
E. Wc shall see later that in the ixu-fectly analogous case of magnefac 
induction and mt^rtic inteiudty in fe.rromagactism, no such relation 
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exists. On the other hand, equation (2) can be transferred to the 
magnetic case just as iu stands. 

The boundary conditions at the surface where two insulators meet 
(continuity of the normal component of D 
and of the tangential component of E) give 
rise to a special law of refraction for the 
lines of force. Let and be the angles 
- between the line of force and the normal 
on the two sides of the surface of discon- 
tinuity (fig. 2); the conditions are then 

I Di I COStti == 1 ^2 I COSttg, 



/i 


/ 


F;g. 2 


and 


El I sinai = | Eg | sinag, 


which, combined with (-I), give at once 

tanai : tanog = : ^g. 

It follows that the lines of force, when they pass from one insulator into 
another for which E is greater, are deflected farther from the normal. 

4. Spherical Condenser. Semi-infinite Dielectric. 

1. Let the space (fig. 3) between the two spherical surfaces of a 
condenser be filled, in concentric layers, with 
two different substances whose dielectric con- 
stants are and Eq. Let a and c be the 
radii of the inner and the outer spherical 
surfaces, 6 the radius of the sphere forming 
the boundary between the two media, 
and — e the respective charges on the inner 
and the outer sphere. Then in the space 
between a and c we have 



but, from a to b, 
from b to c, 

Accordingly, the potential difference between a and c is 
— ^rdr 


B = — — • 
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For the capacity G we have therefore 


1 

C 


JL_A. + i 



The case of a sphere of radius a embedded in a dielectric envelope 
of radius h is found by putting Zg = 1, c = oo ; hence, in this case, 

If 6 is large compared T^ith a{Ei — 1), the envelope practically acts 
as if the sphere were placed in infinite space of dielectric constant K^. 

2. A point charge infrmit of a semi-mfinite dielectric. 

Suppose we have a charge at the point A in air, at a distance 
a from the plane surface of a dielectric; what is the effect produced 
by the presence of the dielectric? This problem corresponds to the 
one solved in § 7, p. 65, for the conducting plane. In that case, however, 
we had only to take the field in air into account, since on the far side 
of the conducting plane no field existed at all. But now we shall have 
to consider the field within the insulator. We shall assume the 
insulator to occupy all space beyond an infinite bounding plane. 
Let its dielectric constant be and that of the air 

We shall try to solve this problem, as we did the other, by the 
method of electrical images. As before, we take the point B within 
the dielectric, where B is the optical image of A in the bounding plane; 
and we denote by r, r' the distances of the field point from A and B. 

We put for the potential in the air space 

j __ e e' 

The field in air is therefore to correspond to the true charge e at A, 
and the true charge (— e') imagined at B. This assumption satisfies 
the fundamental condition that sources of electrical displacement 
must occur at A only; for the image point B is outside the air space. 
As for the field within the dielectric, we shall try to represent it by 
putting for the potential in the dielectric 

The field in the insulator is thus to be the same as if the insulator 
occupied all space and a true charge e” were placed at A. This is in 
agreement with the condition that within the part of space actually 
occupied by the dielectric there are no sources or sinks of electrical 
displacement. 

To prove that the field is actually represented correctly by these 



THE ELECTRIC FIELD 


?8 


assuuiptioiis, we shall show that the boundaiy conditions at the 
plane separating the two media can be satisfied by a suitable choice 
of the quantities e', e", which so far have not been defined. Consider- 
ing first the normal components of B, we have 




a , , a 


B 


W3 


e 


ft 


a 


where the normals are taken in the directions from within the body 
concerned to the surface. One boundary condition is that the normal 
component of D is continuous; since t = t' on the plane, this 
condition requires 

e + e' — e" = 0. 


Again, the tangential components of E on the two sides of the separating 
plane axe to have equal values; this will certainly be the case if (f>i = ^2 
all along the plane, for E is simply the negative gradient of The 
condition = <f>^ is not only sufficient, it is also necessary if double 
strata of fiiee electricity on the surface of the insulator arc excluded. 
We therefore require secondly 

e — e e 

“Kx K,’ 

From these two linear equations connecting e, e', e" we find 


e-e’ _K^ 
e+e' 


e = e 


e" = e + e' = e 


•^2 -^ 1 1 
2E, 


E^+K^ 


( 0 ) 


The suppositious “ time ” charges, (— e') at B and (+e") at A, are there- 
fore determined. The lines of force within the ^electric run so that 
they appear to diverge radially from A, wldlo in the air space tlic field 
is the resultant of the two fields arising from the sonreo A and tJio 
sink B. 

If the dielectric is replaced by a conductor, the image point B must, 
fcy § 7j P- 65, be given the charge (— e) in order to define the potential 
in the^ air space. The disturbing action of the dielectric on the field 
intensity in air, and the disturbing action of the conductor, are to one 
another in the ratio 


e':e = K^-E^:Ez + Ei. 

ihe mfluence of the dielectric is therefore always slighter than that 
of the conductor. In the limiting case, however, when the diclcctrio 
constant Eq of the insulator is very great compared with that of 
air, e becomes equal to e'; that is to say, the cond^ictor affects the field 
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in air in the sa^ne way as an insulator ivJiose dielectric constant is 
infinitely great 

As for the field strength within the dielectric, this corresponds to 
a free charge placed at A in an nnliimted dieieotric; if the 

dielectric were removed, the intensity in the space it occupied would 
bo defined by the free charge which is actually placed at A in air. 
The effect of the field is accordingly measured by the ratio 

In the limiting case of an infinite dielectric constant, E 2 , the electric 
intensity in the interior of the insulator is nil, exactly as in the interior 
of a conductor. 

5. Dielectric Sphere in a Homogeneous Field. 

We consider a sphere of radius a, and dielectric constant Zi, 
embedded in another dielectric occupying the whole of the rest of 
space; in the latter dielectric we suppose a homogeneous field = Eq, 
in the positive direction of the a^-axis, to have been in existence before 
the introduction of the sphere. How is this field modified by the 
introduction of the sphere? In order to answer this question we define 
a potential (f> having the following properties: 

1. At a great distance feom the sphere 00 )^ must become 

2. At the surface of the sphere, the normal component of the 

gradient of ^ undergoes a sudden change, such that 
K{d^ldn) has the same value on the two sides. 

3. ^ itself, and therefore the tangential component of grad 0, 

are continuous on the two sides of the sphere. 

4. ^ everywhere satisfies Laplace’s equation == 0. 

We denote by ^2 values of the potential inside and 

outside the sphere respectively, and try putting 

The interpretation of these equations is: In the interior (^ 1 ) of the 
sphere there exists a homogeneous field F, so that the sphere is 
homogeneously polarized in the ic-direetion. In the outer space (^ 2 ), 
on the other hand, the sphere acts as if a dipole of moment EJe were 
situated at its centre. 

The first and fourth of the conditions laid down are obviously 
satisfied by the forms assumed for We have to show that by suitable 
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clioice of tlie coustaats F and Jc, which are still at our disposal, we 
can also satisfy conditions (3) and (8). 

In polar co-ordinates {x = v cosS), 

= —Fr cosd, 
ff>s=-Eo cose 

The boundary conditions require 

^x = ^2 = when r = s. 


We have therefore the two equations 

which give 

Ji E) ^-^2 I? /l _ \ 

h_ Zx-Za 

«« 2Z3-fZx‘ 


Consider the special case E^ — 1, i,e. a didectrio sphere in free space. 
The field within it is weakened in the ratio 3 : 2 + Zi, compared 
with the homogeneous field. It acts in space outside it like a dipole 
of moment 

M=Eoil:=E„a®^^^ (6a) 


Its polarisation P (moment per unit volume) is 

1 - ^1-1 

®4ir Zx"!" 2' 


P=Bo:fy^ 


Comparison with the results already found for a conducting sphere 
(§ P- shows that the latter in its disturbing action on a homo- 
geneous field behaves like an insulator of infinitely great dielectric 
constant. 



CHAPTER V 

Energy and Mechanical Forces in the 
Electrostatic Field 


1 . Charges and Metallic Conductors in Free Space. 

The difference in point of view between MaxwelTs field theory and 
the older theory of action at a distance conies out in a very significant 
way when they are applied to the following problem. Let it be required 
to find the work necessary to produce a given electrostatic distribution 
of charge, on the supposition that the charges are initially at infinitely 
great distances from each other and are brought up in succession to 
their final positions. We shall first take the case of individual point 
charges 62, which are to be brought from infinity into 

positions where theic mutual distances are ^"13? &c. We first bring 
up the charge to its right place. This requires no work, since the 
rest of the charges are all at an infinite distance. Now bring up the 
charge 63 to the distance from %. This requires, on accoxmt of the 
Coulomb repulsion, work of amount 



Next, we bring forward and for this have to expend the work 


^13 ^23 


We proceed in this way until the whole of the n charges have been 
brought up to their places. Thus the total amount of work is 

W = W2 + • . . + 


which may be written in the form 


l!r==iei(; 


£2 ^ ^ ^ ^ 


12 

+ 


'13 


'in/ 




W: 


ft 

iSeA. 

*=1 


( 1 ) 


(B4S4) 


4 
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where is the potential produced at the position of the ith charge 
by the reso of the charges. 

Equation (1) is in a form which suits the action at a distance view. 
If we put a question about the localization of the energy expended, 
the answer whi be that the energy in potential form is attached to 
the individual charges, the share which falls to the ith charge being 
Quite a different answer is given by Maxwell’s theory, which 
asserts that it is the field which carries the electrical energy, in accord- 
ance with the theorem: every element of volume clV of empty space, 
in which there is an electric field, contains a quantity of energy 
equal to 


A finite volume therefore contains a quantity of energy Z7, where 

( 2 ) 

To justify the assertion of the truth of this theorem, we shall first 
prove that the work W of equation (1), i.e. the work expended in 
bringing the n point charges within finite distances of each other, is 
identical with the increase in the quantity TJ resulting from this 
process. To prove this, denote by Ei, Eg, . . . the intensities due 
to the charges eg, . . . at an arbitrary point of the field. Then 
we have E = -j- Eg E,^, so that 

E2=Ei2+Eg2+. . . + E„2 

+ Ei(E 2 + Eg + . . . + 

+ E2(Ei + Eg + . . . -f E„) 

+ • • • 

+ E„(Ei + Eg + . . , -j- 

If from this expression we form the integral (2) for U, we sec in 
the first place that the contributions from the first row do not change 
at all in consequence of the mutual approach of the charges. In fact, 

s///W 

for example, is the energy of the first charge by itself alone. (It would 
correspond to the work which would have to be expended in order to 
condense the first charge into a small volume from its original condition 
as a cloud of i nfin i t ely small density. For an actual point charge it 
woidd in fact he infini te.) Hence we need consider only the mutual 
action terms which appear in the other rows. If we write 

Eg , 4- E„= —grad 
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BO tliat $1 denotes the potential due to all the charges except the first, 
the second row in the expression for E® contributes to Z7 the term 

for wMcli, by Green’s tbeorem (p. 19), we can write 

- k {//® A-'® -///®. ■ 

For the boundary S we choose the infinitely distant sphere, which 
contributes nothing, along with a small spherical surface enclosing 
the first charge. On the latter we may take to be constant; also 
the charge is given by 

SO that on the whole 

QttI I f + • • • + == 

By a corresponding transformation of the remaining rows in the 
expression for we find 

u-Uo = i j s ^ , 

£=1 - i,k '^iJc 

SO that U — UqIs actually equal to the work W which is expended. 
We are therefore justified in attaching to the quantity V defined in 
(2) the name “ field energy 

If we consider any displacement of the point charges into neigh- 
bouring positions, clearly we have also the theorem: the work 
required to effect a displacement of any given point charges is equal to 
the resulting increase i/n the field energy. 

The work used up is stored as potential energy in the’ field. 
Although the case of point charges is a little inconvenient as regards 
the calculations, on account of the field becoming infinite, we have 
put this case in the forefront because of its relation to the Coulomb 
law of force. If the charges are distributed continuously in space, with 
volume density p, the corresponding relation becomes formally much 
simpler. 

Green’s theorem 

f /(^A^ + grad ^ grad ^)dF 
now gives at once, when we put ^ = — 4??^, grad ^ = — E, 

iJp<f>dV=^fEHV. 
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Here on tEe lefo ve have the energy localized in the elements of charge, 
the element situated at a place where the potential is ^ being pdY. 
On the right the energy appears as distributed over the field with 
energy density S‘^/'S:r. 

In the case of superficial distributions of charge on the surface of 
metallic conductors (surface density of charge = co), the field being 
otherwise free of charge, in Grreen’s theorem is 0, but on the left 
the surface integral taken over the various conductors still remains, 
and we have 

® 

The surface 8 is composed of the surfaces . of the separate 

conductors, the potentials of which we suppose to have the constant 
values <^23 • • « • d(j>/dn is equal to irr (surface density), so that 



where denotes the charge on the /cth conductor. For the energy 
of the system of conductors 1, 2, ... we therefore obtain 

U = + <l>zh +•••)• 

The energy of a condenser with charges +e and — e on the opposite 
coatings is therefore 

V = w, - = mi - ^ 

where, as before, G = p - - 

— 92 

denotes the capacity of the condenser. 

2. Energy of the Field when Insulators are Present. 

The expression just obtained for the energy of a condenser 

is obviously quite independent of the presence or absence of an in- 
sulator between the coatings, for it represents the work required to 
charge the condenser. In a plate condenser in a vacuum (area of each 
plate S, plate distance i) we have 

^1 — ^2=|Eld, 

so that, in agreement with (2), p. 82, 

i7=^ai|E|.. 
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In a dielectric witt the dielectric constant K, the surface density o) 
of the charge on one of the metal plates is defined, not by the normal 
component of B, but by that of D = KE. Hence we now have 

.= gs|B| 

and the energy Sd^\E\K 

The formula for the energy density u of the electric field must therefore 
now run * 

«=^iEp=l(DE) (4) 


For an infinite, continuously varying field, since div B == 477p and 
E = —grad 6, we actually have 

~ jBEdV = — Jl} grad 

= ^ I>dV = lj f j>pdY. 

But that is just the expression which, from the standpoint of the 
theory of action at a distance, we ought to expect. The justification 
of the expression for the energy density of the field assumed in (4) 
will form an essential part of the following sections. Let it be re- 
marked at once, however, that the assumption reaches far beyond 
electrostatics, and in particular that it remains valid even for fields 
which vary with the time. The main point is that it gives us a general 
method of calculating the forces which occur in the electrostatic field. 
For this application, we start from the fundamental theorem that 
the work done by the field in an arbitrary displacement of the charges 
is equal to the loss of field energy. The field energy thus transformed 
can appear experimentally in the most various forms: either in the 
form of kinetic energy when the carrier of the charge is free to move 
(free electrons), or in the form of heat when the carrier moves against 
a resistance of a frictional nature, or in the form of mechanical 
potential energy when work is done in the motion of the carrier against 
an external conservative force (e.g. gravity or an elastic force). 

In the simplest case, that of a homogeneous dielectric, the new form 
(4) for the energy density is not essentially more complicated than the 

* Properly speaking, (4) gives, not the energy density, but the density of the free 
energy (in the sense of thermodynamics). We shall always in fact in the developments 
of the following sections confine ourselves to isothermal processes, without specially 
mentioning in each case that we are doing so. To justify the results obtained in the 
text additional considerations are therefore very necessary. These, however, we shall 
postpone till later (p. 232). 
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form for free space. S appose that we have an arbitrary system of 
metallic bodies, which to begin with is in electrostatic equilibrium in 
a vacuum. Let and be the charge and potential of the ^^th con- 
ductor. Let Sq be the intensiby at any point of the field, Uq = Eq^/Stt 
the energy density. Nest, fill the space with a dielectric of dielectric 
constant E, What does (4) give for the energy density now? If E and 
B are the intensity and displacement in the new field, we have always 
D = EE. But we must make a distinction between the two cases 
when e„ and respectively, are kept constant when the dielectric 
is introduced. 

(a) The charges e„ are kept constant (by insulation of the individual 
conductors). We then have 

jD^dS= f Bonds. 

The sources of D are the same as those of the original Eq. But this 
implies D = Eq, so that we have E = Eq/Z, and therefore 


Further, since <}> is always equal to J Eds, it follows that the potential 
likewise falls to (1/Z) of its former value; and, since the force between 
two charges is always determined by the field energy, Coulomb’s law 
must now run 






When a homogeneous dielectric is introduced so as to fill the space between 
insulated coiductors {the charges on which are kept constant), the field 
energy, intensity, potentials, and mutual forces all fall to 1/K of their 
original values. 

From the point of view of the principle of energy, the question 
at once suggests itself: where has the energy gone that is lost in this 
fiUing process? The fact is, the introduction of the dielectric itself 
provides the compensation, for energy can be derived from the process. 
Since, however, while the process of introducing the insulator is going 
on, the dielectric is not homogeneous {E is even discontinuous at the 
surface of the insulator), we cannot at present calculate the forces 
involved. 

(&) The potentials of the conductors are kept constant (e.g. by connect- 
ing them mth the poles of voltaic cells). The potentials ^ (in a homo- 
geneous dielectric with the constant E) define the intensities E uniquely. 
We have therefore in this case 


E = Eq, and consequently D = ZE^; 
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hence 


u=-^{EI>) = Eu 

07T 


n? 


and also 




and so on. 

When a homogeneous dielectHo is introduced so as to Jill the space 
between conductors, whose potentials are Icept constant, the Jield energy, 
displacement, charges, and mutual forces all increase to K times their 
original values. 

The question of the energy balance conies up here also. In the 
first place, as we have already seen, we gain energy by the introduci.iou 
of the insulator. But besides this the field energy is increased. Bolh 
these amounts of energy must be provided by the colls or batteries 
which maintain constant potentials on the various coiiductoi's. In 
fact the charge on the ith conductor is increased by the amount 
e,{K — 1). The battery concerned must therefore provide energy of 
amount 

MiK- 1 )* 


The energy supplied by the batteries amounts accordingly on the 
whole to 

i 

where =ff JuQdV 


denotes the energy of the system when placed in a vacuum, with 
potentials </>. The increase in the field energy amounts, however, 
to only half of A, viz. to 

EU,^Uo={K-l)U,. 

Thus we see that when the dielectric is brought into the field, tlie 
energy of which is Uq, the conductors being kept at constant potentials, 
energy is first gained of amount (K —1)Uq, then secondly the field 
energy is increased by a like amount. The energy first gained and the 
increase in the field energy arc both supplied by the sources of currc'.nt 
whose function it is to keep the potentials constant. 

3. Thomson’s Theorem. 

When charges move in an electrostatic field under the action of 
the field strength, the energy of the field diminishes by t.h(' iimount 
of the work done. The charges will accordingly, so far as they are. 
free to move, tend to arrange themselves in such a way that the ihM 
energy will have the least possible value. If in particular metallic 
conductors are given with charges which in the first instance ar(^ 
arbitrary, these charges will distribute themselves so that the field 
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6Dcrgy l)6coni6S a iniiiiDiui'ii. On tiiiG otiicr Iiciiid, tvg know 13113/1; in 
electrostatic equilibrium the potential of a conductor is constant, and 
its whole charge resides on its surface; we may expect therefore that 
this distribution of charge actually corresponds to a minimum for the 
held energy. In verilication of tshis conjecture we shall now prove 
the following theorem. W'e are given a system of metallic conductors, 
embedded in a dielectric, whose dielectric constant K is an arbitrary 
function of position. Discontinuities in K can be excluded, however, 
without loss of generality, since any surface where the value of K 
changes suddenly may be imagined to be replaced by a narrow region 
of continuous but very rapid change. The individual insulated con- 
ductors carry the charges 

Kow let the corresponding electrostatic field be described by means 
of D and E; i.e. let the following equations be satisfied: 

f Jg^D„dS = iTTBi . . .,n) ... (a) 

for the conducting surfaces; and m the field 

div D = D = (jS) 

where the charges and the functions of position p and K are given 
and fixed. To these, which we shall call the general ’’ conditions, 
have to be added the special electrostatic conditions 

(f,z=(ji.z= const (y) 

on each separate conductor, as well as 

curl E = 0, or E~ —grad (f> (S) 

everywhere. 

Next, let D' and E' be any other field, of which we only know 
that it satisfies the general conditions (a) and (^) and that it is 
different from D and E. We assert that these assumed data are 
sufficient to allow us to infer that 

U'>U, 

where U' = ~J (D'E')<i7 and Cl = (DE)(i!F 

are the energies of the two fields. 

To prove our assertion, we put 

E' = E 4- E", D' = D + D". 

For the two fields so introduced we have, by (a) and (j8), 

f Jg^DJ'dS = 0: divD" = 0; D" = ZE''. 


• . (e) 
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TLus U' = ^ffJ{E + E") (D + B")dy 

= ^f (ED)d7 + i/ (E"D")dF 
+ ~ f (ED" + E"D)(IF; 

OTT 

and therefore, since D" = KE'\ 

U'=v + ^J KE’'HV + ^ / (ED")(iF. 

We now use hypothesis (8) that B is irrotational: 

(SB") = —(grad cj), D") = —div (^B") + ^ div (D"). 

By hypothesis (y) B is nil everywhere within the metals. We can 
therefore, when calculating the volume integral 

EJ)"dV, 

confine ourselves to the region occupied by dielectric, in which 
div B" = 0. We thus find 

/'bD'W=S f 

^ 

£ 

since by (y) (/> is constant on each conductor. This proves Thomson’s 
theorem. We have in fact 

J7'= U + ~fEE''HV. 

U' is therefore greater than U, provided only that at some part of 
the space E' is different from E. 

Thomson’s theorem therefore deduces the field which corresponds 
to the equilibrium distribution of electricity, from a minimum principle. 
This minimum principle corresponds exactly to the condition of 
equilibrium which holds for heavy bodies in the field of gravity; such 
bodies are in equilibrium, in stable equilibrium in fact, when the 
potential energy of gravity has its smallest value for the configuration 
in question. In the same way we see here that the equilibrium of 
electricity on the surface of fixed conductors is characterized by a 
minimum value of the electrical energy. Electrical energy accordingly 
'plays the same ^art here as potential e/nergy does in ordinary meclimiics. 
The foregoing developments show once again that there cannot 

(e484) 4« 
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be two different solutions of the problem of electrostatics. For the 
inequahty we have proved states that, for every field E', D', which 
is different from the electrostatic one, but which satisfies the 
conditions (a) and (j8), the energy U' is greater than J7. If now E', D' 
is itself an electrostatic field, we must also have U > U\ which is 
impossible. Hence there cannot be two different solutions of the 
problem of electrostatics; conditions (a) to (S) define the electrostatic 
Held uniquely. 


4. Dielectric Sphere in a Non-homogeneous Field, 


Before proceeding in next section to deduce the most general 
expression for the ponderomotive forces from the principle of energy, 
we shall here calculate in a more direct way the force which a charged 
or xmeharged sphere is subjected to in a non-homogeneous field. We 
shall first, however, consider the case of a large number — a “ cloud ” — 
of point charges e^, eg, . • e}^ situated at the points (cci, y^, %), . . ., 

yfii H) neighbourhood of the origin of co-ordinates. The 

dimensions of the cloud are supposed so small that we can represent 
the external field with sufficient approximation by 


= ^xo 



0 


with similar expressions for Ey and E„; or, more briefly, by 
E(r) = Eo+ (rgrado) E, 

where the suffix 0 indicates that the value of the quantity in question 
is to be taken at the origin. The force acting on our cloud is now 

F=l:e,E(r,) 

= Eq S + (ZciVi grad) E. 

i=l 

Isow M 

1=1 

is -the eledric moment of oiix cloud of charges (cf. § 5, p. 22). If Scj = c 
is its total charge, we find 

F = EqC -f (M grad) E. 

\\ e apply this result to a sphere of dielectric constant K and radius a. 
By equation (Ga), p. 80, this becomes polarized in a homogeneous 
field E in such a way that its polarization charges act in the space 
outside like a dipole of moment 


Z-1 
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If the dimensions of the sphere are not too great , this expression 
will continue to be approximately correct even in a non-homogeneous 
field. If in addition the sphere carries a charge e, the total force acting 
on it is 

F = eE + (E grad) E. 

In the electrostatic field we have, since E is irrotational, 

(E grad) E = J grad E^, 

as may easily be proved by writing out the rr-component, for oxain}')lo. 

We have therefore 

F = eE + la? ^ 

The uncharged sphere is impelled toivards of higher fwld slniujfh. 

If in particular we pass to the limit > oo, tli(^ force acting uf>(>n a 
metallic uncharged sphere of radius a becomes 

F = gi'ad E‘‘^ ('1/d 

It follows that |a^E^ is the energy which must be expended to with- 
draw a metallic sphere of radius a from a field E into a region win 
there is no field. 

We are now in a position to assign the conditions which n ti^sting 
body (proof body) must satisfy before it can bo used to measure a 
field by means of the simple relation F == cE. In the first place the. 
radius a of the sphere must be so small that in {4a) tlu^ so(u>n(l tt^.rm 
can be neglected in comparison with the first. Secondly, Ihe clnirge 
e itself must be so small that the forces exerted by unchargexl nu‘|.al 
surfaces and by the surfaces of insulators, which may be jv.prescmtrd 
as due to images (of. § 7, p, 66) and are proporl-.ional fco c-, a-n*. negligil)Ie 
compared with eE. The nearer we approach a disturbing siirfa.('t\ 
and the farther removed the field is from homogeiuuty, tht‘. similler 
will the charge and diameter of the proof body ha.V(‘. to lx;. 

5. Mechanical Forces in the Electrostatic Field. 

We shall now deduce the general e.xpres.sion for tin; fon*c fi/f' 
which acts upon a particle occupying the el(Mm‘.nt of v^oIuiik' r/i' in 
the field. For this purpose we employ the principle of the. (^onsiu-vai ion 
of energy as follows. Think of the matter in tin; iield as .nioviiig in 
any way, and let u(a;, y, z) bo the current v(M:;tor whicJi delines the 
velocity of the particle situated at the point y, z), slnill n,.s.sunn‘ 
that u is sufificiently small in absolute vaJuc to allow us to rc^gard the 
field at any given moment as electrostatic. (Tin; following eonsidenu- 
tions therefore apply strictly only in the limit [ u | -> 0.) ';rh(‘ scalar 
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prodiiCu {ui)dV clearly gives the work done per second in this motion 
bv the force-density f on the element of volume dV, If we denote 
the whole energy of the field by 

U = ^f{EB)dV, ...... (5) 

tie principle of energy requires that the rate of decrease of U per 
second should be equal to tdie total work done on the matter: 

f =-/(tf)i7. (6) 


In point of fact we do not know f to begin with; the real problem 
before us is to transform the time rate of change of the function U 
defined by (5), so that it may assume the form (6). When this has been 
done, we shall be justffied in regarding the factor f so found as a force- 
density compatible with the principle of energy. We have therefore 
to calculate how U changes in consequence of the motion u. 

Now the field is uniquely defined when the charge density p and 
the dielectric constant R are everywhere given. Hence U only varies 
with the time in so far as p and K vary. We therefore calculate first 
the two expressions Sf,U and S^U. Here SpH denotes the change 
m U consequent on a change of p{x, y, z) to p + Sp(a;, y, z) while 
y, 2) 13 kept constant, and similarly hJJ denotes the change in 
TJ when p is kept constant and K varies. 

In each case we have an energy difference between two fiA]ds to 
calculate: 

S?7=H,-17i = iy’(E2D2-EiDi)dF. . . (7) 


(a) When E is hep we have = E^Di, and therefore 

(EjDg E^Dj) = (El -}- Eg) (Dg — Di). 

Since we are confining ourselves to small changes, this gives 
S,U = ~jE8lidV. 


Now 


(grad SD) = — div((^SD) -(- ^ div(8D). 


_ But the change in the charge density 8p is equivalent to a change 
m the divergence of the displacement vector, ° 


in Sp = div 8D. 


Hence 


8pH = 


(8) 


This result includes as a special case the theorem that m a small dis- 
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placement of the cliarges on an insulated conductor the field energy 
is not changed; in I act in the state of electrostatic equilibrium thus 
specified (f) is constant, and \BpdV = 0. This of course is simply a 
special case of Thomson’s theorem, that the electrostatic energy is 
a minimum. This s]Xicial case is of importance here for this reason, 
that it shows that the pait o£ 8p, which consists of a motion of the 
charges on metallic conductors, contributes nothing to the time rate 
of change of U, so long as electrostatic equilibrium continues to be 
maintained — ^which we have postulated to be the case. 

(6) When the density of charge p is kept constant, — % is every- 
where solenoidal; further, Ej and E2 are irrotational, and we therefore 
have in this case (p. 39) 

Dji) d7=0, 

and J E„(D2 — dV — 0, 

if both integrals are ta.kcii over the whole of space. We may therefore 
in (7) replace iirxl(‘r tlie integral sign E2D2 by E2D15 and by 
so that we 

Bat if Ej. and /u ai'o i.ho values of the dielectric constant before and 
after the clianf»c, we liavo and Dj = so that 

For a small change SK this becomes 

B^U=--^f8KE^dV (9) 

Tor the total rate of change of the field energy we have therefore 

■ ■ ■ <“> 

We have now to bring the time rates of change of p and K into con- 
nexion with the prescribed rate of flow of the matter u. With respect 
to dfr/dt, by Thomson’s theorem we need not take into account the 
motion of the electricity on a conducting surface. We may therefore 
make the calculations as if the charge were everywhere rigidly fixed 
to the matter. In that case, however, pu is the density of the convection 
cinrent, so that by Gauss’s theorem 


( 11 ) 
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We note in passing the exactly similar formula for the rate of change 
of the mass-density a of the moving substance, 


da 

dt 


= — div (ucr). 


To calculate dEldt we consider the rate of change of K for a moving 
material particle. For this, we have to compare the value of K at 
time 0 at the point {x, y, z) with the corresponding value at time dt 
at the point x + ujt, y + Uydt, z u^dt. For this rate of change 
for the material, or “ substantial rate of change ”, we obtain 

. E(dt, X + ujtt, y -f z + u^dt) — /i(0, x, y, z) 


dt ' 


dt 


= ^+(ugradZ), 


and therefore 


dK , .rr. , dK 


The substantial rate of change dKjdt cannot be determined generally 
without further assumptions as to the nature of the dielectric. We 
restrict ourselves to the assumption — certainly sufficient for liquids — 
that K is a single-valued function of the d&nsity u. It then follows that 

dt du dt 

Again, the substantial rate of change of the density is given generally by 
§=|+(ugrado), 

and therefore, with the above noted value of dajdt, 
do 

= —div (uo-) +• (ti grad cr) 


or 


da .. 

j^ = -adivu. 


Thus we have finally 
dK 


{(u grad Z) -f cr div u} . 

Using (11) and (12) in (10), we now have 


( 12 ) 


dU 

dt 


= -f<f>div{pvi)d7 


+ ^ / E'{u grad Z + tr g-’ div xi)dV. 
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We next apply Gauss’s theorem twice, after putting 
cj) div (pu) = div (^pu) — (pu grad 

and ^ div u = div (E^or u) — - u grad (E- a). 

The integrals over the infinitely distant surface vanish, and there 
remains, since u now occurs as a factor in every term, 

§ = -/{"• ».E-lE>gr«dZ+^gr,d(E>f 

We have thus actually obtained an expression of the form (6), from 
which we can at once deduce the force density f : 

fg = pE — ^ E‘2 grad ^ g^ad (E- ^ o). . (13) 

Here, let us emphasize once again, it is assumed that the dielectric 
constant Fi is a function of the density a alone. 

The expression for £« in (13) consists of three terms. The first, 
pE, gives the known force on the true charges. The second, 

— grad S', 

makes a contribution to the value of wherever K is variable from 
point to point. In particular, at the interface between an insulator 
and free space it gives a force at right angles to the surface of the in- 
sulator, tending to pull the insulator into the vacuum. 

Lastly, the third term is important for the phenomenon of electro- 
striction, which we shall consider separately in next section. 

6. Electrostriction in Chemically Homogeneous Liauids and Gases. 

If an electrical field is excited within an uncharged dielectric, 
the first effect of the force (13) will be to cause relative motion of the 
parts of the dielectric medium. This will give rise to elastic forces 
opposing the motion. The motion ceases when the elastic forces 
exactly balance the electric force (13). 

The phenomenon of the production of stresses and strains in this 
way in an uncharged insulator is called electrostriction. 

In liquids and gases in equilibrium there is only one kmd of elastic 
stress, namely equal pressure in all directions. In this case we may 
expect the circumstances to be particularly simple. In fact, if the 
pressure varies with position, a force due to the pressure gradient 
acts on an element of volume dV, viz. 

i^dV = —grad p . dF. 


. . ( 14 ) 
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There will be equilibrium when the total force on the element o£ 
volume, i.e. the pressure ^ along with the electrical force is nil. 
The condition of equilibrium, in an uncharged insulator {p = 0), 
is therefore 

_ As 2 giad£’+ ^grad(E^^o-) — gradp= 0 . (Ida) 

QTT OTT d/CF 

If p and E are known as functions of the density cr, (14a) expresses 
a relation between the density (or the pressure) and the square of 
the field intensity. 

Equation (14a) for the equilibriiim pressure 39 in an uncharged 
liquid dielectric can be integrated generally, provided the functions 
p = p{g) and K = E{(t) are known. For this purpose we form the 
gradient of 

dcr aa a 

by the rule for the differentiation of a product: 

S) “ l “ S'"* ;• 

Now obviously grad E=^ grad a, and grad - = — 4 grad cr, 

dcr a 

so that ^ a grad - = — - grad E. 
aa a a 

Hence grad ^ {grad (E® ^ o) — E® grad E\. 

This gives from (14o) 

igrady=gtad(iBf“) (146) 

We now consider p on the left to be expressed as a function of cr, and 
form the integral 



where the lower limit cto is fixed. Then 

grad tjt{a) = ^ grad grad a 
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We have therefore the result: the gradient of 

I / \ I •ho 

is nil; this quantity Las accordingly a constant value throughout the 
dielectric. If wo compare any two points in the fluids distinguished 
by the indices 0 and 1, then, since ifj can also be considered as a 
function of the pressure, say 


If the absolute values of the intensities, and E^, are Iznown, (14cj 
gives a relation between the densities and ctq, or between the 'pressures 
Pj^ and Pq. 

We shall discuss (14c) for the case when Eq = 0; comparing e.g. 
the pressui'o in the dielectric between two condenser plates (intensity 
1 E I — 2?i) with that outside the field: 


Jp. a 877 ^ vdo’/ff 


If the dielectric is a nearly incompressible liquid, the density o* can be 
regarded as approximately constant. We then have 

The result becomes even more explicit if we make use of the experi- 
mentally well-confirmed formula of dausius-Mosotti, which gives 


il-f 2’ 




G being a constant independent of the density o-. 
differentiation we find 

aa o 

= i(Z+ 2) {K- 1). 

For electrostriction in liquids we therefore have 

, E +_2 g -1 

4;r 


. . (14d) 
From this by 


(Me) 


3’i-Fo = iV 



93 


THE ELECTRIC FIELD 


For a not too dense gas, 
for p, 


on tlie otlier Land, we can use tKe gas equation 
RT 


(J/ = molecular weight), while the susceptibility is proportional to 
tie density, or 

1 r ^ 

A = 1 + icor, so that — = ff = ~ — . 

da a 


Hence, from (14c), 


^ log^ = w- 


g- 1 1 

47 t a 


If we denote by a the polarizability (see (1), p. 74) of a single molecule, 
i.e. the electric moment induced in it by the field intensity 1, and by 
n the number of molecules per cubic centimetre, then 

, M 

— = an, and cr = 

477 N 


where iV = 6 X 10^^ is the number of molecules in a gramme-molecule. 
Introducing Boltzmann’s constant 

A;=f = 1.37 X 10-1« 

N 


(the gas constant for a single molecule) we find for gases 


Po 


( 14 /) 


We could have deduced this formula, however, by a quite difEercnt 
method directly from previous results regarding the force acting 
upon a dielectric sphere (equation (4a), p. 91). Thus, if we consider 
the single molecule as a sphere of dielectric or conducting material, 
with radius o, we have, by equation (6a), p. 80, 


a = a® 


K-1 

K+2' 


The force acting on this sphere in the non-homogeneous field is therefore 
F = grad W = grad (^aE^), 

which can be derived from the potential (— laE^). Thus (14/) is none 
other than the known barometric height formula 

^ = e-ij>igh)lkT 

Po 



ENERGY AND MECHANICAL FORCES 


99 


except only that the potential energy of a particle in the earth’s field 
(mgh) is replaced by the corresponding energy in our non-homogeneous 
field (-iaE2). 

The rough model of a molecule just referred to allows us to take 
the further step of estimating the order of magnitude of the electro- 
striction (14/). In the first place, we get an order of magnitude for a 
which agrees with experiment, if we put K = ^ (conducting sphere) 
and for a take cm., the actual diameter of a molecule. Thus, 
in a field of 300,000 volts per cm. corresponding to [ E | = 1000, with 
^ = 1-37 X 10“^® and T = 300 e.g., we get 

hT 2 X 1-37 X 10-“ X 300 ‘ 

The effect in question is therefore always very minute, and great care 
would be required to measure it. 

We shall also discuss briefly the more general question of what 
conditions must be satisfied in order that a fluid should be in 
equilibrium under the action of the force given by (13), p. 95. The 
unique system of applied force which will maintain a fluid in 
equilibrium is the body force derived from the hydrostatic pressure 
p as in equation (14), p. 95, ij, = —grad p. The condition of equili- 
brium is therefore 

grad^>=0. 

The necessary and sufficient condition that the electric force should 
be in equilibrium with a hydrostatic pressure gradient is therefore 

f, = grad p, 

or curl = 0; 


for every irrotational vector can be represented as the gradient of a 
scalar. Of the three terms of which is composed, the thud is always 
irrotational. The first two give the equation of equilibrium 


curl |/oE — ^ grad z| = 0. 


If we assume that the charge density p is zero except where the 
dielectric constant K has a constant value in space, then by the general 
vector formula 

curl {xjfk) = ^ curl A + [grad i/r, A], 

noting that E — — grad <f> is irrotational, we obtain the two conditions 
curl (pE) = —[grad p, grad = 0, 
and curl (E^ grad K) =: [grad E^, grad JT] = 0. 
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TLe latter condition lias been used already (at (14a)) in onr discussion 
of electrostricnion. It states that the surfaces = const, and 
K = const, coincide. For it is only then that the gradients of the 
tTTO quantities are parallel, as is requisite for the vanishing of their 
vector product. But since we have stipulated that K is to depend 
on the density only, this condition implies that E — and with it the 
density a — ^must be a function of alone; which is in agreement 
with our foregoing treatment of electxostriction. 

In an exactly similar way the first equation implies that the charge 
density p must be a function of the electrostatic potential alone. 
This case is of practical importance in connexion with the behaviour 
oi an electrolyte in contact with a metal electrode; in the neighbour- 
hood of the metal electrode there is in general a fall of potential 
associated with a space charge of the electrolyte (excess of one kind 
of ion over another). Here the space charge does in point of fact depend 
only on the potential at the point concerned. 


7. The Mechanical Force at the Surface of a Dielectric. 

According to equation (14c) of the preceding section, the hydro- 
static pressure ^ at any point in the interior of an uncharged dielectric 
can be calculated, provided the equation of state f == j 9 (a) of the 
dielectric for the case of no field, and also the law of dependence of 
the dielectric constant K on the density cr, are known. With regard 
to the application of this equation, the following circumstance must 
be emphasized. The immediate experimental significance of the pressure 
difference given by (14c) consists in this only, that it can be used to 
calculate the changes of density in the electric field, say for example 
the quantity of fl.nid absorbed by a condenser. On the other hand, 
the pressure calculated by (14c) tells us nothing in the first instance 

about the force which the di- 
electric exerts upon the walls 
of the vessel in which it is en- 
closed. The very steep gradient 
in the dielectric constant which 
from the nature of the case 
occurs at the surface is accom- 
panied, accordiag to the general 
formula (14a), by a correspond- 
ingly steep gradient in the pres- 

. . ^ . sure p. To illustrate this, we 

consider the following arrangement (fig. 1). 

We take the i»-axis of a co-ordinate system at right angles to the 
surface of the fl.uid 3 and replace the instantaneous jump in the value 
of X by a change which, though very rapid, is continuous. At cc = a, 
K IS to have the value for a vacuum, viz. 1 ; from x=b onwards 
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we are in the interior of the dielectric. At a; = a a piston exerts on 
the dielectric from the left a pressure p' per unit area. The material 
of which the piston itself is made possesses likewise the dielectric 
constant 1. To the layer of fluid between a and h we now apply the 
general equation of equilibrium (14a). This states that between a 
and h a pressure diSerence p' — p must operate, which exactly 
compensates for the electrical body-force acting upon the layer of 
fluid. Since it is obviously only the cc-component of the force which 
matters for our purpose, (14a) runs in our case: 

On the left here we have the pressure diflerence acting from left to 
right, on the right the electrical body-force acting from right to left. 
Since o is zero at a; = a by hypothesis, we have 

The integral still remaining in (15) can be evaluated generally by 
observing that the tangential component of E and the normal 
component of EE are continuous across the boundary. ^ We denote 
the normal and tangential components by the indices n and so that 
wc can write 

Ea = 

We thus have 


= W, -1) +(«£.)■ (l-y). 


Quantities written without an index, and in particular jB„, we shall 
agree to take as for cc == 6 witliin the dielectric. We shall then have 

. . (15') 

or, after addition and subtraction of in the crooked brackets, 


E^^dx={K- 1)E2 +{E- 1)^E^ 


Hence, from (15), 






(15a) 


The pressuTB p^ exeTt^d by the fluid ou o> uon-pol/iTizohle wall 
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therefore exceeds by tUs amount the hydrostatic pressure p within the 
iluid. 

Vritiin tie range of validity of the formula of Clausius-Mosotti 
e) ve have 


rience 


^ . = !« - 1) (i - 5^) — j(z - 1)>. 

W). . . . (IB) 


j-Lus p is greater than if E is at right angles to the bomwiary surface, 
but smaller than ;p if E lies in that surface. 

We shall at a later stage give another proof of (15a) by a purely 
thermodynamical inethod. Meantime, we shall illustrate the meaning 
of the general relation (15) by two simple esamples. For that ■purpose 
we -write (15) iu the form ^ ^ 





{16c) 


and use the formula deduced above (p. 97) for slightly compressible 
fluids, according to which the quantity 





,dK 

^ da' 


has the same value everywhere within 
the fluid. If then (fig. 2) the plates A 
and B of a charged condenser dip into 
a liquid dielectric which, in those parts 
of it where there is no field, is under the 
pressure p^, we have 


Fig. 2 




. (15d) 

The force with which the liqmd is drawn into the condenser can 
tnerefore be specified by the difference 


P-Po- 


SttJci 


OX 


. . (15c) 


Tks result IS ofen replaced by the statement that, at the surface 
of the hquid the condenser, a tensional force acts outwards 

of amount {l/8w)E;; gradZ. The latter result is arrived at if, in om 
fundamental equation (13), p. 95, the term 

1 dZ \ 
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in the force density, which is the term characteristic of eleotrostriction, 
is neglected. We can see that this procedure, wMle leading to the 
correct value for the totai pressure difEerence y' — may give a 
distribution of pressiue which in detail is completely altered. As a 
rule, in fact, according to (156) the force which acts on the stratum 
of liquid between the plates A and B is not a tension at all, but a 
pressure; for En in. our arrangement is nil. But, in addition to 
r.hiHj there is in the interior of the liquid at the lower end of the 
condenser (where the field E is to a high degree non-homo- 
goneous) a marked pressme drop, given by {I5d), which forces the 
liquid into the condenser, and over-compensates the pressure in 
the surface zone to such an extent that the result on the whole is 
given by (15e). 

Finally, we consider the force which acts on a charged metcdlia body 
within a liquid dideclric. In this case, a peculiar point arises which 
Tvia.Trp.s the whole action of the electrostatic forces difficult to follow. 
The following example gives a simple illustration. Let a plate con- 
denser be charged — at first in a vacuum — with the surface density 
+w. Then the first plate is subjected, on the side next the second, 
to an attractive force EflS-ir per square centimetre of its surface, where 
4^0) = 1 Bq ]. The force arises from the intensity at the first plate 
due to the charge on the second plate. We now immerse the whole 
condenser in a liquid dielectric, keeping its charge tmaltered. The 
attractive force therefore— as we know from the general energy con- 
siderations of § 2, p. 86 — ^falls to 1/E of its old value. If we take the 
dielectric constant of the metal of the condenser plates as 1, it is at 
first sight out of the question that the intensity at the first plate 
should upon immorsion faU to 1/A^ of its value, as we see by a glance 
at fig. 1, p. 71, showing the run of values of the vector E between 
the plates. In the liquid, no doubt, the intensity is lowered by 
this amount; but at the metal plates, where the charges are 
situated, its value has not altered at all. The force exerted on 
the charges on the first plate is therefore given as before by Ef/Sir. 
The diminution of the force acting on the plate is only brought 
about by the pressure action of the uncharged dielectric, which 
tends to force the condenser plates apart. In fact, according to (15c), 


the pressure 


'If' 




acts on every square centimetre of plate surface. Of the three terms 
of this expression, the last two together, by (15d), have a constant 
value throughout the liquid, and in particular at the inner and outer 
surfaces of each plate, so that they give rise to no resultant force- 
The remaining integral is evaluated in (15'); and JE^ is zero, while 
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iias tLa vahe ^o/K, so that tie pressure acting on tie inner side 
of tie plate has tie value 


1 fjr 



Tie wiole force on tie plate is found by subtracting tiis pressure 
from tie Coulomb force acting on tie charges. Not till this is 

done do we obtain the correct value of tie total force, as required by 
the principle of energy, viz. 


8. Tie Maxwell Stresses. 

The Faraday-Maxwell field theory has no dealings with forces 
acting at a distance, but regards all actions as transmitted continuously 
from one body to another through the electromagnetic field. The 
conception of the continuous transmission of force through a body 
is familiar enough — ^we may instance the example of a stretched elastic 
spring. Guided by this conception, Faraday sought tie seat of electro- 
magnetic action in a peculiar state of stress in the region of space 
occupied by electric or magnetic lines of force. This state of stress 
is the means by which force is conveyed from one charge to another. 
Starting from a system which is in electrostatic equilibrium, imagine 
it to be divided into two parts by an arbitrary closed surface S, and 
let one of tie parts, say that enclosed by S, be denoted by 1, the re- 
mainder by 2. Then according to Faraday’s idea the total force exerted 
by 2 on 1 must in some sense or other pass through this surface, and 
that quite irrespective of the fact that the surface may lie partly or 
even wholly in empty space. The idea was developed in a rigorous 
way by MaxweU, who showed that the total force exerted on the 
part 1 (the density of this force being given by (13), p, 95), viz. 



can be represented by surface forces, acting on the boundary S of 
this part. (Note first that the expression for F just given actually 
contains only the force exerted by 2 on 1. For the mutual action 
between two charges, which both lie within 1, in consequence of the 
equality of action and reaction can contribute nothing to the resultant 
force.) We therefore denote by ^dS a force, which is to act on the 
element of surface of the boundary of 1, and we assert with Maxwell 
that it is ^possible so to transform the expression for F that we shall have 


( 16 ) 
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The action of 2 upon 1 is equivalent to the action of the surface farces T. 
From the point of vieto of the field theory, values of H to be alloivable 
must depend only on the quantities defining the field at the place where 
the surface dement is situated, and on the orientation of dS {the direction, 
of its normal) with respect to the direction of the field. 

By Gauss’s theorem, the transformation can be efiected provided 
we can express the components of f in the form of a divergence. We 
shall carry out the process for the cc-coniponent of F; i.e. we shall 
try to find quantities such that we have 


dx dy dz 


(16a) 


Corresponding equations will then hold for the y- and ^-components 
of f also. 

When we have succeeded in making the transformation, the com- 
ponents of the surface force T are given at once by Gauss’s theorem: 

Tx = cos{n, x) + Ta,y cos{n, y) + cos(n, z),^ 

Ty = Ty^ cos(n, x) + Tyy cos(w, y) + Tyg cos(ti, z), \ (17) 

Tg == Tg^ cos(^^, x) + Tgy cos(n, y) + Tgg cos(n, z)J 


To carry out the transformation indicated in (16) we put for brevity 


1 ^ 

K da^’' 


= ]8, 


f= oE- 


(17a) 


Fuither, we replace p by div ’Djiv, and in tbe second term of f make 
use of tbe identity 

E® grad Z = grad (E^Z) - 2(ZE grad)E - 2Z[E curl E]. (176) 


Since E is iirotational, we find 


f ^ P ( I I 1 ^ (EDI 


or 


+ 




Srrf, = ^ {2EJ), - ED + ^ZE^) 


+ |(2Z^,) + |(2Z^,). 


Thus fx is eapressed in the form required by (16a). By cyclical changes 
we can now obtain the components of Maxwell’s stress tensor T: 



106 


THE 

ELECTRIC FIELD 



T ■’ 


T=: 1 T,, 

T,, 

T 

yz 



T,, 

T 

J. »z ~ 

1 




gsA 

gsA 


L- 

>- 4:7 






( 18 ) 


These quantities • • -j when inserted in (17), give the system 

of surface forces T which are required. 

We shall now consider the connexion between the field vector E 
and the Maxwell stresses a little more closely. Their relation to one 
another turns out to be much simpler than might be expected from 
the appearance of the expressions in (18). In the first place, the terms 
containing j8 (the function which expresses the variability of the 
dielectric constant with position) occur only in the diagonal of T, 
and contribute a hydrostatic pressure of amount S'^SE^/Stt, which acts 
at right angles to dS, This in fact could have been seen at once directly 
from the original form of f. We shall now disregard this part, which 
in a vacuum is always nil, and discuss only that part of (18) which is 
left when we put jS = 0. We fix our attention upon a definite element 
of surface, and choose the co-ordinate axes so that the positive axis 
of a; is in the direction of the intensity E, and the axis of z is at right 
angles both to the normal n to the surface element, and to the intensity. 
If further we denote by d the angle between the normal and the 
intensity, and by E the absolute value of the intensity, then (fig. 3) 
we have 

Ey =0, E^= 0, cos(w, x) = COS0, cos{7i, y) = sin0, cos(?^, js;) = 0. 


Hence, by (17) and (18), the surface force T is given by 
2’„=^E2cos0, 

= — f • • • •> 

07T 


(19) 


We thus have the following simple construction for the vector 
the absolute value of T is 



T: 


at whatever angle the element of surface is inclined to the direction of 
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the field. We obtain the unit vector in the direction of T by tahing the 
image of the vector h in the direction ofM (fig. 3). In fact, tlie components 
of the unit vector so constructed, in the x, y, z 
directions, are cosd, — sin0, 0, as is required by (19). 

As need scarcely be said, the use of a special 
co-ordinate system in no way affects the generality 
of the result, it merely makes the proof simpler. 

According to this construction, the angle 
between the surface normal n and the force T 
is always bisected by the intensity E. By turn- 
ing the surface element so that it makes various 
angles with the direction of the field, we there- 
fore obtain the following results. If the field 
E is parallel to n, T also is in the direction of n, and we have 
pure tension. If we turn n away from E, T turns to the opposite side 
through an equal angle. For 0 = 45°, T lies in the plane of the surface 
element, so that the stress transmitted is pure shearing stress. On 
further increase of 0, the shearing stress again diminishes, in this case 
in favour of a pressure component, and the pressure alone remains 
when n is at right angles to E. Thus T is antiparallel to n with reference 
to the direction of E. During the whole of the above turning process, 
the magnitude of T remains constant. The algebraic sign of E does 
not affect T. The stress tensor corresjponds to pure tension when E is 
at right angles to dS, and to pure pressure when E is in the plane of dS. 

As another illustration of the circumstances, we shall consider 



briefly the force which two point charges exert on each other, for the 
cases when the two charges are equal (repulsion), or equal and opposite 


(attraction). We place the two charges 
on the axis of x at distances -f a and —a 
from the origin. For the partial vol- 
ume 1 (p. 104) of our system we take the 
hemisphere formed by the plane of yz and 
the left half of a very large sphere whose 
centre is at the origin. The surface force 
on the spherical part of the surface con- 
tributes nothing to the result, since on 
it I T| tends to zero like IjR^ There 
remains only the action transmitted 
across the plane of symmetry. 

For eqiLal charges (e^ = eg = 



Fig. 4« 


field at any point on this plane (fig. 4a) 

is everywhere parallel to dS, so that the action on the plane is a pure 


pressure. We have in fact 
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If tiien h = v V -r z- is the distance of a point on the plane of 
sv’nin-.-trr i-om the origin, Tre have on that plane 


= 1 ^Pl= 




.c- ■ 


2 ^ 0 “ (< 12 + 62)3 • 


The area of the ring of breadth dh is 7 rd( 62 ). On putting 6 ® = A, ve 
Sad for the total pressure on the plane 

UX 




(<*2 +a)2 




1 


2KJq I(a2+A)2 (aa+A) 




^.2 I 


+ i/ 


2K\ a2^x^^(<i2+A)2|/ 



so that F is equal, as it should he, 
to the Coulomb repulsion 
c3 

K{2af' 

For equal and opposite charges 
(e^ = — ^2 = e) the hues of force 
are everywhere perpendicular to 
the central plane (£g. 46). The 
force is pure tension; and we have 


^.= 0 , E,= 0; 


so that 


T| = 


2-^K (aa + 6a)3’ 


and therefore 


_ e2 aHX 
2kJo (a2+A)3 


2K 




E{2a)^‘ 

From figs. 4<i and 46, which show how the lines of force run, we can 
recognize at once how the Maxwell stresses act: tension in the direction 
of the lines of force (fig. 46), pressure in the perpendicular direction 
(fig. 4as). 
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The Steady Electric Current 

1. Ohm’s Law. Joule’s Law. 

Among the equations which have been used in the preceding 
chapters to describe the electrostatic field, some will continue to be 
valid for more general electromagnetic processes. These are: the 
relation between the vectors E and D; the equation connecting the 
divergence of D and the density of electric charge; and the expression 
for the density u of the electric energy; that is, 

E=ZD, divD=47Tp, u=^{ED). 

077 

Two relations belong exclusively to electrostatics, viz. 

E = — grad ^ = const, in conductors; 

which express the facts that E is irrotational, and that it vanishes 
within homogeneous conductors of electricity. We shall now give 
up the latter of these two conditions. To take an experimental 
example, suppose that we join the two coatings of a charged condenser, 
at difierent potentials and by a wire. As soon as the connexion 
has been made, the potential in the wire is certainly not constant, 
since it has the values and ^2 ends. Hence an electric field 

is set up within the wire, and the condition of electrostatic equilibrium 
is no longer satisfied. In point of fact the charges -\-e and — e tend to 
neutralize each other by the passage of electricity through the wire. 
Equilibrium is not established again until the charges of the condenser, 
and with them the field, have vanished. While the process of neutral- 
ization is going on, an electric current flows in the wire, of strength 

de 

dt' 

That there is actually something going on in the wire while the charge 
is changing can be inferred from the facts that heat is developec 
in the wire, and that a magnetic field exists in its neighbourhood 
The occurrence of the magnetic field is a complication in the process 
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tie full consideration of vrhich we defer till later chapters. So long 
as tie strength i of the current remains constant, the magnetic 
field which it generates docs not change. Hence, up to a certain point, 
we can deal with the laws of steady currents (i.e. those which do not 
TBiy with the time), without taking account of the accompanying 
magnetic field. In our example, as it happens, we can only approxi- 
iiiate to the condition of steadiness, viz. by taking the resistance of 
the wire and the capacity of the condenser as great as possible. By 
purely electrostatic means, it is not possible to realize a perfectly 
steady current. This can only be done by the use of appliances 
foreign to pure electrostatics (e.g. voltaic cells, accumulators, or 
thermo-elements). We shall have to return to these in the sections 
which follow. 

Meantime we continue the consideration of the almost steady 
case of a condenser of very great capacity. By measuring the rate 
of discharge {—de/dt) we can establish Ohm's law, 



( 1 ) 


R is called the resistance of the wire, and depends only on its dimen- 
sions and the nature of the material of which it is made. If I is the 
length of the wire, and S its cross-section, then 

(i») 

where the quantity a depends only on the material of the wire; 
CT is called the specific condmtivity. Its reciprocal l/o is called the 
specific resistance (per unit volume), and is equal to the resistance 
of a cube of side 1 cm. (Z = 1, S = 1). Equation (1) expresses Ohm’s 
law in its immediately observable form. This form cannot be used 
in a field theory, smce no results except those which refer only to the 
immediate neighbourhood of a siagle point can be used as the 
primary propositions of such a theory. In order to discover the 
differential form of Ohm’s law, which this condition requires, we make 
the assumption that the same relation as has been found in the first 
instance for the wire as a whole holds also for any arbitrary element of 
its volume. As such an element we choose a small cylinder, having its 
length dl in the direction of the field, and its cross-section dS per- 
pendicular to the field. Then, according to (1), if is the potential 
difference between the ends of dl, we have 

_ ^ 1 _ dS 
22 ’ R~^ dl’ 

dS~ 


80 that 
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We write tMs equation vectoriaUy in the form 

i=<TS, (2) 


the vector i thus introduced being called the current density. The 
current density i is therefore so defined that i^dS is the quantity 
of electricity which passes through the surface element dS in the 
direction of its normal n in the unit of time. Equation (2) is the 
required diEEerential form of Ohm’s law; it also gives a definition 
of a suitable for the field theory. In this form of the law there will 
be nothing to alter, even when we come to consider processes which 
vary with the time, while (1) applies to steady currents only. 

It must be observed that (2) only holds for isotropic substances, 
that is, for substances whose properties do not depend on direction. 
In anisotropic bodies (e.g. crystals, or materials m a state of strain) 
the conductivity a depends in general on the direction of the current. 
In such cases cr is not a scalar, but a symmetric tensor (p. 47). 
Equation (2) is then to be read as a tensor equation, in which the 
vectors i and E are no longer parallel, but are connected by three 
equations giving 4, iy, of the type 

ix = “H “f" ^saz^z' 

In what follows, however, we shall confi n e ourselves to isotropic 
substances. 

Joule's law defines the quantity of heat developed in a wire traversed 
hy a current. In our case of a condenser short-circuited by a wire 
the heat developed per unit tune is 

Q = - (^3 - I = (^3 - i,,)i = 

Thus the field energy which disappears during the discharge of the 
condenser reappears in equivalent quantity as “Joule heat”, EiK 
Here, let it be emphasized again, we are neglecting the change in the 
magnetic field energy which is involved in the change of the current 
strength. By taking that part of the energy into account, we shall 
be led later (p. 139) to Faraday’s law of induction. The last equation 
also is translated at once into differential form, by applying it to the 
volume element dV — dl . dS which we used above. We thus get 

and i=idS=aEdS. 

a do 

The Joule heat per unit volume therefore becomes 

^=aE2=(iE), |5) 
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so that \iEj is the heat developed per unit voitime and unit time. This 
resuitj as also the integral law Q = (^2 — ^i)*> deduced from 

the principle of energp. The general proof will be given in a later 
section (p. 145). In the case, however, when the current strength 
changes only very slowly, we can still regard the field of E as approxi- 
mately irrotatioaal, and for the rate of change of the field energy, 
i.e. of 

take the value used in electrostatics (equation (10), p. 98), 



In the present case p will differ from zero even in the interior of the 
conductor. We consider only that part of the variation of p, the charge 
density, which is due to a conduction current i. From the definition 
of i, we have 

and therefore, by Gauss’s theorem, 

^ = — div L 
ct 

But we have the general equation 

—if> div i = —div (^i) 4- (i, grad ^). 

Thus, by integration over tbe whole system, we find 

~ = /(i, grad^)d7 = -f (iE)dF. 

This is exactly the result to be expected from (3), viz.; the decrease 
in the field energy per second is equal to the Joule heab developed 
in the whole system. It should be particularly noted, however, that 
the proof is not rigorous, since in fields which vary with the time E 
ceases to be irrotational. 

2. Conduction Current* Displacement Current* Polarization Current. 

For a steady current, it is a general principle that the same current 
i flows through every cross-section of the conducting circuit. An 
analogous but more general result is that, in a volume distribution 
of steady current in space, the current density i is everywhere sole- 
noidal. For a source of i at any point would imply a time rate of 
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change in the charge density, and consequently in the field E. For 
steady currents, therefore, we have the conditions: (a) div i = 0 
within any conductor; (6) is continuous at the boundary between 
two conductors. 

At the surface forming the common boundary of two conductors 
we have accordingly the two boundary conditions: continuity of the 
normal component of o-E, and continuity of the tangential component 
of E. Hence, in steady flow of electricity, the lines of flow at the 
common boundary of two conductors of conductivities 0 ^ and 
are refracted in the same way as the lines of displacement at the 
boundary between two insulators of dielectric constants and E^. 
provided E^ : E 2 is equal to o-i : o-g (cf. fig. 2, p. 76). 

A variable or non-steady current, such as the current in our first 
example of discharge of a condenser, is in general associated with 
a time rate of change of the density of charge. In fact, by Gauss’s 
theorem we have 

But since on the other hand we have always 

^'irp == div D, 


we obtain for a current varying with the time 
divi: 


1 0D 

: (ilY . 

4:77 dt 


If then we introduce a vector c, with the definition 

. , 1 an 

‘’='+ 4 ^ W ■ ■ ■ 


(4) 


( 5 ) 


we shall always have div c = 0, within a conductor; and c^, con- 
tinuous at its boundary. 

By the addition of the displacement current — the conduction 

current i becomes the solenoidal total current c. The introduction 
of this solenoidal total current is due to Maxwell. Later, in general 
electrodynamics, we shall find it to be of fundamental importance. 
A simple illustration of the idea may again be drawn from the 
example of a plate condenser short-circuited by a wire. The 
conduction current flowing in the wire, i.e. 

de 

terminates at the coatings of the condenser. But if S is the area 

(E4S4) 5 
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of either plate, and cd the surface density of its charge, the displace- 
ment in the insulator is 

D = iTTO) = 4:7T 

lO 


Hence, so long as tlie current i flows, B changes in such a way that 
the total displacement current in the insulator is 


_1 

477 dt dt 


It is therefore equal to the conduction current in the wire. By means 
of the displacement current the conduction current is continued 
under solenoidal conditions into the adjoining insulator. 

To give a general interpretation of (5), we must attribute to 
every body both a conductmty a and a dielectric constant K. We 
then have 


c = oE “1“ 


K ^ 

4'/7 dt ' 


The work done on this total current by the field E, per unit volume 
and unit time, thus becomes 




The work appears on the right-hand side partly as Joule heat aE^, 
partly as augmentation of the field energy 

In practical applications the two terms of which c is composed 
are always of different orders of magnitude. In perfect insulators 
the displacement current alone is present. In all metallic conductors, 
on the contrary, the conduction current is so large compared with 
the displacement current, that we can practically always neglect 
the latter. Only with very rapidly varying fields (waves of visible 
light, or shorter waves) does the displacement current become sensible 
in metals. 

The two equations 

/> = ^ div [KB,) 
and ^ = — div (crE) 

lead to an important deduction 'witli respect to the time rate of dis- 
persal of a charge originally present in the interior of a conductor. 
If we regard a and K as constant, and eliminate E, the equations give 

dp iva 



THE STEADY ELECTRIC CURRENT 


115 


from which, by integration, we find 


P = Po^ 



The time 6, called the ''modulus of decay”*, is the time it takes 
the charge density to diminish to Ije of its original value. It also 
indicates the order of magnitude of the time required to establish 
electrostatic equilibrium. We give a few numerical examples, but it 
should be noted that there is some uncertainty with respect to the 
value of K in metals. We know of nothing, however, which would 
lead us to assign to metals a dielectric constant of an order of mag- 
nitude difiering from 1. We therefore get the order of magnitude 
of the modulus of decay also, if we are content with the value of B jK, 
i,e. l/4‘7rcr, as given in the following Table. 



Rc 

<r = 9 X I0’^/i?o 

M 

II 

Copper 
Platinum . . 
Bismuth . , 

1-7 X 10-® ohm 
10*7 X 10-« „ 
120 X lO-e „ 

63 X 10“sec.-i 
84 X 10“ „ 

0-75 X 10“ „ 

O-lo X 10"^® sec. 
0-95 X 10-“ 

10-6 X 10-“ 


The values of the modulus of decay are therefore excessively small. 
This is as much as we can infer from such a result as 0 sec. 

In fact, for processes of such rapidity the methods of the present 
volume become meaningless. On the other hand, the numerical values 
of a deserve attention. They are of dimensions sec."^, so that cr is a 
frequency. In all formulse describing the behaviour of metals in 
alternating fields, the ratio of the frequency v of the field to the 
frequency given by o- is the critical number. It may be noted that 
to reach a frequency as high as 10^® sec.“^ we must go as far as ultra- - 
violet light of wave-length 0*3ja. 

1 0D 

The displacement current really made up of two com- 

ponents of quite different character: thus 

1 . = ® 

477 dt 477 dd dt ’ 

i.e. the total displacement current is the sum of the displacement 
carrent in vacuo, and the polarization current. According to our 
definition (p. 72) of the vector P, it seems perfectly natural that the 
time rate of variation of P should occur in an equation as a current 
density. In fact, if P changes by the amount dF, this simply means 
by the definition that a quantity of electricity (dP . n)d8 has crossed 
the element of area dS. 


* Ger. RelaxationszeU, 
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The neiv part, and tie part wMcL. is cliaracteristic of tie Max- 
wellian tieory, is accordingly tie “ displacement current in vacuo ”, 

Jl 9E 

4:7r Gt^ 

Tie splitting up of D into E and whici seems natural to us at 
tie present day, is utterly alien to tie original Faraday-Maxwell 
conception. Ttere was at one time a tendency towards tie view 
fciat even, in empty space, exactly as in a dielectric, positive and 
negative ciarges are bound to one anotier quasi-elastically, tie 
vector E/47r being tien regarded as a polarization of empty space. 
Tie discussion of this idea, and attempts to construct an aether model 
to fir it, have played a great part in tie history of electrodynamics. 
These efforts, however, have not proved fruitful. Only tie polariza- 
tion current can be interpreted as an actual transport of electric charge. 
If tien we write tie solenoidal total current in tie form 

. , aP , 1 0E 
+ 9F’ 

tie first two terms represent an actual transport of charge, which 
by tie addition of tie third term is made up to a solenoidal 
vector. 

3. Impressed Forces and Electromotive Force. 

Wien applying Ohm’s law in tie form given above, p. Ill, 

i= aE, 

we have always restricted ourselves to homogeneous conductors. 
Tie law ceases to hold in non-iomogeneous conductors, and in tie 
transitional layer between one conductor and anotier. According 
to tie above equation we should always have i = 0 when E = 0. 
In point of fact observation shows that in general, at a place where 
there is non-homogeneity, tie intensity must not vanisi if equili- 
brium is to be maintained, i.e. if there is to be no current. It follows 
that at such a place the intensity E is not the only cause of tie 
occurrence of a current. Tiere must also be otier forces present, 
which tend to send a current through the conductor. We shall take 
account of these forces by introducing a vector and extending 
Ohm’s law to the form 

i = cr(E -f- E^^^) (C) 

For brevity, we call E^*^) the “ impressed force ”, or applied force ”, 
(though this use of the word force is not quite correct); is there- 
fore a vector which depends on the kind of non-homogeneity which 
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exists at the place in question, and whicli combines with the intensity 
E to give rise to the current density i at the place in accordance with 
equation (6). 

Although the relation stated in (6) is sufficient for the purposes 
of a formal theory, the field of the impressed forces being simply 
regarded as given, it wiU help to engender a more vivid apprehension 
of the subject if we consider briefly how that field arises in some 
special cases. 

The example of an impressed force in which the actions occurring 
can be followed most easily is that in which the conductor is a dilute 
solution of a strong electrolyte (e.g. HCl), and the non-homogeneity 
a variation in its concentration from point to point. To begin with, 
let there be no electric field present. Then a process of diffusion will 
set in, which tends to smooth out the differences of concentration. 
Now the electrolyte is dissociated, practically completely so, into 
H+ and CL ions, which diffuse independently of one another. The 
mobility, and therefore also the rate of diffusion, is, however, much 
greater for the H+ ions than for the CL ions. The effect of this is to 
produce an electric current in the direction of diminishing concentra- 
tion, since more H+ ions than CL ions are set in motion towards the 
places of weak concentration. We can recognize in this case that 
an impressed force can be caused by diffusion. Further, the 
diffusion current causes the dilute parts of the solution to become 
positively charged, and the concentrated parts negatively, and so 
gives rise to an electric field in such a direction that the diffusion 
of the H+ particles is checked and that of the CL ions accelerated. 
Finally, a state of electrical equilibrium will be reached, in which 
the difference in the rates of difltusion of the two kinds of ions is 
exactly compensated by this field. We then have a state of affairs 
in which there is no current, characterized by an electric field E, 
which exactly compensates the impressed field : E + = 0. 

Between the vectors E and E^*"^ there exists a fundamental 
difference, which must be explicitly emphasized. The impressed 
field E^®^ is present only in the interior of the electrolyte, where there 
is a finite gradient of concentration; in the surrounding vacuum 
or dielectric E^®^ is always zero. The behaviour of the electrostatic 
field E is quite different. Of course, in the interior of the electrolyte, 
when there is no current, we have everj^’hero E = — E^^\ But 
outside of it, E is determined by the principles of electrostatics (con- 
tinuity of the tangential components of E at the bounding surface). 
Hence E is in all circumstances motational; on the contrary the integral 


taken round a closed curve is only zero in special exceptional 

cases, viz. when (1) the impressed forces are so distributed that they 
can be compensated within the conductor by an electrostatic field, 
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and (2), the path of integration lies wholly within this conductor. 
Only in such cases can we speak of an “ impressed (or applied) potential 
difference 

We shall now obtain a formal expression for the impressed force 
produced in an electrolyte by a concentration gradient. 

Let n be the number of HCl molecules per c.c., and therefore also 
the number of H+ ions and the number of Cl“" ions^ n being a given 
function of position; and let jD+ and D„ be the diffusion constants, 
5 + and B_ the mobilities, of the two kinds of ions, and e, — e their 
charges. 

The definitions of 2)4. and B+ are as follows: (— )D+ grad n is the 
current vector due to diffusion, for the + ions (the number of particles 
crossing 1 sq, cm. per sec.); jB+F is the velocity acquired by an ion 
under the action of a force F; and similarly for and 

The total current density under the action of diffusion and a field 
B is accordingly 

i =: — e(D+ — Z)_) grad n + 

or i = + -B-) {E — ^ grad (log »)}. 

We thus arrive at Ohm’s law, exactly in the form of (6), p. 116 . More- 
over, as comparison with that equation shows, we have for our binary 
electrolyte, 

a = + S_) 

and ^ ^ grad (log n). 

In our example, therefore, points in the direction in which the 
concentration falls fastest. Between any two points where the con- 
centrations are 71^ and we have an impressed potential difference 
{qj. which, by integration along a curve lying entirely 
in the solution, we find 

= +6 / log 

In the state when there is no current, an electrostatic potential difference 
is present, which is equal and opposite to the impressed one: 

For the sake of completeness, we may remark that by a very general 
theorem of statistical mechanics a relation exists between D and B 
of the form 


D^hTB 
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{h = Boltzmann’s constant 1-37 X 10~^®, T = absolute temperature); 
and that in electrochemistry the number 

is called the transport number. We therefore have 
e{E^U) _ = ]cT{2v - 1) log 

% 

The order of magnitude of tliis pressure difference may be seen from the 
numerical example: log =1, ^^a : % = 2*72, v=l, T = 300, 
e = 4*77 X 10-^®. The potential difference here is 

Another example of an impressed force presents itself when a metal 
and electrolyte are in contact with each other. For example, when 
a copper rod is dipped into a dilute solution of copper sulphate, a 
small quantity of copper iSrst goes into solution in the form of Cu++ 
ions. An electric current therefore flows from the copper into the 
electrolyte. In this case the solution pressure of the copper causes 
an “ impressed force The current does not continue, for it produces 
a negative charge on the copper, and a positive one in the solution, 
and these give rise to an electric field, directed towards the copper, 
in the layer of liquid immediately adjacent to it. In equilibrium, 
this field exactly compensates the “ impressed force ” of the solution 
pressure. 

Here again we have, in equilibrium, as a consequence of the im- 
pressed potential difference, an equal electrostatic potential difference 
opposed to it, 

= Eds = EW&, 

between the interior of the metal (1) and the homogeneous solution (2). 
The transition zone in the electrolyte, in which is sensible, is as 
a rule so narrow that we may almost speak of a potential “ jump ’’ 
at the boundary between metal and electrolyte. It is on this that 
the action of the voltaic cell effectively depends. 

As a third instance of an impressed potential difference we may 
mention the contact of two different metals. In this case the dis- 
similarity between the motion of the electrons in the two metals 
produces a current, which continues until a definite potential difference 
has been set up between the metals. A more detailed discussion of 
this process is reserved for the sections on the electron theory of 
metals. 
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4. The 7oltaic OircTait, 

We consider nest a so-called circuit, i.e. a number of different 
conductors connected to one another in series, whicli may contain, 

in themselves and at their ends, 
arbitrary impressed electric forces 
(intensities or field strengths). We 
shall assume, however, that the 
beginning (1) and the end (2) of 
the circuit (fig. 5) consist of the 
same material. In that case, when 
there is no current there exists 
between these ends a potential dif- 
ference, which is given by the line integral of all the impressed 
intensities, 

^12 ~ 9^2 ^ 

where the path of integration must lie entirely within the circuit. 

If now the two ends of the circuit are brought into contact (by means 
of the wire EDA, which closes the circuit), electrostatic equilibrium 

at once becomes impossible. For the line integral is now 

different from zero, since = 0 at all points of the connecting 
wire EDA, so that 

^ EW<?s = 

It is therefore impossible to counterbalance by an electrostatic 
field. Hence, by (6), p. 116, an electric current must begin to flow. 
When the current 

i = a(E + E<^>) 

has developed, we have steady conditions once more. 

The characteristic property of a steady current is that it is 
solenoidal (div i = 0); as for the field B, we must have everywhere 
curl E == 0. These two conditions are sufficient, when a and 
are given, to allow both i and E to be calculated. 

We shall go through the necessary calculations for the case of 
a linear circuit. If S is the cross-section of the conducting circuit 
(perpendicular to the lines of flow) and ds an element of length in the 
direction of the path of the current, then 



The solenoidal character of i is expressed here by the fact that the 
same current i must flow through every cross-section. If then, we 



E E 

Fig. 5 
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integrate equation (6), p. 116, over the whole ring-shaped closed cir- 
cuit, from (2) along the wire EDA to (1), and then through the 
remaining part of the circuit back to (2), we obtain 

i ^ (B + 

since the line integral of E must vanish. We write 

and caU R the resistance of the whole conducting circuit. We thus 
have the result: the jrroduct of the current strength and the resistance 
of the whole ring-shaped closed cirauit is egual to the line integral of the 
impressed electric force. On account of this property the quantity 
is also spoken of as the electromotive force (E.M.F.) of the closed 
circuit. In an open circuit it is not identical with the line integral 
unless the first and last component parts of the circuit are made 
of the same material. 

When i has been determined, we can find i also, and accordingly 
E, at every point of our linear circuit: 

E == 1 — eH 

or 

In another limiting case, that of a conducting system extending to 
infinity, with and cr any given continuous functions of position, 
the steady distribution of current is uniquely determined by the 
two conditions 

div i = 0, curl (i/o) = curl 

while the field E is given uniquely by the equations 

curl E = 0, div (crE) = —div (crE^®>). 

We have still to consider the development of heat in the case 
of a steady current maintained by impressed forces: 

Q = f {i^lo-)d7 = fi{E + ^‘^)dV, 

where the integral is to be taken over the whole region traversed by 
currents. Since E = —grad and 

(i grad <!>) = div (i^) — ^ div i, 

the above equation, when the current is steady (div i = 0), gives 

(e484) 


5 -* 
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in the first place, by integration oven the whole region containing 
currents, 

If the integration is carried out for the complete system, then i = 0 
at every point of the boundary of the integration space, so that we 
obtain 

Q= J{iEi^‘^)d7. 

The total heat developed in a circuit is therefore equal to the work 
done by the impressed forces. Where the equivalent energy comes 
from depends entirely on the process which is responsible for the 
occurrence of In the concentration cell the energy is obtained 
at the cost of the free energy which the concentrated solution possesses 
in greater degree than the dilute solution. In the voltaic ceU, the 
energy comes from the chemical reactions connected with solution 
or separation; in the thermocouple, from the sources of heat which 
maintain the temperature difference of the junctions. In every case 
the work done, +J(iEf'^)«ZF, is derived from sources of energy which 
lie outside the proper domain of electrostatics, just as the Joule heat 
lies outside that domain. We have here, therefore, the remarkable 
phenomenon of an electric field which is steady, i.e, does not vary 
with the time, but yet is the agency by which one kind of energy of 
a non-electrical nature is continuously converted into another, namely 
into heat. 
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CHAPTER VII 

Magnetic Vectors 

1. Magnetic Intensities in Vacuo. 

Prior to the discoveries of Oersted (1820) and Faraday (1831), 
magnetism as a branch of physical science was completely independent 
of the theory of electricity. It dealt with the mutual actions of per- 
manent magnets, including the earth with its magnetic field. Never- 
theless there is a far-reaching formal analogy between the magneto- 
static and the electrostatic field, which in certain cases makes it possible 
to deal with them mathematically in a similar way. Electrostatics 
starts from Coulomb’s law of force for charged proof bodies, and 
from the definition and realization of units of charge and intensity 
which this law renders possible. But this is just one of the points 
where the analogy between the electrostatic and the magnetostatic 
field fails, since a little proof sphere carrying a magnetic charge 
cannot be obtained. There are no “magnetically charged’’ bodies. 
We can certainly magnetize a piece of iron, i.e. cause it to be 
magnetically polarized, but we can never charge it with magnetism. 
There is a second essential difierence, however, which makes up for 
this one when we have to investigate magnetic fields experimentally. 
While the electric polarization P of a dielectric can only be maintained 
by an external electric field and is proportional to the field E, there 
are substances with “permanent” magnetic polarization I, where 
I denotes (as will be seen later) the “magnetic moment per unit 
volume ” or “ intensity of magnetization Certain substances, 
described as being magnetically hard, can be magnetized in such a 
way that, when the external field is not too strong, I only depends 
to a slight extent on H. In the preliminary explanations of this section 
we shall consider the limiting case of an ideal hard bar magnet, i.e. 
we assume its magnetization to have a given fixed value, independent 
of the external field. 


12S 
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Vrith the help of small permanent bar magnets we can explore 
a magnetic field just as well as we can explore an electric field by 
means of a proof sphere. In the choice of the requisite units we also 
follow the guidance of the formal analogy with the electrostatic 
field. In exactly the same way as the charged test body in the 
electrical case, the magnetic needle in the present case acts both as 
an indicator and as a source (reaUy a double source) of a magnetic 
field. 

We shall begin by considering the method by which Gauss 
succeeded in measuring for the first time both the magnetization 
of such a bar magnet and the intensity of the earth’s field, in absolute 
units. If we denote the magnetic moment of our small magnet by 

M=f IdV, 

then in a homogeneous magnetic field Hq (say the earth’s magnetic 
field) a couple N will act upon it, where 

N = [MHq]; iV' = I M I . I Eq I sin0, 

6 being the angle between M and Hq. 

If in particular the magnet is free to turn about an axis, and if 
0 is its moment of inertia, and Hq the component of the homogeneous 
external field perpendicular to the axis of rotation, then we have the 
equation of motion 

sine. 

For small osciQations (sinfl 6), by putting 6=0 sin27rvi we find 
that the frequency is 



This experiment therefore enables us to determine the product MEq 
in absolute measure. 

Let us now consider the magnet itself as the source of a magnetic 
field H. This field can be derived from a potential which (p. 23) 
is given (fig. 1) by 

A ^ / 


Hr=- 


S4>m 2M , 






Hence 
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We now (fig. 1) fix our bar magnet so ttat its length is at right angles 
to the homogeneous field Hq (of numerical value Hq), and place a 
small magnetic needle, which can rotate freely, at a point distant 
Tq from the centre of the bar magnet in the direction of the moment 
M (iff — 0), This needle will set itself in 
the direction of the resultant of H and Hq 
at that point, and wiU therefore be 
deflected from the direction of Hq through 
the angle a, where 

I H| _ 2M 


tana = 





By measuring a and Tq, we can therefore 
this time determine the quotient MjE^ in 
absolute measure. By combining the two Fig. i 

results, we obtain in absolute units both 

the earth’s field Hq and the moment M of our bar magnet. By 
means of the magnet thus standardized, we can now determine the 
magnitude and dneotion of a given magnetic field at any point, 
provided only the magnet itself is taken so small that the field in its 
immediate neighbourhood can be regarded as homogeneous. The 
source of the magnetic field H in this case is the magnetization I of 
our permanent magnet; and we have 

div H = —477 div I, 


in exact agreement with the equation (p. 74) for the dielectric polari- 
zation 

div E = — 47 t div P. 


Further, in pure magnetostatics (i.e. in the absence of electric currents 
and with fields which do not vary with the time), we have H = 
—grad Thus H is irrotational in these circumstances. Its sources 
are situated at those places where the magnetization varies with 
position in such a way that its divergence is not zero; in a homo- 
geneously magnetized bar magnet these places are at its ends, where 
the normal component of I gives rise to the surface divergence 

(^n)magnet (■^n)vacuum “ 47r7». 


2. The Magnetic Field of Steady Currents. 

According to Oersted’s discovery an electric current is always 
accompanied by a magnetic field. The magnetic field of a straight 
wire of infinite length in which a current flows consists of lines of 
force in the form of circles surrounding the wire, with their planes 
perpendicular to it. The direction of H in one of these circles has the 
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right-handed screw relation to the direction of the current. The field 
in this case is not irrotational, the line integral 

^Esds 

not being zero for a path surrounding the wire. The survey of this 
field has shown that in fact the value of the line integral is directly pro- 
portional to the current threading the path of integration. If we write 
the factor of proportionality in the form 47r/c, then all physical 
results relating to the field discovered by Oersted are summarized in 
the equation 

( 1 ) 


where the path of integration encircles the current in the right-handed 
screw sense. For the field of the straight wire, by taking as the path 
of integration a circle of radius r round the axis of the wire, we thus 
obtain 


27rr I H I = 



or 



Here again, in the same way as we did with Ohm’s law, we can pass 
from the general equation (1) to a differential law, by assuming that 
(1) holds at all points in the interior of any conductor which is carry- 
ing a current. The current flowing across the element of area dS is 
i—i^dS, so that by applying Stokes’s theorem (p. 35) we obtain 
from (1) 

curlH = ^i (la) 


The determination of the magnetic field of a given steady current 
can be effected in various ways, starting from (1) or (la), viz. either 
by direct application of (1) or by the methods — to be discussed im- 
mediately — of the magnetic shell, the Biot-Savart law, or, finally, the 
vector potential. 

The first method — immediate application of (1) — Pleads quickly 
to the result in those cases where something is known about the 
distribution of the field to begin with, from symmetry or some other 
circun\stance, as e.g. in the case of a straight wi/re of circular section. 
In this case, let the radius be a, and take concentric circles about the 
axis as paths of integration. Then 




c 


outside the wire (r > a), 
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and 

so that 


4:77 • 7 *^ 

27rrff = — inside the wire (r < a), 

C ft" 

ff = ~ outside; H — ^r inside. 
Tc a^c 


Again, in a very long coil {solenoid) carrymg a current, we know 
that practically the whole field is inside the coil, and that it is in the 
direction of the axis. We therefore choose as the path of integration 
a small rectangle, two opposite sides of which are parallel to the axis 
of the coil and 1 cm. long, one of them lying inside and the other 
outside the coil. For this path 
jHds is simply equal to the field H 
within the coil, so long as we are 
sufficiently far from the ends. If 
the coil has n turns per centimetre, 
the current flowing through our 
rectangle is in. We therefore have 
within the solenoid 

TT 4:77 . 

£z = — m. 
c 

This result is still practically correct 
when the wire is coiled round a 
ring, provided its diameter is small compared with the diameter of the 
ring (cf. fig, 2, where the path of integration is shown on the left). 

The method of the magnetic shell (magnetic double stratum) is 
based on the following remark. If we consider the whole closed path 
of the current i, we see that the integral is zero when taken over 

any closed curve which is not linked with the path of the current. If 
then we construct any surface, subject only to the condition that 

its edge coincides exactly with the path of the current, will be 

zero for any curve which does not pass through this surface or 
barrier, but equal to +477i/c for any curve which pierces the surface 
once. 

We can therefore also derive the magnetic field of a linear current 
from a potential which is subject to the single condition that 
it changes suddenly by imlc when we pass through the barrier. It 
now follows from § 9, p. 31, that the magnetic field of a current flowing 
in ft closed circuit is identical with that of a homogeneous magnetic shell 
of moment r = i/c having the dreuit for its boundary. 

Hence, for example, when the form of the circuit is a circle of 
radius ft, we can at once assign the field on the axis by utilizing the 
calculation of the field of a circular disk (p. 28), replacing in equation 
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(23c) by E and the moment cotj by i/c. At the centre of the circle 

TTe 

ca 

On this formula is based the use of the tangent galvanometer; in 
which the field of the current is compared with that of the earth. 

With respect to the effect at great distances, it is only the total 
moment of the magnet (M = lldY) which matters, and therefore 
in a magnetic shell only the integral value M = J nr c?/S. A plane circuit, 
which encloses the plane area S, therefore acts at great distances like 
a permanent magnet of moment 

(16) 

The magnetic moment corresponding to a straight coil of n turns, 
and cross-section ;S, is accordingly 



The Biot-Savart law for the determination of the magnetic field of 
a given current distribution may be obtained by an application of our 
earlier results on homogeneous double strata (§ 9, p. 32). According 
to these results the solenoidal field due to such a shell can be represented 
by the line integral 



taken round the boundary curve. 

Thus the magnetic field of a closed circuit can be regarded as made 
up of the sum of contributions from the individual elements of current 
ids to the magnetic force at the point concerned, in accordance with 
the rule: the field of an element of current ids, at a point the radius 
vector to which from the element is r, is perpendicular to the plane of 
ds and r, and is equal to ids sma/cr\ where a is the angle between 
ds and r. The sense ” of H is defined by the rule that a displace- 
ment of ds in its own direction combined with a rotation about ds 
in the sense corresponding to that of H gives a right-handed screw 
motion. 

For the field at the centre of a circle of radius a, (2) gives, since 
ds is perpendicular to the radius, 
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whicli agrees with the value found by the magnetic shell method. 
The resolution into separate elements of current suggested by the 
Biot-Savart law ( 2 ) is, however, rather an arbitrary procedure, since 
these elements cannot exist independently. 

The method of the vector potential follows readily from a simple 
transformation of the Biot-Savart law ( 2 ). The equation ( 2 ) can 
obviously be written in the form 

H ^ ^ grad/ ( 2 a) 

Hence, taking x, y, z as the co-ordinates of the field point at which 
H is to be calculated, and drj, as the components of c?s at the 
point (^, 77 , ^), we have, for the rectangular components of H, 

a.i.x.s,o) — 'J’mily’i-gjQyi)- 

5 - (J).- 

We now apply to (2a) the general formula of vector analysis 
(p. 248) 

[B grad/] =/curl B — curl (/B), 

which holds for any vector B and any scalar /. 

Since in ( 2 a) the differentiations are with respect to the co-ordinates 
of the field point only, which do not enter into <Zs, this gives 



Hence H = curl ^ (3) 

This equation exhibits H as the curl of another vector, 

H = curl An, Ao = - , . . . . (3a) 

C J T 

which has already occurred in an earlier section (p. 38), where we 
called it the vector potential. This form for H, however, is only valid 
when there are no magnetic materials present. For, in virtue of the 
identity div curl = 0 , only a solenoidal vector— which in general 
H is not — can be represented as the curl of a vector potential. Con- 
sequently in the general theory which is developed later, the vector 
we derive from a vector potential is not H, but a vector B not yet 
introduced, which is always solenoidal. 
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According to (Sa.) tlie contribution of a current element ids to the 
vector A has always the direction of ds. The method of the vector 

potential is therefore particularly 
suitable for calculating the field of 
straight parallel currents, since in 
that case the direction of A is 
definitely given. As an example of 
this type, we shall work out the 
field of two equal and opposite currents 
i in two parallel wires. We take the 
direction of the current in the first 
wire as the positive aj-axis (fig. 3), 
and calculate A^. at a point whose 
distances from the wires are and r^. 
Clearly Ay and A^ are zero. Suppose first of all that the wires are 
finite and of length 2L, Then, by (3a), in the mid plane, 

^ __i ds ds 

c Vs^ + r^^ 0 r^ 

If we write for brevity rj=^ s/r, r]^ = = Z/rg, we find 

A, = \ 2 r ^ log + 

c J-,!, Vl + C _|_ Y'I -j- 

C’ ^ + Vl + ^h\\ 



— — (log + log 


c r 


’72 


l + Vl + lh 


»■ 


Now take the limit when L becomes infinite. The second logarithm 
vanishes, and we have 


A 2i , 7*2 


The curves A^, = const., in a plane perpendicular to the wires, are 
therefore circles with their centres on the line joining the points where 
the wires cut the plane, and such that these two points are conjugate 
(inverse) with respect to each circle. 

For the magnetic field, we have now 


rj 




dA^ 

dy' 


H has the same numerical value as the gradient of A^., but the direction 
of H coincides with the direction of the curves Aa.= const. The 
curves A^. == const, therefore give a correct picture of the run of the 
lines of force in the neighbourhood of the two wires (fig. 4). 
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In connexion with this result there is a point which is worth 
noticing. If the two wires carry no current, but are electrically 
charged, so that the charges per centimetre of their length are +e 
and — e respectively, they produce an electrostatic potential 


f 26 , ro 


where K is the dielectric constant of the medium surrounding the 
wires. Hence, except for a numerical factor, 6 is identical with 


Fig4- 



The same point will come up again later in a more general form when 
we are dealing with waves in wires. 

3. Magnetization and Magnetic Susceptibility. 

So far we have considered two ideal limiting cases of a magnetic 
field, namely the field produced by permanent magnets (materials 
with assigned magnetization I) in the absence of electric currents, 
and the field produced by steady currents in the absence of mag- 
netizable materials. The results for these two cases were as follows: 

(i) Permanent magnets (i = 0): div H = — An div I; curl H = 0. 

(ii) Steady currents (I = 0): curl H = — i; div H = 0. 

From these results we deduce the following general equations for the 
calculation of the field of an arbitrary distribution of steady current 
i = i(a;j z), combined with magnetized materials (I = 1(35, y, z)) 
also dikributed in any way. The sources of H are the same as those 
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of — 477 i; tie curl of E is equal to hrijc. In any region where i and 
div I are both zero, H is irrotational and solenoidal. At surfaces of 
discontinuity of I we have to take of course the surface divergence 
(discontinuity of the normal component), corresponding to the tran- 
sition from a continuous, rapidly varying change to the limiting case 
of an instantaneous finite change. 

If then the ciurrent distribution i and the magnetization I were 
given in advance, the determination of the field H would be an equi- 
valent problem to that of calculating a vector field from its vortices 
and sources, a problem which we have already (p. 37) completely 
solved, in the present case the equations corresponding to (36a) 
and (366) of p. 37 run 

divH= — 477 divi, curlH=yi. . (4) 

In point of fact the ciccumstances here are very much more com- 
plicated, on account of the fact that the magnetization itself essentially 
depends upon the magnetic force. In most cases it is only by the 
field that it is produced at all. This connexion between H and I is 
a specific property of the material we happen to be dealing with, 
the property by which its magnetic character is determined. If we 
group all known materials according to their magnetic behaviour, 
we get the following classification. 

(a) The magnetization is proportional to the field: 

I = fcH (4a) 

The factor k is called the 'iimgnetic susceptibility per unit volume; 
it is independent of H, but may vary with the temperature. 

Among materials characterized by the simple relation (4a), the 
two following types can be distinguished. 

(al) Diamagnetic bodies . — For these k is negative, and independent 
of the temperature; it is numerically a very small proper fraction. 
Examples of its values are: 

Hydrogen k = —0-5 X 

Water —0-77 X 10~6 

Gold —3 X 

Bismuth —14 X 

In diamagnetic substances I is therefore opposite in direction to the 
field H. We can explain diamagnetism qualitatively if we assume 
that within the individual atoms there are electric circuits without 
resistance. When an external ma^etic field comes into play, currents 
will be induced in these circuits in accordance with the general laws 
of induction, and the magnetic moment of these currents (cf. (16), 
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p. 128) vnll be opposite to H in direction. A quantitative explanation 
can be given by the theory of electrons, which will be dealt with in 
Vol. II. 

Diamagnetism is a general property of matter, and accordingly 
is present in all substances. It is, however, so small that in prac- 
tice it escapes observation whenever the material concerned is also 
paramagnetic or ferromagnetic. 

(a2) Pafamagnetic bodies. — ^In these k is positive and as a rule 
inversely proportional to the ahsolvie temperature (Curie’s law): 

( 46 ) 

The following are some observed values at room temperature: 

Oxygen /c= 0T4 X 10"® 

Platinum 29 X 10“® 

Manganese 300 X 10“®. 

To picture the action of paramagnetism, we must suppose that the 
individual molecules possess a j&xed magnetic moment, and that 
these elementary magnets are partly straightened out by an external 
field. The orienting action of the field acts against the irregular tem- 
perature motion. This has a bearing on Curie’s law, for the same 
field is able to produce a greater degree of regular arrangement at 
low temperatures than at high. 

(b) The magnetization is not proportional to the magnetic force. — This 
class consists essentially of the ferromagnetic materials iron, cobalt, 
nickel, and the Heusler alloys. The magnetic behaviour of these 
materials is very complicated, and depends to a large extent on cir- 
cumstances which are often apparently trivial. We must therefore 
be content with a very general classification of properties. The most 
striking characteristic of the ferromagnetic class of substances is 
the high value of the magnetic moment for a given magnetic force. 
(It is frequently more than a million times as great as in other sub- 
stances.) Again, I does not in this class change linearly with H; on 
the contrary, for relatively low applied fields, easy to produce in 
practice, a condition of saturation is reached. The saturation values 
(loo) of the magnetization, which cannot be much exceeded even with 
very strong fields, run about as follows: 

Iron iirloo == 22,000 gauss 
Nickel = 6,000 „ 

Cobalt = 18,000 „ 

These values are nearly independent of the state of the material, as 
resulting from mechanical and heat treatment, and also of small 
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admixtures of clieniieal impurities. On the other hand, the “ mag- 
netization curve i.e. the curve showing how I changes as H 
increases, depends in the most pronounced way on the special treat- 
ment to which the specimen has 
previously been subjected. Here 
again we can distinguish two ex- 
treme cases, as under. 

(61) Magnetioally soft suhstanoes 
are those in which I is still at least 
a one-valued function of H. The 
graph of this function has in typical 
]~5 1075 20253085 ^ cases the general form shown in 
‘ fig. 5a — arising steeply at first, then 
getting fl.atter and flatter, till 
finally (at saturation) it becomes 
practically horizontal. Since the 
slope of the curve is almost straight 
at first, we can speak of an 
initial susceptibility ”, which we 
Fig. (Ordinates represent may define either as the quotient 

I i j /I H I of the values concerned, or, 
seeing that the curve is so steep, as 3j I j/0| H |. Its value for difierent 
kinds of iron is in round numbers between 50 and 1000. Perfectly 
soft, i.e. absolutely reversible, ferromagnetic substances could scarcely 

be expected to occur in 
nature. Properly speaking, 
there are only “softer” or 
“ harder ” substances, cor- 
responding to the smaller or 
greater breadth of the hys- 
teresis loop (see below). 

(62) Magnetically hard 
substances, — In these I is 
not a one-valued function of 
H at aU, the magnetization 
definitely depending also on 
the field strengths to which 
the specimen has previously 
been exposed. The typical 
course of the magnetization 
curve is shown in fig. 56. 
If we subject the sample, which is not magnetized to begin with, to 
an increasing field El, 1 goes through values represented by an arc 
AB, which qualitatively does not difiEer essentially from the curve 
(fig, 5a) for a magnetically soft substance. But if we now allow H to 


•15000 



Fig* 5& (Ordinates represent 4irl) 
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become smaller again, I begins by diminishing much more slowly than 
it formerly increased (arc BODE). For the field H = 0 we have still a 
“ residual magnetization ” of amount AC. This quantity we shall 
denote later by Iq. To bring the magnetization to the value zero we 
must apply the ‘‘ coercive force ” AD in the direction opposed to I. 
Residual magnetization and coercive force furnish a measure of the 
magnetic hardness of the substance. For large negative values of H 
we reach saturation again at E. From there, with suitable changes of 
the value of H, I goes back through the arc EFGB, thus closing the 
“ hysteresis loop If the field is then repeatedly altered backwards 
and forwards from saturation in the one direction to saturation in the 
other, I always goes over practically the same loop. 

Quite a different result is obtained, however, if we only go as far 
as some definite point of the loop, say D', and then allow H to increase 
again. We then get, for not too great an increase of H, almost a straight 
line, such as the dotted straight line D'C'E' in fig. 5&, which can now 
be described again backwards without change. If then in all further ap- 
plications of magnetic force to the material we remain between the limits 
D' and E', we can within those limits speak of a reversible magnetiza- 
tion, and characterize the material by a “ magnetic equation of state’’, 

I = K'E-fV, (4c) 


where therefore k denotes the gradient of the straight line D'E', and 
Tq the segment AC'. 

In the interior of a permanent magnet, in the absence of currents 
and other magnets, the field H has substantially the opposite direction 
from the magnetization. Such a magnet is therefore situated on the 
part CD of the hysteresis curve, and can be represented, for example, 
by the point D' already considered. In individual cases, the field in 
the interior of a permanent magnet, with given magnetization, de- 
pends also on the form of the magnet. 

For moderately small changes in H, e.g. changes due to alteration 
of the air gap in an almost closed ring magnet, the corresponding change 
in I can therefore be obtained from the line D'E' or from equation (4c). 

All ferromagnetic materials show the property emphasized by the 
name only so long as their temperature remains under a certain value 
0, which is characteristic of the material in question, and is called 
the Curie point. For iron the Curie point is 774° C., for nickel 372° C., 
and for cobalt 1131° C. Above their Curie point all ferromagnetic 
materials show normal paramagnetism, with this difference, however, 
that in the Curie law (46) the absolute temperature T has to be replaced 
by the distance T — 0 from the Curie point: 




{4(Z) 


(Curie-Weiss law). 
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4. liagnetie ludiictioa. 

Witiont making any assumption about the constitution of the 
material, from tlie point of view of the possibilities just explained, we 
can give equations (4), p. 132, another form by introducing a vector 
B, called the magnetic induction, which we define by the equation 

B = H + 4771 (5) 

Y^hih E is determined by its sources and vortices, equations (4), p. 132, 
show that B is always solenoidal, and is accordingly characterized by 
its curl alone. We have, in fact, 

div 3=0, curl B = — i + 477 curl I. . . . (6) 

c 

Since B is solenoidal, it can always be represented as the curl of a 
vector potential A, 

B = curl A, (6a) 

the vector potential A being subjected to the supplementary con- 
dition 

div A = 0 (66) 

It follows at once from (6a) and (66), by applying the result of § 11, 
p. 37, that 

(7) 

As in the preceding section, so here also the point must be emphasized 
that the practical applicability of equation (7) is considerably restricted 
by the circumstance that I is not known to begin with, but itself 
depends in a complicated way on B or H. 

In principle it is immaterial whether, in order to determine the 
field in a concrete case, we first calculate H by (4), p. 132, or B by (6). 
After we have brought in equation (5) connecting B and H, the result 
in the two cases must be the same. 

To illustrate the relations involved, we shall consider qualitatively 
the field of a circular cylinder homogeneously polarized in the direc- 
tion of its axis, the cylinder consisting of ideally hard magnetic material. 
If the axis of the cylinder is parallel to the a;-axis, then the data are: 
Ix = const. = I within the cylinder, /« = 0 outside; 1^=^ 
everywhere. Let it be expressly emphasized that we are here con- 
sidering an ideal case, not realized in practice. Actually, i always 
depends upon H; this is brought out in the figures by the refraction 
of the lines of force (fig. 6a) at the end faces, and of the lines of induc- 
tion (fig. 66) at the curved face. In fig. 56 our idealization would be 
represented by the straight line D'E' (reversible magnetization) be- 
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coining horizontal. The divergence of I is concentrated on the two end 
faces, where there is a surface divergence of amount + I. Its curl, 
on the other hand, is con- 
centrated into a surface curl \ / 

on the curved face, where I \ / 

jumps from I to 0. From \ / 

equations (4) and (5) we ^\\ ‘/ / 

gather the following descrip- ^ 

tion of the fields H and B. ^ 

The normal component of H / / / \ \ 

changes suddenly by + 47r7 I t t {mmmW t 1 

when we pass through an end; 1 11 I III * 

for the orientation assumed, \ \ J J / J 

£fflj therefore changes by Nv ^ 

+ A'ttI in both cases when \ 

we pass from the interior / / \ V, 

through an end face. Every- / \ ^ 

where else H is irrotational / \ 

and solenoidal; in particular / ^ 

it is continuous for passage Pig- 

through the curved surface. 

These data are sufficient for the unique specification of H. The lines 
of force thus obtained are shown graphically in fig. 6a, IT ithni the 
cylinder the direction of H is, broadly speaking, opposite to that of I; 
for a long cylinder, it is 

approximately equal, near ' ^ 

the ends, to 2 * 77 / -f 
where S is the area of the 
section, and I is the length 
of the cylinder. Here it is 
assumed that S is small X / 
compared with l\ {27 tI is / f 
the contribution from the y y | 
end itself, ISfl^ the Coulomb \ I 
force due to the other end.) \ \ 

Immediately outside the 
end faces, H has practically 
the same direction as I, 
and the value 27 rl — 

In the neighbourhood of 
the curved surface, H is Fig (i6 

inclined at an angle to the 

direction of L The cimred surface, as a boundary, is ignored by the 

lines of force. ^ ^ ^ /a t. 

We consider next the run of the lines of induction B. Outside the 


Mm 
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cylinder, Z and 3 are of course identical. In the interior, however, we 
must add the vector 4??! to H throughout. On doing so, we obtain 
fisr. 6f? as the diagram for the lines of induction. Its general features 
are governed by the surface curl of 2 concentrated on the curved sur- 
face. 

The diagrams (figs. 6a and 86), showing the vectors H and B, are 
entirely equivalent as representations of the facts. Still, on looking 
at the two figures one can scarcely refrain from putting the question: 
which of the two descriptions is the more natural? The answer to this 
question depends altogether upon the idea which we form of the nature 
of atomic magnetism. If we look upon the individual atoms of the 
magnet as little bar magnets with a north and a south pole, we will 
naturally be led to the picture of fig. 6a: the little magnets, straightened 
out in the direction of the axis of the cylinder, produce on the end 
faces a surplus of positive or negative “ faee ’’ magnetism, which acts 
as a source or sink for the lines of force. Very different will the answer 
be, if (following a h 3 q)othesis first put forward by Ampere) we regard 
the atoms, not as little bar magnets, but as minute closed currents, 
which in fact (p. 128) act as small magnets perpendicular to the planes 
of the circuits. If these elementary currents have their axes in the 
direction of the axis of the cylinder, they will certainly neutralize 
each other in the interior, but there will be left over on the curved 
surface a finite, superficially distributed current encircling the cylinder 
(cf. e.g. fig. 12, p. 35). The field of the vector B in fig. 66 presents itself 
as the immediate consequence of this surface current, B being defined 
by its curl, a vector which coincides with the surface current. At the 
present day we know that Ampere’s hypothesis is essentially correct. 
(Its elementary currents are interpreted in the electron theory as 
convection currents, due to the motion of the electrons.) To the 
question suggested above we can therefore make the perfectly definite 
answer, that fig. 66 is the figure which fits the natural character of 
magnetism. Only on the curved surface of the cylinder is there 
“ actually ” something present, namely the free ” current i' = c curl I 
which, according to (6), p. 136, along with the conduction current i 
defines the curl of B. Net tlie magnetic force H, but tJLe ind-uction B, is 
the primary magnitude. The vector H = B — 47rl, like its sources as 
displayed in fig. 6a, must be regarded as purely artificial, only em- 
ployed for greater convenience in the statement of the formulae. 

The general relation (5), p. 136, connecting B and H can be put in 
a simpler form if I is known as a function of H. First, if I is propor- 


tional to H, or 

1= /cH, 

then B = / 4 H, ( 8 ) 

where At = 1 + ( 8 a) 
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Tke name magnetic permeability is given to fi. It is therefore less than 
1 for diamagnetic, and greater than 1 for paramagnetic materials. 
In both, however, /x differs only very little from 1 (less than 1 in 
1000). Only in ferromagnetic materials is jx decidedly greater than 
1; in these, at the steepest part of the curve (Sa), p. 134, it can reach 
values between 1000 and 10,000. For permanent magnets, subjected 
to reversible changes of state (D'C'E' in fig. 56), within the narrow 
range of H for which this is possible, we can express B, by (4c), p. 135, 
in the form 

B = ja'H + 47rIo, (86) 

of which we shall make use later in our discussion of the energy of the 
magnetic field. 


5. Faraday's Law of Induction. 

In the year 1831 Faraday made the fundamental discovery that 
an electric current is generated in a closed conducting circuit (a loop 
of wire, for example) when a magnet in its neighbourhood is moved. 
Closer experimental investigation of the phenomenon led to the follow- 
ing quantitative result with regard to the current so arising. 

Let R be the ohmic resistance of the circuit, 8 a surface having the 
circuit as its bounding edge but otherwise arbitrary. We choose a 
definite currency ds for the circuit, and accordingly a definite direction 
for the normal to the surface, in accordance with the right-handed 
screw rule. The current i is counted positive or negative according as 
ifc flows in the sense of ds, or the opposite. Then the law of induction 
for the current in Faraday’s fundamental experiment runs: 



The product of resistance and current strength is at any one moment 
equal to the quotiefnt by c of the time rate of diminution of the flux of in- 
duction through a surface bounded by the circuit. 

For the quantity 

the conveniently short expression “magnetic decay”* will occa- 
sionally be used. It is all the same whether this “ decay ” is due 
to the field changing with the time while the circuit remains at rest, 
or to the circuit moving while the field remains constant. The result 
(9) provides us with an entirely new method, of great practical impor- 


* Ger. MagneUscker Schiound. 
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taiice, foe ZAB e^aftordion of a given magnetic field. For this purpose 
vre take a search coil of dimensions small enough to justify us in re- 
garding the field in its neighbourhood as homogeneous. The coil is 
connected to a ballistic galvanometer. So long as the coil is at rest 
in a constant field B, the galvanometer shows no current. The flux 
of induction through the efiective area S (area X number of turns) of 
tile ceil is B^S. If we now withdraw the coil from the field to a place 
where there is no field, then during the motion a current flows in the 
coil of amount , 

The total quantity of electricity, which the ballistic galvanometer 
directly indicates if the motion of the coil is sufiEiciently rapid, is there- 

a- 


Hence the throw of the galvanometer in the experiment considered 
measures directly the component perpendicular to the plane of 
the coil, of the induction at the place occupied by the coil before it 
was withdrawn. 

Anotlier way of making the experiment is to leave the coil in its 
place, but to turn it through an angle of 180® round an axis in its plane 
(earth inductor). In that case changes sign, and we find for e 
double the value given above. 

We shall now express the law of induction (9) in a more general 
form, by eliminating the current strength i from it by means of Ohm’s 
law. For this purpose, we shall in the first place so far generalize the 
law (9) as to suppose that in the circuit considered there is also an 
applied E.M.F. acting. This E.M.F. will itself give rise to a 
current so that (9) must be replaced by 

■ ■ ■ ■ (s») 

But by Ohm’s law, in the differential form in which we shall always 
use it, we have 

i = o-(E -1- E(^)), 

i.e. the current strength at any point is to be defined solely by the 
combined action of the electric intensity and the impressed forces at 
the point in question. But we shall then have, after integration over 
the volume of the linear conductor (as at p. 121), 

iR = E^^^ -|~ ^ Eg ds. 

Now in the electrostatic field the second term here was always zero, 
since E was irrotational, but iu the present case comparison with (9a) 
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shows that when the flux of induction is changing we must always have 

or the total E.M.F. in the circuit is equal to the rate of decrease of the 
flux through it, divided by c. 

In (10), the law of induction (9) is expressed in a form from 
which the resistance i?, a constant of the wire, has completely dis- 
appeared. Equation (10) refers in the first instance to the loop of 
wire, but it admits of a remarkable generalization, which is funda- 
mental for all that follows. We assert in fact that the truth of the 
relation (10) is quite independent of the presence of the wire; in 
other words, that the total E.M.F. roimd any closed curve ^vhatever 
is correctly given by (10). The assertion can in the first place be 
justified for the case when the path of integration is not along the 
wire itself, but along a curve immediately adjacent to it in empty 
space. For, on account of the continuity of the tangential com- 
ponents of E, the value of ds is not altered by this displacement of 

the path. However, this new reading of equation (10) is in its com- 
plete generality a hypothesis, which we must justify by testing its 
consequences. 

This new view allows us to pass at once to a differential form of the 
law of induction', for, if (10) holds for any surface element, however 
situated, we have only to apply Stokes’s theorem to obtain a diSeren- 
tial relation connecting the vectors B and B. 

In media at rest, the flux of induction only changes so far as the 
vector B changes. Hence we can difierentiate under the sign of inte- 
gration on the right side of (10), and Stokes’s theorem then gives at 



for 'media at rest. 

But when the body, in which B is to be calculated, is moving with 
the velocity u, the time rate of change of the flux of induction is to be 
taken, according to the expression for it in (9), for a surface S moving 
with the material. Now, by equation (37a), p. 40, we have in all 
cases when the element of area dS is moving with velocity u 

I // B. SS _// { Bs + «. dir B - «n»l [»B]), } iS. 

Since div B = 0 here, we accordingly obtain 

curl E = — i — curl [uB]^, . . . (11a) 

for moving media. 
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TLis equation is frequently written in an abbreviated form, by 
introducing tbe special kind of time differentiation esplamed in § 12, 
p. 39: 

A=A + U(iivA — curl [uA]. 

Equation (11a) then becomes 

1 . 

curl E = B. 

c - 

If we go back again from (llo) to tbe total E.M.F. in a wire loop, 
we see in tbe two terms on tbe rigbt-band side tbe two possible causes 
of “ magnetic decay first, tbe time rate of change of B, tbe only 
cause acting when tbe wire is at rest; secondly, tbe motion of tbe 
wire, wbicb is tbe sole cause of tbe “ decay ” when tbe field of induc- 
tion is constant in time. It is easy to see that — ds[uB] dt, i.e. B[iids] di 
represents tbe flus of induction across tbe element of area [ndt, rfs] 
swept out by tbe boundary curve in time di. 

It should be expressly mentioned that tbe field equations for moving 
bodies are in reality essentially more complicated than equation (11a), 
wbicb only represents an approximation, but one wbicb is amply suffi- 
cient for aH practical applications. To derive tbe exact form of tbe 
equations for arbitrary values of u, we require tbe theory of electrons 
and tbe theory of relativity. A detailed discussion will be given m 
Vol 11. 
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Electrodynamics of Media at Rest 

1. Maxwell’s Equations for Bodies at Best. 

We are now in a position to set forth Maxwell’s equations for 
bodies at rest in their final form. It is true that equation (la), p. 126, 

curl H = i, 
c 

defining the magnetic field of a steady distribution of current, still 
requires for one case an essential complement of critical import. The 
case is that in which the currents are not closed, but begin and end, 
for example, at the coatings of a condenser. At such places the diver- 
gence of i is not zero, while the left side of the above equation is always 
solenoidal (div curl = 0). To obtain an equation which is valid in all 
cases, we must therefore either find an entirely new relation or else 
make the right side of the equation also solenoidal by adding another 
vector to it. Maxwell chose the latter course. Thus, as has already 
been indicated in § 2, p. 113, a source of i necessarily implies diminish- 
ing density of charge at the point concerned; in fact, we have by 
Gauss’s theorem 

On the other hand, charge density is equivalent to divergence of the 
displacement vector D: 

47rp = div D. 

Hence we have 

div 1 = ~ — div 

4:7T Ot 

This equation states that the vector 


c = i+ — D 

4*77 


is always solenoidal. The required complement of the conduction current 
i is therefore found. It is the displac&inent curremi 


1 • 1 • 

4-77 477 
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the inUod action of wliicli into the fundamental equations forms the kernel 
of the whole Maxwellian theory. This is really the only point— but it 
is one of decisive importance — ^in which the equations of Maxwell’s 
the* or V substantially di3er from those of the older action at a distance 
theory. 

To equation {la), p. 126, as now extended, we add three more, 
namely the iavv of induction (11), p. 141, and the two equations (3a), 
p. 75 / and (6), p. 136, involving the divergence of D and of B. We 
have therefore the four fundamental equations 


1 . 

4:77 1 • 

cui]E = — i+-B, 


c c 

II 

curl E = — - B , 

c 

III 

div D = 47Tp, 

IV. 

div B = 0, 


as the final expression of Maxwell's theory for bodies at rest. To obtain 
a complete system from these equations, we have to add to them three 
others, connecting the three vectors i, D, B with the electric and mag- 
netic force vectors E and H. It is only when i, D, and B can be eliminated 
from equations I to IV by means of these supplementary equations 
that the state of the system at any time is uniquely defined when its 
initial state is arbitrarily given. In their simplest form the three sup- 
plementary equations are the following: 


V. 

i=ff{E + E«), 

VI. 

D = jffE, 

vn. 

B = {jM. 


These are the equations for an isotropic body which is not ferromagnetic, 
and in v/hich the conductivity is a, the dielectric constant K, and the 
magnetic permeability /i. All three equations V, VI, and VII are there- 
fore determined by the special properties of the material present in 
the field. As may therefore be expected, they never hold with the 
rigour and generality which can be claimed for equations I to IV, 
except in a vacuum, where we have exactly cr=0, jSL = l,ja=l. 

Quite apart from the fact that VII fails altogether for ferromagnetic 
substances, there are also phenomena such as dielectric “ after-effect ”, 
and “ residual charge ” in Leyden jars, which are completely ignored 
in VI. Moreover, VI fails in the case of rapidly alternating fields (light 
waves), for which, as experiment shows, K becomes a function of the 
frequency of the field, so that we can hardly continue to speak of K 
as a dielectric constant. The interpretation and theoretical calculation 
of the quantities o-, E, fi which have been introduced here as constants 
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of the material, will receive detailed consideration later in the theory 
of electrons. 

The integral of energy for MaxwelVs equations, — ^If we multiply I by 
— E, II by H, and add, we find 

E cnrl E — E curl H+~iE= — ^ED — - HB. 

C 0 c 

We now use the identity (p. 36) 

H curl E — E curl E = div [EH], 

and, after integration over any volume and multiplication by c/ 47 r, 
obtain 

- ^ /(ED + HB) dV = /(iE) dV+^ /[EH]„ dS. (1) 

This equation depends on the field equations I to IV only, and these 
are rigorously accurate; we must therefore consider (1) also as exactly 
correct for bodies at rest. 

We shall only discuss (1) here for the case when the supplementary 
equations V, VI, and VIE are satisfied. We then have 

-i{/(s^+ a 

= iEW d7+f£ [EH]„ dS. (la) 

We read this equation as follows; the electromagnetic field possesses the 
mergy density 

« = ^(ZE2 + /.H2) (16) 

If the total energy TJ== [udV contained in the volume F diminishes, 
then according to (la) three different items of energy may make their 
appearance as the equivalent of the loss. There is &st the irreversible 
Joule heat i^/cr, along with the work done against the impressed forces. 
These two items together we call the thermooheroical activity of the 
field. They arc represented in (1) by the single term (iE). (Cf. equation 
(66), p. 151.) 

Again, as a further cause of decrease of the energy of the field, we 
have in (la) the surface integral 

j Nn dS, where N = ^[EH] (2) 

The principle of the conservation of energy therefore requires that 
there should be a stream of energy N {per sq, cm, per second) across the 
surface of the region considered. The vector N representing this flow of 

/ E 4S4 ) 6 
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energy is called tlie Poynting vector. It will occupy our attention in 
detad in tlie theory of electromagnetic waves. It stould be expressly 
emphasized, and is inherent in the above method of obtaining (1), that 
it is only when it is taken over a dosed surface that the integral dS 
has the physical signification of a flow of energy outwards from the 
region enclosed by the surface. 

The vector H itself may very well have a value other than zero, 
without there being any noticeable transport of energy. We have only 
to think of the case where an electrostatic field is crossed by a magnetic 
field. Here certainly ^ can take values as great as we please, never- 
theless div N will always be zero, so that N can have no effect on the 
energy balance. 

The form (1) of the theorem of energy holds for bodies at rest only. 
It contains therefore no term referring to mechanical work, of the 
kind fully considered above for the case of the electric field, and to be 
separately investigated in next section for the case of the magnetic 
field. 

In Chap. IX, on quasi-steady currents, we shall continue to neglect, 
in comparison with the conduction current i, the displacement current 

D/47r which is characteristic of Maxwell’s theory. For sufficiently slow 
changes of the field this is certainly permissible. As will appear later, 
the alternating currents of electrical engineering can from this point 
of view be considered as only slowly varying. The results which can 
be obtained in this way are of course exclusively those which were 
within the reach of the pre-Maxwell action at a distance theory. As 
we shall see later, when we take the displacement current into account 
we are led to a finite velocity of propagation of electromagnetic distur- 
bances. According to I, p. 144, to neglect h/iir means the same thing 
as to put div i = 0, i.e. to assume that the currents are quasi-steady. 

It may therefore be expected that neglect of D/ 47 r, in the case of cur- 
rents which vary with the time, is justified whenever the time which 
the currents take to change sensibly is great compared with the time 
needed for the electromagnetic disturbances to traverse the distance 
from one end of the apparatus to the other. 

The displacement current does not become important until rapidly 
var 3 img processes are considered. The special features and full capa- 
bilities of Maxwell’s theory will therefore not display themselves until 
we are discussing electromagnetic waves. 

2. Energy and Maxwell’s Stresses in the Magnetic Field. 

We have already justified the expression (ED)/87r, which was 
assumed for the energy density of the electrostatic field, by proving 
(p- 85) that the work done in a displacement of the material in the field 
is equal to the diminution of the quantity 
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Ua=~f{ED)d7. 

The proof required that we should have 

D = ZE, 


with the dielectric constant K independent of E. But in the magnetic 
field, at least when permanent magnets are present, such proportionality 
of the corresponding vectors B and H is out of the question. We can 
hardly expect then that the energy of the magnetic field should in 
general be given by the expression analogous to viz. J (HB) dV j&TT. 

That this expression cannot possibly be correct we recognize at once 
from the fact that its value for a field of arbitrary permanent magnets 
(with no currents) is always zero. For in that case curl H = 0, which, 
along with div B = 0, is sufidcient to ensure the vanishing of the 
integral J (HB) dV (cf. (36wi), p. 39). 

We must therefore search for a general expression for the magnetic 
energy but in doing so shall still confine ourselves to bodies in 
which changes in the induction are uniquely given by the changes in 
the magnetic force. We consider first the following elementary case: 
let a bar of any material, of cross-section S and length be bent to a 
circle, and a conducting wire of resistance jffi wound uniformly on it 
with n turns per cm. Let a current i be maintained in the wke by a 
battery of electromotive force E. Then the battery in time dt does 
work of amount W = Si dz. If the induction B changes in this tune to 
B + dB^ Faraday’s law of induction gives 


iR — E-- 


c dt ' 


Further, the magnetic field H in the ring is determined by i alone: 

rr 4:77 . 


Hence 


W=Eidt = mdt + i~ dB 
c 

= mdi + ~B.dB. 

4:77 


But SI is the volume of the bar. Thus we have the result that, as the 
equivalent of the work done by the battery, besides the Joule heat 
there is also produced a quantity of energy H dB/477 per unit volume of 
the rod. This quantity must be regarded as change of the energy of 

the rod. The result agrees with the expression HB/477 found in (1), 
p. 145, for the rate of change of the magnetic energy density. In point 
of fact the simple example just considered is only a special case of the 
general method by which we obtained the equation of energy (1). 
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Strictly speaking, it is change in the free energy that we have 
before us here since we have tacitly assumed that the process con- 
cerned is isothermal (cf. the remark at p. 86). We shall return to 
the point in Part IV, but for the purposes of this chapter it may be 
ignored. 

We now assume that the induction B is known as a function of H. 
sav from a magnetization curve like that shown in fig. 1, The result 

just found suggests that we should define 
B I , ^ the density of the magnetic energy as 


477 Jh- 


which would correspond to the shaded 
j area adbc in fig. 1. The choice of the 

[ I lower limit (H = 0) seems arbitrary at 

first sight, but will be justified by the 
^ Fig. I considerations which foUow. We there- 

fore obtain for the whole energy of the 
magnetic field the expression 


fdvf'' MdB, 

47? J */h-=o 


which puts in evidence the fact that, for every separate element of 
volume, the magnetization curve is to be used in the calculation, as 
well as the final value of H or B. 

From the expression (3) for we shall first calculate the mutual 
force between currents and magnets. For this purpose we shall con- 
sider the most general change which V can undergo. We take an 
element of volume dV fixed in space. When motion of the material 
takes place, not only will the values of B and H in cZF change, but so 
also will the magnetization curve corresponding to dV, so that e.g. 
the shaded area abc in fig. 1 is replaced by the area a'b'c', where the 
contour a'b' is indicated by a dotted line. The most general infinitesimal 
change of jHcfB is composed of the two strips and abb' a'. We 
have therefore 

We shall assume for brevity that the portion of the magnetization 
curve with which we have to deal is rectilinear, so that B has the form 

B = ju'H + 47rIo (4) 

The residual magnetization Iq and the coefficient /i' are any given 
functions of the material and therefore of position, (It may be re- 
marked in passing that it would lead to no essential difficulty though 
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we considered n' also as a function of H, but we shall not do so here.) 
From (4) we have 

8^8= HS/x' + 4irSlo, 


or 






Suppose now that we are given the very small velocity u, with which 
the individual material elements move. We have then to determine 
how the quantities /x' and Iq change with the time at the point of space 
considered, in consequence of this motion. In § 5, p. 91, in calculating 
the forces in the electric field we have admitted a possible “ substantial ” 
change in the dielectric constant K (equation (12), p. 94). We shall 
here neglect Tmgnetostriction in chemically homogeneous media, and 
accordingly assume that our quantity il* does not change for the material 
particle we are considering. Hence, by the equation just cited, 

0 = ^+ (ugrad/i')- 

We shall likewise assume that the moving particles keep their residual 
magnetization unchanged. Moreover, for the sake of brevity we 
shall assume that those particles, for which Iq differs from zero, move 
like rigid bodies. This assumption will in practice almost always be 
justified. It then follows from the “ substantial ’’ constancy (p. 94) 
of Iq that the flux of Iq across a surface moving with the material 

must be constant. Thus, in equation (37a), p. 40, Jo = 0, or 
^8 == curl [uIq] — u div Ip. 


With the values thus found for dix'jdt and 9lo/9^, (4a) becomes 

— Jb. curl [uIq] dV+Jun div dV. 

On tbe rigbirhand side tbe first and third terms must be transformed 
further. For the thwd we obtain by (35), p. 36, and integration over 
the entire system, 

J H curl [hIq] dV=J [uIq] curl H dV 

= jJ [uloJi d7= ^ /u[il„] dV. 
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To evaluate first term in the ejqpression for we go bank to 

the field equations , 

curlH= — i, 
c 

^ • 

— curl E = - B, 
c “ 

multiply the first by E dV, the second bj H dV, add and integrate over 
the whole system. By (35), p. 36, the integral on the left can be trans- 
formed into a surface integral, which vanishes. We are left with 

fiEdV^ — ^fHBdV. 

But, for matter moving with velocity n, p. 40, 

B = — curl [uB], 

BO that we obtain 

By (35), p. 36, and (la), p. 126, the second term on the right becomes 
^ f [uB] curl E 57= [uB]i dV= u[iB] dV. 

We now collect the various terms, and denote by 

ili=fmdV, (6) 

the “thermochemical activity” (cf. p. 145), a name which will be justi- 
fied in a moment. We then find, for the rate of change of 

( 6 ) 

where 

= - [ij B — 47r lo] — — grad /*' + H div (—In). (6a) 

Equation (6) supplies complete information on the question of the 
disposition of the ma^etic energy in a quasi-steady field, with arbitrary 
relative motion of circuits and magnets. First, the thermochemical 
energy i[sdt is generated at the expense of U^, In fact, since (p. 144) 

i=: cr(E + E^®)), 

|2 

iE = L_ iEW 
a 


we have 
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and J^-dV — fiE^‘^dV, (66) 


SO that is made up of the irreversible Joule heat i^/a, and of the work 
done against the impressed fields (— which may appear as Peltier 
heat or in increase of the free energy of the accumulators or cells present 
in the circuit. To this expenditure of energy has to be added, when 
the material is in motion, the work done by the field per second on 
this account, viz. J(u, f^) dV. 

The force-density represented by (6a) is composed of three charac- 
teristic terms: 

(а) On an element of volume traversed by a current there acts in the 
first place the force 

c 

where, by (4), p. 148, /x'H is the induction, with no residual magnetism. 
Por an element ds of a current filament of cross-section S and current 
strength i, we have 

i (Zy = I i [ S cj:s = i <Zs, 

so that f = - [efe, ^'H] (7) 

c 

When there is no residual magnetism (Iq = 0) at the place where the 
wire carrying the current is situated, we find for the /o?*ce on the element 
ds of the wire 

f = (8) 

c 

(б) The second term of is exactly analogous to the electrostatic 
force (•— E- grad K)jS7T. Its effect is particularly marked at the mutual 
boundary of two substances for which jjif has different values, the result 
being a tension directed outwards with respect to the surface of the 
more strongly magnetizable material. 

(c) Lastly, the third term H div (— Iq) may be formally interpreted 
by introducing “ free magnetism ” = — div Iq, acted on by’ the 

force analogy with the electrostatic force Ep. In a homo- 

geneously polarized bar magnet, for example, is concentrated at 
the two ends, this concentration corresponding to the discontinuity in 
the normal component of Iq. 

The Maxwell stresses in the magnetic field . — ^For an electrostatic field 
we have seen (§ 8, p. 104) that the resultant force over any region can 
be represented by a surface integral taken over the boundary of the 
region. We shall show that the expression (6a) for the force admits 
of an exactly analogous transformation. We shall in fact obtain in 
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this -n-ay a magnetic stress tensor which only differs from the 
electric T. in having H throughout instead of E (cf. (18), p. 106), and 
the quantity introduced in (4), p. 148, instead ol K. In other words, 
we say that (6a) is the same thing as 



In the first place, whatever ja' and H may be, it is easily verified that 
the right side of this equation is ideniical with 

1 div (fi'H) _ ^ ^ ^ [/H, curl H],. (9a) 

But the latter expression agrees exactly with (6a), since we have 

div ill's) + 47r div I q = 0, 
curl H = 47ri/c. 

The description already given (§ 8, p. 104) of the stresses in the 
electric field can therefore be extended word for word to the naagnetic 
field: the force which acts upon the part of the system within any 
given finite region is equivalent to a system of surface forces, or 

J{mdV= jT^dS. 

The absolute value of is 

and Ta is in such a direction that the angle it forms with the outward 
normal n is bisected by the line of force, i.e, by the direction of H. 

3. Electric and Magnetic Units. (See also p. 251.) 

In order that the units used in electromagnetism may take their 
place'in an absolute system of measurement it is necessary, as we have 
seen in § 1, p. 1, to have equations connecting them with units already 
defined. The most obvious course is to use the expressions for the 
energy density of the electric and the magnetic fields, or the express 
sions — ^which for the sake of greater clearness we shall prefer — giving 
the electrostatic and magnetostatic forces in specially simple cases, 
say the Coulomb laws for the force between two electric point charges 
or two magnetic poles. These relations involve either electric quantities 
only, or else magnetic quantities only. 
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Whatever units be chosen, the Coulomb laws are 

S’ — £ ^3 

E r2’ 

jj, _ 6 tn^m^ 

^ ^ — a.2 ^ 

fL r- 

where e-^, are the electric charges, and 771^, mg the magnetic pole 
strengths. 

The dielectric constant K and the permeability [m will be assumed 
here to be pure numbers without dimensions, having in a vacuum the 
value 1. 

The numerical values and dimensions of the factors of propor- 
tionality a and b depend on the values and dimensions of the units in 
which e and m are measured; these units being still at our disposal, 
it is simplest to define them in such a way that both a and 6 are 
dimensionless and equal to 1. The unit of e, or of W 2 , is therefore that 
electric charge, or that magnetic pole, which in a vacuum (Z = 1, ]a = 1) 
repels an equal charge or pole at a distance r = 1 cm. with a force 
p = 1 dyne. For the dimensions of the two units we have therefore 


The units of [e] and [m] being thus defined, the relations obtained 
in the preceding chapters enable us to determine at once the units 
of potential, field strength, displacement, &c. The systein of U7iits 
set up in this way — called the Gaussian system — is the one ivhich vje 
employ in this hook. 

Thus, by assuming the factors of proportionality in Coulomb’s 
two laws to be dimensionless and equal to 1, we can define units of 
electric charge and magnetic pole strength, and then give absolute 
definitions of the units of all electric and magnetic quantities, starting 
from the unit of electric charge for the electric quantities, and from 
the unit of magnetic pole strength for the magnetic quantities. So long 
as we confine ourselves to electrostatics and magnetostatics, we find 
no connexion between the two domains; electrostatic and magneto- 
static fields can exist simultaneously in the same region of space, 
without aSecting each other at aU. "V^en we pass to electrodynamics, 
however. Maxwell’s equations bridge the gap between the electric and 
the magnetic quantities. The equations are 

c curl H == ^ + 4'n-i, 
ot 

e curl E == — 




6 * 
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or, in integral form, 

c^E.ds— ^^JfD„dS+ i-irj Ji^dS, 

— yjB.ds. 

In tie Gaussian system of measurement, in particular, we have bhe 
constitutive equations 

D = KE, 

B = ]nH, 

vith E and fi dimensionless; D and E are therefore of the same dimen- 
sions, and, in a vacuum, identical; and the same is true of the other 
pair, B and H. 

In the Gaussian system, starting from Coulomb’s laws, we have 
now fised the units of B, H, D, and B; the factor of proportionality c, 
which, as experiment shows, is the same in both of Maxwell’s (vector) 
equations, is therefore not at our disposal, but must be determined by 
experiment. If, for example, we send a steady current i = JJ dS 
round a wire ring, we can measure the magnetic field excited by the 

current i, and so determine the line intcgi’al ^ H c?s of the magnetic 

field strength round a path linked with the ring; knowing i and ^ H ds, 

we get c from the first of the fundamental equations. Or, again, we 
may cause magnetic flux JJ BndS= ^ to pass through the area 
enclosed by the ring; if we change the flux, an electromotive force 

^ E ds is induced in the ring, the amount of which can be determined 

e.g. by an electrostatic voltmeter. The second fundamental equation 
then gives c. Since, as we have already mentioned, E, H, D, and B 
are all of the same dimensions, it follows that the dimensions of c are 
determined solely by the difierentiations with respect to time, and 
length (in curl), which occur in the two fundamental equations; we see 
at once that its dimensions are [LT-^]. We call c the “ critical velocity ”; 
in next chapter we shall see that electromagnetic actions are propa- 
gated with this velocity in free space. As to its numerical value, ex- 
periments of the kind just described show that 

c = 300,000 km./sec. = 3 x 10^° cm./sec. 

Instead of proceeding simultaneously and sjunmetrically from the 
electric and from the magnetic side, as in the Gaussian system, we can 
follow a different method of using the connexion between the electric 
and magnetic quantities, as expressed in Maxwell’s equations; thus 
we may^ first fix 07}ly the electric umts, or only the magnetic units, 
exactly in fact in either case as in the (Gaussian system; but then go 
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on to fix the other quantities by taking the constant c in Maxwell’s 
equations to be dimensionless and equal to 1. 

The so-called electTO}nagnetic systeyn e.g. is obtained as follows. 
We put the factor of proportionality h in the magnetic Coulomb’s law 
equal to 1; we then find, for magnetic pole strength and the rest of the 
magnetic quantities, exactly the same units as in the Gaussian system. 
The electrical units, on the other hand, are found by putting c == 1 in 
Maxwell’s equations; so that if we again consider a wire ring with 
magnetic fl.ux passing through it, the electromagnetic unit of electro- 
motive force is the E.M.F. induced in the ring when the rate of de- 
crease of the flux, — d^ldt, is equal to 1. If we denote the electric field 
strength in the Gaussian system by E, the same field strength in electro- 
magnetic units by E', then, since the right-hand (magnetic) side of 
Maxwell’s second equation is the same (H = H') in both systems, we 
have 

c curl E = curl E', 

and therefore cE = E'. 

The number measuring the electric field strength electromagneticallv 
is accordingly c times the Gaussian number; the electromagnetic unit of 
electric field strength is therefore c times smaller than the Gaussian unit. 

If the product of field strength and charge is to give the same 
force in both systems, then, the number measuring the field strength 
being c times greater in the electromagnetic system, the number measur- 
ing the charge must be c times smaller; 



It then follows from the relation 

J J i)„ dS = 47Te 

D 

that we must have D' = — 

c 

When we put D = cD' in the first of Maxwell’s equations, the left side 
of which has not changed, the factor c cancels out; in this case also 
the factor of proportionality c is equal to 1. It can be seen that the 
factors in Maxwell’s equations always remain equal to each other 
when we change to any other system of measurement; D, it is true, 
is transformed in the opposite way from E, but it is also oppositely 
placed in its equation, relatively to <?. 

On the other hand, the relation between D and E is changed; in 
fact, from D = KE, with E' = cE and D' = D/c, we find 
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As tlie result is often put; Kjc- is the “ dielectric constant ” Z' (wliich 
is therefore not dimensionless this time) in the electromagnetic system 
of units; the relation 

D' == Z'E' 

is accordingly formally preserved; but K' has not, of course, the same 
physical reality as E. 

If we begin exactly in the same way as above on the electric side, 
and then define the magnetic units by putting the Maxwellian factor 
equal to 1. we obtain the electrostatic system of measurement. Its elec- 
tric side is of course identical with the electric side of the Gaussian 
system. It is hardly ever used; when electrostatic units are referred 
to, v'hat is meant is the electric side of the Gaussian system. 

Most of the units of the systems which have been mentioned are 
inconveniently large or small for measuring the quantities which 
occur in practice; we therefore multiply them by a suitable numerical 
factor, and thus obtain the practical system of measurement. Its 
importance arises from the fact that nearly all numerical data in the 
literature, as well as the graduation of most instruments, refer to the 
units of this system; to save the necessity of converting such da1}a 
individually, it is often convenient to work with formula) which have 
been adapted to the practical system of units. 

The practical system is derived from the Gaussian system as follows: 

(1) for the unit of electrical energy we take, instead of the erg, 

10’ ergs = 1 joule; 

(2) for the unit of pressure we take 1/300 of the Gaussian unit, 

calling this new unit 1 volt. 

We shall denote quantities expressed in practical units by a suflix 1; 
we have therefore - 


Like the unit of energy or work, the unit of force is increased 10’ 
times, or 

E=10’Pi; 


also, since F = eE, we have 




If we are to have then 

e = 3 X 10® e^; 


i.e. the practical unit of charge is 3 X 10® times the Gaussian unit, 
and therefore of fli® electromagnetic unit. It is called the coulomb; 
and the unit of current (1 coulomb per second) is called the ampere. 
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It is connected with the Gaussian unit of current by the equation, 
similar to the one for charges, 

i 3 X 


Since on the magnetic side no change is made from the Gaussian 
system, H and B remain unaltered; the unit for these is called the 
gausB\ the unit of magnetic flux (1 gauss per sq. cm.) is called the 
maxwell. 

We shall now write down Maxwell’s equations in terms of practical 
units; we select the integral form, which is the one most frequently 
employed. Faraday’s law of induction 


becomes 3 x 10^® X -rh ^ Ei 

J ct 

or j)E^ds = X 10“®: 


tJj£. induced pressure in volts is equal to 10“® of the rate of decrease of the 
magnetic flux in maxwell j sec. 

The &st fundamental equation, for quasi-steady currents (neglect- 
ing the displacement current), may be written 

c ^JIds=^ 4:7rJ JindS == 4:7ri, 

where i is the total current threading the closed path of integration. 
With i = 3 X this gives 

3 X IQi® ^ Hi ds = 47r X 3 X 10®*!, 
or = 

the integral of the magnetic field strength round any closed path is equal 
to 47r/10 into the current {in amperes) threading the path. 

We have still to define the practical units of resistance, inductance, 
and capacity. 

If we put E = and i = 3 X 10® ip in Ohm’s law E= iR, 

we get 

= 3 X lOHiR, 

so that 22^ = 9 X 10^^12. 

The practical unit of resistance, called the oh7n, is therefore 1/(9 X 10^^) 
of the Gaussian unit. 
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Inductaace (i) and capacity (0) are defined by the eq^uations 


^-4 

dE i 

It ~ C‘ 


Dimensionally, these equations are exactly similar to Ohm’s law, so 
that we can write down at once 


X 


and 


C,= 


9 X 1011 


0 . 


The practical unit of inductance is called the henry, that of capacity 
the /arad. 

Finally, we have to determine the relation connecting D and E 
in the practical system of units. From 

E = ^ ^ ^ 10^%> and 

/ / {I>n)ldS= 47761 , 


it follows that 
or 


= 3 X lO^Dj, 
9 X IQii 


To the electrical engineer, of course, this definition of the practical 
system of units is of no more use than the statement, for example, 
that the metre is the forty-millionth part of the earth’s circumference. 
The system must be securely based on the exact specification of two 
or three magnitudes which are specially easy to prepare. According 
to an international agreement, confirmed by stiftute in most countries, 
the units chosen for the purpose are the units of resistance and current. 
The so-caUed “ international ohm ” is the resistance of a column of 
mercury of 1 sq. mm. cross-section and length 106*3 cm. at 0° C.; the 
“ international ampere ” is the current which in one second deposits 
1*118 mg. of silver. The “international volt” sends a current of 
1 ampere through a resistance of 1 ohm. 

These numbers once fixed will for reasons of convenience be 
adhered to permanently, just as the unit of length is not liable to 
change, although it is not exactly the forty-millionth part of the earth’s 
meridian. Later measurements have shown that the international value 
of the umt of current is fairly exact; the international unit of resis- 
tance is about *05 per cent too large. In the absence of an express 
stateinent to the contrary, all data in the literature, and the graduation 
of aU instruments, refer to international units. 



CHAPTER IX 


The Electrodynamics of Quasi-steady 
Currents 

1. The Theorem of Energy for a System of Linear Currents. 

The theorems to be developed in this section are to a large extent 
contained in the general results of the discussion of the energy of the 
magnetic field given in § 2, p. 146. The great practical importance of 
the more special arrangements which we are about to consider may- 
justify a separate exposition of their theory, on lines independent of 
our previous more general methods. 

We consider a number of circuits, which will be distinguished by 
the indices 1 , 2 ,...,^,.. ., n. Let %, in be the currents in the 

respective circuits, Rn their resistances, and . . ., S the 

applied electromotive forces acting in them (from accumulators, alter- 
nating current supply lines, thermal sources of E.M.F., &c.). There 
are to be no permanent magnets present. Further, the induction B is 
to be proportional everywhere to the field strength H, or 

B = /aH. 

The permeability /z may be any function of position, but is not to vary 
with H at a given point. We therefore exclude magnetically hard ferro- 
magnetic bodies altogether. If there are any soft ferromagnetic bodies 
in the field, their magnetization must correspond to the rectilinear 
early portion of the curve (fig. 5a, p. 134). In these circumstances the 
magnetic field energy TJ^ is given by 

Since B is solenoidal, we can introduce the vector potential A, and 
replace the induction B by curl A; then (p. 36) 

BH = H curl A = A curl H + div [AH], 

ITow curl H == 47ri/c. On integration over the whole system, the sur- 
face integral arising from the divergence term vanishes, so that we 
obtain , 
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( 1 ) 
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In a linear current of strengfcli i, if /S is tEe cross-section and ds an 
element of iengt-h of the condnctor, we have 

i dV = \ i \ S ds — i ds. 

Since i has the same value at all sections of a wire carrying a current, 
the energy of the field in our system of n circuits is 



But by Stokes’s theorem the integral round the Ath circuit becomes 
fjAds)= .... (16) 

where again stands for the flux of itiductiohi through ih& kifA cfi/rcuit. 
Hence, finally, for the energy of the field we have the expression 

( 2 ) , 


The energy of the magnetic field is obtained by multiplying the current 
strength of each circuit by the flux of induction through it^ summing over 
all the circuits and dividing by 2c. 

Along with the energy equation (2) we use as our second funda- 
mental theorem Faraday’s law of induction, which for the Wa circuit 


runs: 




1 

c dt ’ 


For the discussion of these energy questions, we make nse of the con- 
cept of the thermochemical activity T (cf. pp. 145, 160), the definition 
of which is 

= . . (3) 

Ck=:^i at 

Tft is therefore .the excess of the Joule heat ijc^Rjc developed per second 
over the activity of the applied E.M.F. If ikEf^'^ happens to be 

negative, it means that energy is communicated to the voltaic cell 
or accumulator in question. The accumulator, for example, is in that 
case being charged, and stores up energy to the amount of {—ijt.Ej,^^^) 
in the form of free chemical energy. Thus in all cases T is the energy 
gained per second in the form of heat or of chemical energy. 

We also admit the possibility of the various circuits, or parts of 
them, moving relatively to one another. The instantaneous positions of 
the movable parts are to be defined by certain parameters a^, . . a^. 
If, for example, a certain portion of wire is capable of displacement 
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parallel to the cc-axiSj a may be taken to be simply the cc-co-ordinate 
of a definite point of this portion of wire. We define the force 
corresponding to the displacement by the following condition: 
when the parameter changes to + da^, work F^da^. is thereby 
done on the portion of wire in question. If for instance is a length, 
jp’r is a force in the ordinary sense of the word; or if a.^ is an angle, 
Ff is a couple. The motion of our system of wires is described by assign- 
ing the values of as functions of the time. Since we exclude 

all forces except those arising from the field itself, the work done per 
second during this motion by the forces of the field is 

w 

The quantity W accordingly represents the amount of energy gained 
per second in the form of mechanical work. 

Any other forms of energy than those appearing in (2), (3), and (4) 
will be left out of account. The theorem of the conservation of energy 
for our closed system therefore takes the form: 

(5) 

at 

Thermochemical or mechanical energy can only be produced at the 
expense of the field energy TJ^. 

The state of our system at any moment is uniquely defined by the 
values in of the current strengths, and the values a^, . . 

of the parameters which specify the position of the system in space. 
We therefore consider the energy TJ^ and the fiux of induction O?; as 
functions of these tz + s quantities, 

Z7m = Ujn (H? • • ^n> • • *j ^s)j 

= ^7. (h, • • ini • - V • (6) 

(A=l, 2, n). 


The symbol 3/9ii will therefore denote differentiation with respect to 
ii, with the rest of the i's and all the a’s kept constant. 

(1) Processes in which no ^nechanical ivork is done, — ^Processes in 
which the parameters a do not change are of this character. We may 
further confine ourselves to the case where only the current i^ changes; 
we therefore take i^, •••} in "to be constants. It follows 

then from (2) that 


dUm ^ di, 
dt 9^1 dt 



d\ 

dt’ 
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and from (3) tnat 


Ok^l 


£?0;. 
dii dt 


Since W is zero here, (5) gives, -witli these values of dTJ^jdt and T, 


and 


4D. 


1 — S i]Q 
k^i 


di^ c ^ 


ail ’ 


(Ga) 


(2) Processes in which mechanical work is done . — The result (6a) 
enables ns to mate an important transformation of the expression for 
the time rate of increase of the energy, in the general case when the 
i’s and a’s vary in any manner. We have first 

_ V , y 3^ ^ 

dt k=\ 3^ di * r=i 3ar dt ’ 


and therefore, hy (6a), 

^ = 1 s o,^ + i: ^ ^ 

dt Ck^i * dt ‘ r=i 3ar dt * 


. ( 6 &) 


On the other hand, it follows at once from (2) that, in all cases, 


2 ^ = 1 2 + - Sis 

dt c dt ^ c ^ dt 


The last two equations give, on subtraction, 

dUm_ 1 V,* y Wb ^ 

dt " c (fe da, dt 


This equation, taken along with (3) and (5), gives for the mechanical 
work W obtained per second 

7-=i da, dt 


The generalized force F, 
fore, in view of (4), 


corresponding to the parameter a, is there - 



(6c) 


If tlm^efore the magnetic energy Uja is given, as in (6), as a function 
of the current stren^hs i and the positional co-ordinates a, then the partial 
derivative of with respect to i* gives the flux of induction (6a) through 
the Isih circuit, and that with respect to sl, gives the force corresponding 
to the co-ordinate a, (6c). 
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Special attention should be paid to the algebraic sign in (6c). In 
fact, in ordinary mechanics when the potential energy is given as a 
function of the positional co-ordinates, the forces are found, as we 
know, as the partial derivatives of minus the energy (or minus the 
potential) with respect to the corresponding co-ordinates. Hence, 
according to (6c), minus the magnetic energy plays the part of the 
potential. While in mechanics the forces act in such a direction that 
the potential energy is diminished by their action — ^work done at the 
expense of potential energy — our electrodynamic forces behave in the 
opposite way, viz. they act in such a direction that the energy of the 
magnetic field increases, A particularly clear example of this behaviour 
is shown if the currents are maintained at constant strength during the 
motion, say by suitable changes of the applied E.M.F.S (accumulators 
switched on or off). In that case dij^jdt = 0 for every and from (4), 
(66), and (6c) we find simply 



Thus the energy of the field increases by exactly the amount of the 
work done: If the wires carrying currents move, with the current strengths 
kept constant, in such a ivay that mechanical work W is derived from 
them, then the energy of the field increases by the same amount AV. The 
double energy gain of amount 2W per second is balanced by the toork done 
by the applied E31,F.s, by means of which the constancy of the currents 
is maintained. In fact, by (5), we have 

2Tf = - T. 

Also, by (3), ^ Y = S ~ 

Now is the activity of the apphed E.lLF.s in the fcth circuit; 

hence (— T*) is really the excess of the rate of working of the applied 
E.M.F.S, over the rate of development of Joule heat. 

Considering the direction in which, as we have shown, the mechani- 
cal forces act, we see at once from the formula (2) for that every 
wire carrying a current tends to move so as to embrace the greatest 
possible flux of induction. The quantitative value of the force we have 
already obtained (equation (8), p. 151). We shall return to this again 
after a discussion of equations (6a). 

2. Self-induction and Mutual Induction. 

We continue the consideration of the energy 
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of a system, of mres carrying onrrents under the conditions of the 
preceding section, attending specially to the flux of induction 

Q>,=£B„dS 

which, passes through the first circuit. In our system the vector B is 
uniquely defined at any point by the currents in in the various 

wires. The stipulation that [jl is to be independent of M has the further 
consequence that the contributions of the individual currents to the 
resultant vector B are directly proportional to the respective current 
strengths. Accordingly, we can subdivide the fl.ux of induction 3)^^ also 

into the contributions of the separate currents io, We express 

this fact by putting 

c 


The quantities so introduced have therefore this meaning, that 
is the flux of induction which passes through the Ath circuit, when 
the current = 1 flows in the 7cth circuit and all the other currents are 
zero. Clearly Ljij^ depends only on the relative position of the i^th and the 
Ai;h circuits. 

We call Lfijs the mutml indvdanee of the two circuits h and /c, when 
h 4= h and is called the $elf4ndiLCtance of the 7d)h circuit. 

We can of course write down an expression corresponding to (7) 
for each of the n circuits, so that we have generally 

- 0/4 = S Ljij. ij. (7a) 


The expression for the energy thus becomes 

^m~\ ^ ( 76 ) 

A=1 


The energy of the field is a homogeneous quadratic form in the current 
strengths. This result could also be deduced from the second of ‘equations 
(6a), viz. 




For this gives 






But, by a well-known theorem of Euler^s, this equation is equiva- 
lent to the statement that is a homogeneous quadratic function 
of the i’s. 
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Moreover, (7a), combined witb (6a), leads to a most important 
result with, respect to the symmetry of the mutual inductances. For 
(7a) gives 


SO that, by (6a), 


L]ih — 


dij, 9 % 


Erom this it follows that we have m all cases the S3rminetrical relation 

^hk = Lj:h (Tc) 

We shall employ this result at once, to transform the expression for 


the force in (6c), viz. 


jp 


for the case when the co-ordinate refers to the first circuit, so thab, 
when only changes, all the wires excepting the first remain at resb. 
In this case only those of the will depend on for which either 
/i or i is equal to 1. We find therefore from (76) 


F,= 


» 0L, fc . . , « dL.i 

1 s + I S 

k^i oa^ h^i oa-^ 


In the second term we can replace the idex of summation h by \ and 
the symmetry relation (7c) then gives 


or, by (7), 


^ c ^ dai 


( 8 ) 


The force in the direction of'^ the co-o^'dimte a^ is, except for the 
factor ijc, equal to the rate {per unit of a^) at which the flux of induction 
^>1 would increase, for motion in the direction with the current strengths 
hept constant. 

We shall illustrate this result by two simple applications. 

(1) Foh'ce on an element ds of a conductor carrying a current . — ^Let the 
element d% be freely movable, by means of sliding contacts, in the 
direction r. In a motion of ds represented by the unit vector Tq, ds 
sweeps out the area [roC?s]. The flux of induction crossing this is 

(B [iq ds1 ) = (Tq [^^s B] ). 


The flux is iacreased by this amount. Eor the component, in the 
direction r, of the force on the element cZs, we have therefore, by (8), 

^r= ^^(ro[*B3). 
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and, consequently, for the force itself, 

5 * == i [(Zs B], 
c 


(8a) 


wMcLl agrees \ritli (8), p. 161. 

(2) The couple acting on a plane circuit in a homogeneous field . — ^If 
8 is the area enclosed by the plane circuit, and a the angle between the 
normal to the area and the homogeneous field Bq, then the part of the 
whole induction arising from Bq is 

Oq = /S 1 Bq I cosa. 


Hence, by (S), the couple on our circuit round an axis perpendicular to 
the field, and tending to increase a, is 


0 . 


30 , 


3a 


p 


iS , 


Bq I sma. 


In the absence of magnetizable materials Bq is identical with Hq. 
Thus Co. is the same as the couple which would act on a magnetic 
needle of moment iS/c. This is exactly what we should expect in view 
of the equivalence of currents and magnetic shells (cf. p. 127). 

3. Calculation of Inductance in some Special Cases. 

In the two preceding sections, we have supposed that /x may vary 
in any way from place to place. If we now assume the permeability to 
have the same value all over the magnetic field, we can find a general 
formula for the mutual inductance of two circuits 1 and 2. By defini- 
tion, c£i 2^2 induction which the current ^ bhe circuit 2 

causes to pass through the circuit 1. If we denote by ds^ a line 
element of the circuit 1, and by dsg a similar element of the circuit 2, 
we have, by (16), p. 160, 

where A is the vector potential at ds^ due to the current 2. For this, 
however, we have previously (cf. e.g. (3a), p. 129) found the value 

c J r 

so that wc obtain ^ (gj 

0 J J rj2 

To calculate the mutual inductance we have therefore to take the 
scalar product of every line element of the one circuit by every line 
element of the other, divide by the distance between the two elements, 
integrate over both circuits, and finally multiply by 
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The condition of symmetry = -^21 ^ obviously satisfied. 
As an application we shall take a case which is important in practice, 
that of two parallel, coaxial, circular currents. 

Let ^2 be the radii of the two circles, and z the distance between 
their planes. Consider two line elements and c?So, inclined to one 
another at an angle 6. Their distance is 

^12 = cosS). 

If in the double integral (9) we integrate first over the circuit 2, we 
have, since ds^ == a^ dO, 

, r cosO ds 2 ___ , p- Ug COS0 dO 

^ ^12 + ^1 + ^2 ■” oo&dy 

The integration over the first circuit now gives simply J 
so that we obtain 

j. 27r/x r27r aja 2 cos0 dO 

~ Jo ^/{z^ -r (ii+ — 2 ( 2 jl «2 cos 0 )‘ 


To reduce the integral to the elliptic integrals given in tables, we put 




and 8 = 7T — 2<f>, 


Then 

and 


{a^ + < 22 )^ + 

COS0 == — cos2^ = 2 sin^^ — 1, 

+ ^2 ■“ 4<^^2 
= + («i + «2)®} V(1 — sia^). 

We thus find 

But we Have identically 

2 sm?<f> - 1 _ 1 / 2-P 


Hence 

where 


i \w=^) - -v)|. 

. . ( 10 ) 


K= fl -T/i- 'yo ^ V(1 - sinV) 34-, (10a) 

so that K and E are the complete elliptic integrals of the first and 
second kind respectively, whose values for a given Jc can be obtained 
from tables. 
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We sLail also work out an approximation to the value of (10), 
for tke case wken tie smallest distance b between the two circles is sinall 
co7npared to their diameters. We therefore take !%■— <^ 2 !/^! 
zja^ both small. 

Then h is nearly equal to 1, and we find for E the approximate 

value p cos^ d(f> = 1; K, however, becomes infinite for h^\. To find 

an approximate value for E when Z; « 1, we first change ([> into ^ 
and split up E into the two parts 


TT- ^ I rf 

Jo V(l-Fcos2^)'^ A 


d<j> 


y'(i — cos^Y 


where <j)Q is chosen so that is very great compared with 1 — 
but very small compared with 1. We can then for a first approxi- 
mation replace cos^^ in the first term by 1 — and in the second 
term by 1. This gives 


Now put 


E— 

64 , 

rl # 

Jo V{(1- 

- J 


Z;'2=l_7c3 = 

(oj Oj)® 3!® __ 

(Oi + + 2® ~ 

iif- 


. (106) 
. (10c) 


where 6 is the shortest distance between the circles, and 2a is their 
mean diameter. In the first integral we can write simply instead of 
Then elementary integration gives 


]c 


log tan 


^0 


Since is very large compared witli Jc'% but very small compared with 
1, we may therefore take 


x-ioga!-iogt»=iogi 


k' 



If then we put ^ = 1 in the terms still outstanding in (10), we find 

= (lOd) 

This gives the mutual inductance of two coaxial circles of nearly equal 
radii a^ the shortest distance b between the circles being small com- 
pared to a. 
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We shall use the result to deduce the self-inductance of a circular 
wire of radius R, the cross-section of which is a circle of radius r, where 
r : R is small. In this case it is not allowable to regard the conductor 
as linear, since the^energy of the magnetic field would then be infinitely 
great for a finite current. We therefore start from the general formula 
(76), p. 164, which for the case of a single circuit runs 

We divide the integration space into two parts, the first part Vq in- 
cludiug the whole of space outside the wire, and the other part 
the space occupied by the wire. The permeabilities /Xq and /x^ may be 
different. Similarly we take 

L= Lq-^t 

regard L as the sum of an outer and an ioner self-inductance, 

= I ■ • • • 

Our assumption that r/R is small enables us to use the folio wmg 
approximate method. In the outer region we make the calculation as 
if the current i were concentrated at the axis, while within the wire 
we assume the field to have the value which it would have if the wire 
were straight and of infinite length. 

To calculate Lq from (11), we replace the action of the current i 
by that of a magnetic shell bounded by it; the magnetic potential 
(f>ra due to this shell therefore changes suddenly by 47n7c when we 
pass through the shell. Hence, by Green's theorem, 

i///BH5F,-i//B.iS. 

Now \\Bn dS is the flux of induction which the linear circuit i of radius 
R sends through the circle of radius R — r; so that 

y fB„dS = Loi, 

where Lq is the same as the quantity L ^2 given by (10^), provided we 
put R for a, and r for 6; thus 

i.= *^»2(log^-2) (1I«) 


i.e. we 
where 


and 
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In the vrAerior of the time, the field at a distance y from the axis is given 
(p. 127) by 

H 

The energy per unit length is accordingly 

The product of this by iirU, the length of the wire, is equal to ^ 
by (11); therefore 

A = 9-2 (116) 

The total self-inductance of our circuit is then 

£ = A + A=^{^ + /*o(log^-2)}. . (11c) 

In particular, for non-magnetic material = /iQ = 1), 

ii=^{log^-l} (lid) 

Take the numerical example i2 =» 6 cm., r = 0*5 mm. 

Here log ^ = log, 800 = 6-68, 

r 

so that 1* = ^ l*o) [^] 11^®) 

For a wire of ferromagnetic material, in air, we might have « 500. 
fiQ=l. In this case LJLq would therefore be large, and the bulk of 
the energy of the field would be within the wire. In contrast to this, 
with nonmagnetic material = 1) only about 5 per cent of 

the energy resides in the interior of the wire. 

The above process of subdividing L into Lq and is physically 
important in another case also, viz. when we are dealing with high- 
frequency alternating currents. In that case the current density is 
not uniform over the cross-section, as we assumed it to be in the above 
calculation of In consequence of the shin-effect, which will be dis- 
cussed later (p. 196), the current prefers a path near the surface of the 
wire, and the field is likewise confined to a thin surface layer. This 
results in a reduction of the value of while Lq is scarcely affected 
by the change. For suflS.ciently rapid alternations L-^ therefore be- 
comes 0, and L = 

An essentially sunpler calculation is that of the value of L for a 
long coil wound on a ring. Let r be the mean radius of the ring, S its 
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cross-section, n tlie number of turns, and [jl tlie permeability of tbe core. 
Then inside the coil we have 


i^rrH = — nif 
c 


so that 


__ fjL nH^ 
Stt 27r ‘ 


Multiplying by the volume ^tttS oi the field space, we obtain 

wl.«>ce i = W) 

If we wish to express L in henrys in forjnulce (10) and (11), we must 
multiply the values calculated from these formulce 6y 9 X 10^. 

Similarly the formulae of § 5, p. 60, will give the capacity in farads, 
if we divide by 9 X 10^^. 


4. Circuit with Resistance and Self-Inductance. 


We return now to the case of a number of closed conductors with 
ohmic resistances Rj^, applied E.M.F.8 and fluxes of induction 
<I)fc. Then the law governing the changes in the current strengths 
is expressed by the equation 


hfik — — — - 


dt 


If the special conditions of § 1, p. 159, are satisfied, so that in par- 
ticular the permeability /x is everywhere a constant of the material inde- 
pendent of H, the7i Ofc is a linear function of the current strengths, or, as 
in (7), p, 164, ^ 

- O/c = S 

0 r=l 

Moreover, for circuits at rest, the inductances L*,. are constanL The 
law of induction therefore gives the n equations 

+ . ( 12 ) 


or, written out in full, 

yj, + § + Aa § + . . . + 
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These are n equations for the n derivatives dij.ldt. Hence, if the 
values of ij. and are given for each h at time the values of the 
i;.'s are determined by (12) for time t + dt. The whole course of the 
changes of the currents in time is therefore defined by (12), provided 
the applied E.M.F.s are known as functions of the time. 

We shall discuss a few special cases in greater detail. 

Circuit iviiliout applied B.M.F. — Here we have only one equation, 
and in this == 0; i.e. 

the general solution of which is 

i = (0 == L/R) (13) 

The current diminishes at such a rate that in the time ft= L/R 
(the time constant of the circuit), it falls to the 6th part of its initial 
value. 

Circuit with periodic applied B.M.F. = Eq coscdL — ^Here we 
have 

di 

iiJ ^ = -Sq (l‘3a) 


We can find a particular solution of this non-homogeneous equation 
by putting 

i = io cos(coi — ^) (136) 

(13ct) then becomes 

cosaJ^ (12 cos^ + oiL sin<^) — E^ 

+ sincu^ ig (R sin^ — o)L cosj>) = 0. 


This equation must be satisfied for all values of t; the coefficients of 
cosmi and sincu^ must therefore both vanish. The two equations thus 
obtained for and ^ give 


tan^ == coLjR /* 


(13c) 


The quantity {R^ is called the impedance of the circuit, and 

(j> is called the lag of the current behind the voltage. 


5. The Vector Diagram. 

The calculation of the unknown quantities in alternating current 
work becomes shorter and easier to follow if we use complex quanti- 
ties and graphical processes. As an illustration we shall take the 
simple problem just discussed. 
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Vector diagram . — ^We represent tEe alternating quantities as vectors 
in tEe complex plane. An alternating pressure E — for example/''’ 

is represented (fig. 1) by a vector of lengtE which makes an angle 
Wit with the real axis. In the course of a period the extremity of this 
vector describes a circle about the origin. Its projection OA on 
the real axis gives the real value of the pressure at the moment in 
question. 

For calculating with such vectors we have the following rules. 
Addition of the two quanties A^°- and is equivalent to geometrical 
addition (by the parallelogram law) of the corresponding vectors. 
One quantity Aei’^ is multiplied by a second quantity by turning 
the first vector through an angle jS in the positive (i.e. counterclock- 
wise) sense and multiplying its length by B. Multiplication by the 




imaginary unit j — denotes rotation through -f90°. In processes 
with a given value of w — ^the angular velocity' of the vector — 
difierentiation with respect to the time is equivalent to multiplication 
by jw, so that our alternating current equation 

m+L~=E 

at 


becomes the simple vector equation 

Ri -j- jwLir = Ey 

connecting the complex vectors i and E. 

For any value of i, let OA be equal to Ri (fig. 2). The vector jitoLi 
is then represented by OB at right angles to OA. The vector 00 re- 
presenting E is the vector sum of OA and OB. If we now imagine the 
rectangle OACB to be rotating like a rigid lamina round the origin 
with angular velocity co, then the projections of OA and 00 on the 
real axis give the values of the current and pressure at any time; and 

* Hero j = so that = cosw^ -J- j sinwi. The symbol j for V —1 will be 
used throughout. 
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fclie imaginary axis can be used in a similar way. The results of (13c) 
for the impedance and the lag can be read off the figure at once. 

The activity (rate of working) of the applied B.M.F. is at any 
moment 

Si == Sq coscot . io cos(cc^ — <^) 

= ^SqZq {cos^S + cos(2cot — cf )) }. 

The average actiyity over a period is therefore 


i.e. half the scalar product of the vectors S and i. 

An equivalent expression for the average activity can be obtained 
immediately from the original real differential equation 

at 

which gives = i^R + ^ (t^). 

In time-periodic processes, such as alternating currents, the mean 
value of the last term is 0, so that = i^R\ hence, on the average, 
the activity of the alternating current is identical with the rate of 
production of Joule heat. 

This theorem, moreover, continues to hold in the case of the much 
more general equations (12), p. 171. Thus, if we multiply the typical 
equation of (12) by 4, and add aH the results, noting that == 
we find, for time-periodic processes, 

*-»i A=.i 

If we multiply (13a), p. 172, not by i, but by difdt, we find, on taking 
the time average, 



or, after division by co, 

^Eq^ shx<f> = icoLi^K 

Here on the right we have the peak value of the energy of the 
magnetic field, multiplied by co. The quantity cos<^ 

is called by electrical engineers the ‘‘ power the other quantity 
sin^ is sometimes referred to as the “ wattless component 
of ^E^i^. 
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6. Two Circuits (Transformer). 


We consider next two circuits in one of which there is a periodic 
E.M.F. — ^the case of a transformer. Here equations (12), n, 17i. become 
(fig. 3) ' 






at 


at 




For an alternating pressure ^l^ese can be completely 

solved by a method analogous to the one just used, viz. we put 
and ig = 

We confine ourselves to a direct 
discussion of the relations in an ideal 
transformer with pure ohmic loading. ^ 

This is characterized by vanishingly i 
small resistance in the primary winding — 

(jRi/coj&n very small), and Meal fixed 
coupling between the primary and the 3 

secondary circuit. The latter condition 

means that the whole of the lines of induction which pass through 
the one circuit also pass through the other. This result can be 
attained very approximately by winding both circuits on the same 
closed iron core; the lines of induction will then nearly all take a 
course through this core. If the flux of induction in the iron core is 
denoted by <&, and the number of turns in primary and secondary by 
and 712 , then 0% and are the fluxes through the two windings. 
If ji!?i == 0, we have therefore 

% ^ = 

c at ’ 



iA + if-o. 


From these we have, first. 



for the effective pressure in the secondary. The most important point, 
however, is that (as we see from the first equation) the flux O is de- 
termined by the primary pressure alone, independently of the locd: 
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On the other hand, the magnetic field strength, and accordingly the 
fiux also in the iron core, are at any one moment proportional to the 
sum n-^ 4* ^ 2 ^* 2 - 

where £ is a (real) constant of the transformer. We therefore have the 
vector diagram for the ideal transformer 
shown in fig. 4, viz. a vector E for the 
primary pressure, the vector lagging 90° 

behind this, and the vector with a 
further lag of 90°. The vector for the 
primary current is then determined as the 
vector difference iO — When 

diminishes, i.e. when the load increases, 
%% revolves in the positive sense away from 
the direction of with a corresponding 
increase of the “power” (p. 174) in the 
primary circuit. The “ wattless component ” 
of (p. 174) is, on the contrary, independent of R^. 

7. Circuit with Self-Inductance, Capacity, and Resistance. 

When a circuit includes a condenser, the current loses its solenoidal 
character, since the coatings of the condenser act as sources or sinks 
for the current. To calculate the magnetic field we should therefore 
in theory take into account not merely the 
conduction current i, but also the displace- 
ment current D/47r. So long, however, as 
the distance between the condenser plates 
is small, we can neglect the effect of the 
displacement current on the energy of the 
magnetic field, as compared with the effect 
of the conduction current. This simplifica- 
tion, as we shall see immediately, leads to 
a certain want of definiteness — ^which, how- 
ever, is of no practical importance — ^in the 
application of the law of induction. Consider, for example, a circuit 
(fig. 5) contaming a resistance R, a capacity C, and a self-mductance 
Zr, connected m series; and let the applied E.M.F. be represented 
by a potential difference E between the pomts A and F in the circuit. 
We calculate the pressure round the circuit along the path ARLCEFA, 
which runs in the wire from A to 0 and from C to F, but, in the con- 
denser and from F to A, runs in the dielectric. 

The total pressure, if is the potential difference of the condenser 
coatings, h Ri + <f> — E. But the flux enclosed by the circuit clearly 
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depends on the course taken by the path of integration through the 
condenser. Thus, in taking 


+ ^ — — (14) 


and treating L as constant, we are ignoring that portion of the 
magnetic field which lies between the coatings of the condenser. 

Furthermore, the current i is equal to the time rate of change of 
the charge on the condenser, so that, if the capacity of the condenser 
is 0, we have 


For an alternating current varying as 
this gives 

i = jo}C(j>, 

and therefore, from (14), 

Hi “f- Joji/i — ~y>i ^ 

Cl)() 


Ri 


f 

i 



Fig. 6 


It follows that i and E are related in the way represented in the vector 
diagram (fig. 6). The impedance of the circuit is given by 



i-fi, 

oiGJ I 


It has a minimum value when co- = 1 /LO, For small values of R, 
the minimum is very sharply defined. If then the applied pressure E 
is made up of partial pressures of all possible periods superimposed 
on each other, the current, speaking broadly, will contain only those 
frequencies which are close to the “ proper feequency ” 

1 

2n^{LGy 


corresponding to co = 1|^/{LG). It is a matter of resonance between 
the period of the pressure and the proper ” period of oscillation of 
the circuit. The latter will now be discussed. 

Electrical Proper Yihrations , — ^If we connect the points A and F 
of the circuit (fig. 5) by a thick wire (short circuit), then E becomes 
0, and our equations (14) and (14a) give 


Ei + <f, + L^^=0. 
at 


(E484) 


7 
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By eliminating we find 


dH. 


R di . 
1 S + 


GL 


i= 0. 


(15) 


It may bo remarked that this equation, which we have deduced from 
the law of induction, can also be obtained very easily by a direct appli- 
cation of the principle of energy. For the whole field energy at any one 
moment is given by 

Since there are no external E.M.F.S acting, the rate at which V 
diminishes must be equal to the rate of development of Joule heat, 

= • • » 

Since we have also 0^ = i, this eq^aation transforms at once into the 
one given above. 

The general solution of (15), with two constants of integration 
and c,, is 


Here, and are the two quantities 


_ -5 , 1 \ 

OL}’ 


R? 


. .. R 


The discharge is therefore periodic, if < — 77777 ^ '» non-periodic, i 

jj 1 V(Ol,) 


^{VLY 
If we write for shortness 


R 


w ^^^{Loy • 

then, in the periodic case, we have 

i = sin(Va>o^ — t -f 6); 
but, for non-periodic discharge, 
i= Ae~'(^+ 


. • • (156) 


Cases in which the damping is slight are specially important in appli- 
cations, These occur when 8 is so small compared with coq that 
can be neglected in comparison with We then have 

i == sm{a>oi + &)• 
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TEe period of a vibration is 

T=—=%n-s/(LC). 

COq 

The logarithmic decrement D is the logarithm of the ratio of the 
amplitudes of two successive vibrations; or 

= ,rBV(x) (15°) 

TEe reciprocal of D, viz. ^ , 

U Jjtto 

gives tEe number of vibrations after ■wEicE tEe amplitude is reduced 
to 1/e of its original value. 

As a numerical example, consider a Leyden jar of radius 5 cm., thickness 
0-2 cm., and height 20 cm.; by the formula for the plate condenser (p. 70), 

4:Tz£ 


we find, with Z = 6 (glass), /S = (27 p X 6 X 20 + tu X 25) sq[. cm,. 


0 = 


5 X 7c X 225 
471; X 0*2 
1400 


= 1400 cm. 


9X 10^ 


farad. 


As short-circuiting wire we take a single copper wire bent to a circle, of the dimen- 
sions used in (lie), p. 170, viz. D = 10 cm., d' = 0*1 cm. Its self-inductance L is, 
by (lie), _ 

L = ^ X 4-93= 34-4X 

c* cm. 

= 34*4 X 10”^° X 9 X 10^^ henry. 

Tor the resistance B of the wire, we calculate first the ordinary resistance for 
direct current, 

B= 1 0 _X-4 10-6 ohm 

0-01 X 7c 

= 6*8 X 10“® ohm. 


With these numbers we get from (156) 


and 


S=^=MX 10«sec.-i, 

mJj 


This frequency would correspond to a wave-length X == c/vo = 41 metres. The 
number of vibrations giving damping to the eth part would be Vq/S = 660, 
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11 tLe ■\ibTations are excited by discharge across a spark gap, we 
sEouid of course expect decidedly stronger damping, on account of 
the iacTcase in R due to the resistance of the spark gap. Even without 
a spark gap, an essentially higher value of R is to be expected, on 
account of the “ skin eSect ” to be discussed in § 5, p. 196, whereby in 
such rapid vibrations the current is crowded towards the surface of 
the ’\vire. In cases of this type, we cannot use the whole cross-section 
as one of the data for calculating J?, bnt only the cross-section of that 
layer near the surface which is occupied by the current; the latter 
area is a function of the frequency. 

But even after this correction our calculation of the damping still 
contains an inaccuracy, highly important in theory, although practi- 
cally insignificant in our numerical example. In our circuit, the elec- 
trical cuirent begins and ends at the coatings of the Leyden jar. 
These act as sources and sinks for the current. Nevertheless, the 
whole of the preceding discussion of the magnetic field is founded upon 
the equation for steady currents, 

curl H == — i, 
c 

which obviously cannot be right, if div i is anywhere different from 
zero — ^for div curl H is everywhere identically 0. We have therefore, 
in our proof of equation (14), ignored the fact that the conduction cur- 
rent is interrupted by the dielectric in the condenser. A rigorous 
treatment would require to take into account the displacement current 

D/47T, by which the conduction current must be supplemented to 

produce the Maxwellian solenoidal total current c = i -f- D/47r. The 
practical effect of this term will be considered in detail later (p. 229). 
It corresponds to radiation of energy in the form of electromagnetic 
waves, radiation which can be described in terms of the Poynting 
vector K (p. 146). In the energy equation (15a), the only transformation 
of the field energy which we have considered is the transformation into 
the Joule heat RP, But besides this thermal energy the action of the 
field is also associated with energy of radiation, the mean rate of pro- 
duction of which is likewise proportional to i^, and can therefore be 
represented by a term It is therefore the sum jB -f- B,. of the 

ohmic resistance and the resistance due to radiation which determines 
the damping. That we could disregard the displacement current and 
radiation with impunity in our treatment of the condenser dis- 
charge we owe to the facts (1) that the distance between the con- 
denser coatings was small compared to the length of the discharging 
wire, and (2) that the length of the latter was itself small compared 
to the wave-length of the radiation corresponding to its proper fre- 
quency. It was only in consequence of these two circumstances 
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that we committed no very serious mistake when we treated the 
current in the wire as quasi-steady and so assumed that at any 
given moment the current across every cross-section of the wire had 
one and the same value. When the distance between the coatings is 
increased, the capacity of the condenser may become so small that 
the capacity of the conducting wires may become comparatively 
important. But in that case we have to contemplate sources and 
sinte of current, distributed over the whole wire, so that i will certainly 
have different values at different points. If, on the other hand, the 
length of the discharging wire is of the same order of magnitude as 
the wave-length, then the finite velocity of propagation leads to a 
relative phase displacement of the currents in the various parts of the 
circuit. We s ha ll go into these matters more minutely when we come to 
discuss waves in wires (p. 206) and Hertzian waves (p. 223). 



GEAPTER X 


Electromagnetic Waves 


L Plane Waves in a Homcgeneous Isotropic Dielectric. 

We pass in tliis chapter to the discussion of electromagnetic fields 
which vary rapidly in space and time, especially electromagnetic waves. 
The assumption that the current is quasi-steady is not permissible 
in cases of this type. The mathematical theory of electric waves has 
to be based on the difierential equations of the electromagnetic field 
for bodies at rest (§ 1, p. 143). 

We consider in the first place a homogeneous isotropic dielectric; 
there are no applied electromotive forces, K and ju are constant, cr is 
equal to 0, The field equations of p. 144 become 

— ^ = curl E, (la) 

c ot 


|?=cuxlE. 
c dt 


( 16 ) 


Since /x is constant, div H = 0. 


(Ic) 


Also, if tliere are no “ true ” charges (p. 74) in the interior of the 
insulator, 

div E = 0 (Id) 

This system of equations deterroines the propagation of electro- 
magnetic waves in the dielectric. We can easily eliminate either of 
the vectors E, H from (la) and (16). To eUmioate E, take the curl of 
the first equation; differentiate the second with respect to t, and 
multiply it by Z/c; then add. 

We thus obtain 

Zja d^H . 

3 ^ = curlcurlH. 


In view of (Ic) and the identity (33), p. 36, this becomes 


K[i 


02H 





ELECTROi'L^GNETIC WAVES 183 


On tlie other hand, we may eliminate H instead of E by an exactly 
similar process, and so obtain 


AT? 


C- 


( 1 /) 


The two vectors S and H accordingly satisfy the same differential 
equation. Eor fields which do not vary with the time, the equation 
reduces to Laplace’s equation. 

We shall now look for particular solutions of the field equations, 
corresponding to plane homogeneous wave trains. A wave train is 
called plane when a family of parallel planes can be taken in the field, 
such that the electric and magnetic field strengths are constant in 
magnitude and direction at all points of any given member of the 
family; the planes are called the wave fronts, the direction perpen- 
dicular to them the wave normal. We shall take the axis of 53 in the 
direction of the wave normal, so that the wave fronts are parallel to 
the plane of yz. Since E and IE are to be constant in any one wave 
front, the partial derivatives with respect to y or z must vanish, and 
the field equations take the form 


K 

dj^ 

= 0, 


11 

= 0, 


c 

dt 


0 

dt 



E 

dE„ 

dS, 


dH, 


dE, 

c 

dt 

dx’ 

c 

dt ~ 


dx' 

E 

dE, 

,dH, 


dH, 

: -[- 

dEy 

c 

dt 


0 

dt ~ 

dx ' 



dH^ n 
dx ~ ' 

dE, 

dx 

-=o. 


• • 


(2a) 


( 2 &) 


Krom (26) and the first line of (2a), it follows that the longitudinal 
components and are constant in space as well as in time. If they 
were different from 0, they could only represent a statical field super- 
imposed on the wave system. Such a field, however, could have no 
effect on the wave propagation and is therefore of no interest for the 
present problem. Eor this reason we put 

Eg,= H^^ 0 . 

With regard to the four remaining equations of (2a) we note that 
two of them connect E^ and the other two E^^ and Ey, We can 
therefore deal with these pairs of components separately. The equations 

K dEy I 
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IS* 


give, on eiimination of Eg and E„ respectively, 

Kfi o^E.,_d^^ 

(? df- dx^ ’ ■ 

Kim f 5, 

c- ct^ ’ 


(2d) 

(2e) 


equations which might be got at once from (le) and (1/) by deleting 
the derivatives with respect to y and z, -which vanish for the homo- 
geneous plane -waves we are considering. The partial differential 
equations (2d), (2e) are familiar from their occurrence in the theory of 
vibrating strings. The general solution of (2d) can be -written in the 
form 

= /i (® — + /a (® -b “0 (3) 


where 




(3a) 


and /i, /2 are any functions of the single arguments x^at, at 
respectively. 

The equations (2c) are then both satisfied if we also take 

E,^V(^ll.){f,{x^at)^Mx+at)}. . . (36) 


The arbitrary functions fi{x — at), f^{x + at) represent waves propa- 
gated in the positive and negative directions of the a;-axis respectively. 

We confine ourselves in what follows to the discussion of the par- 
ticular solution given by the function /^(cc — at). The form of the 
function is determined by the wave form at the time t=0; this 
wave form is propagated without change of type with the velocity a. 
The velocity of a plane electromagnetic wave in an isotropic insulator 
is therefore independent of the wave form and the wave length. In 
free space, where £” == 1 and ft = 1 in the Gaussian system of units, 
the velocity becomes by (3a) the universal constant c, which by com- 
paring the electrostatic and electromagnetic units is found (p. 154:) 
to have the value 

c = 3 X 10^® cm. /sec. 


This number agrees with the velocity of light in vacuo, i.e. in free space 
the velocity of plane electromagnetic waves is equal to c, the velocity of light. 

It is not theic velocity only which light waves and electromagnetic 
waves have in common. Electro^nagnetic waves, like light waves, are 
transverse to the direction of propagation. We have found, in fact, that 
neither E nor H can have a periodically changing longitudinal com- 
ponent. Both vectors are perpendicular to the wave normal. In free 
space, electromagnetic waves and light waves therefore behave in an 
exactly similar way. 
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These consequences of Ms field equations were what led Maxwell 
fco formulate the electroTiiagnetic theory of light. This theory regards 
light and radiant heat as phenomena of electromagnetic wave motion. 
It is superior to the old mechanical theory of light, first, because it 
enables the velocity of light to be deduced from purely electromagnetic 
measurements; and, secondly, because by its very nature it allows 
only transversal plane light waves. On the old theory, which regarded 
light as wave motion of an elastic medium, it was difficult to explain 
the non-occurrence of longitudinal light. The electromagnetic theory 
excludes longitudinal light from the beginning. 

If light is really an electromagnetic process, then all the optical proper- 
ties of a substance must he completely determined when its electrical con- 
stants are given. It follows in fact from the Maxwehian theory, as we 
shall see immediately, that the optical index of refraction is efiectiveiy 
determined by the dielectric constant, and the coefficient of absorp- 
tion by the electric conductivity. It is only, it is true, in the case 
of sufficiently long waves — ^infra-red or Hertzian waves — ^that these 
quantitative requirements of the theory are in accord with experimental 
facts. The difficulty is explained and removed by the theory of electrons, 
which shows that electric polarization, on account of the inertia of the 
electrons, must be treated as a kinetic process, in wMch the frequency 
of the incident light plays a dominating part. TMs additional con- 
sideration — dependence of K and a upon frequency — ^must be taken 
into account fr Maxwell’s theory is to give a description of optical 
phenomena which fits the facts. 

In dielectric bodies, whose dielectric constant and magnetic per- 
meability are different from 1, the velocity of electromagnetic waves 
is given by (3a). The index of refraction of a dielectric is accordingly 
given in the general case by 

n = -=VA> {3c) 

Q 


In the special case when /a == 1, we have the so-called “ Maxwell’s 

relation ” 9 t- foj\ 

n^^K (3a) 


For insulators, which are neither paramagnetic mr diamagnetic, the 
dielectric constant, according to the electromagnetic theory of light, must 
be equal to the square of the optical index of refraction. By testing this 
result experimentally, we are in a position to judge, assu min g the 
correctness of the electromagnetic theory of light, whether the field 
equations do correctly describe the behaviour of dielectrics in the 
presence of very rapid electrical vibrations. In point of fact, the field 
equations for insulators were derived from the general fundamental 
equations I to IV (§ 1, p. 144:) by extending the relation 

D = ZE 


(e484) 


7# 
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from electrostatic fields to alternating fields of any freqaency, how- 
ever liigli. Maxwell’s relation {M) gives ns a means of testing the 
legitimacy of tins extension. 

For many gases, as for example Ho, COg, ISTg, O 2 , the relation (35) 
is in fairly good agreement with experiment in the visible region. 
Even there, however, it fails for “ polar ” gases (like HCl, NH 3 ), 
from fche chemical behaviour of which we conjecture that they consist 
of ions held together in pairs by Coulomb attractions. In these gases, 
of course, inertia must have a much greater influence, in polarization 
by the alternating field of the light wave, than in the first-named 
gases, in which electrons only have to be moved. The Maxwell relation 
fails in the visible part of the spectrum in those bodies which show 
selective absorption in the infra-red. The failure is particularly marked 
e.g. in water (K = 81, n = 1-33). 

The question whether the plane of polarization of a plane-polarized 
ray is defined by the vector E or by H cannot be decided by means 
of the theory as developed up to this point. It follows, however, from 
the extension of the electromagnetic theory to crystals that we arrive 
at the correct laws of crystal optics if we refer optical aeolotropy to 
aeolotropy of the dielectric, and take the plane of polarization through 
H and the wave normal. It may also be mentioned, without going 
into details, that the laws of reflexion of light at the surface of trans- 
parent bodies, as deduced from the electromagnetic theory, are in 
agreement with Fresnel’s formulae, provided we take the plane of 
polarization of a plane-polarized ray to be at right angles to the 
vector E. 

We shall now calculate the energy transmitted by the plane electro- 
magnetic wave for which 

=/(® — "Oj Sg = — at). 

By the energy theorems (1), (2), p. 146, the energy which passes per 
second across 1 sq. cm. of the yz-plane is given by the Poynting vector 

N = ^[EH], 

i.. = 

On the other hand, the energy density « in the wave field is given 
(p. 145) by 

u= fiB?) 
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Foe a velocity of propagation a = c/y^(X/a) of the plane wave we ha^^e 
therefore 

= aii\ 

i.e. the energy which crosses 1 sq. cm. of the z/^-plane per second is 
exactly the amount contained in a cylinder of unit cross-section and 
length a. 


2. Plane Waves in Homogeneous Conductors. 

When the homogeneous isotropic body, through which the electro- 
magnetic wave is passing, is a conductor of electricity, equation (la), 
p. 182, must be extended by including the conduction current. The 
general field equations of § 1, p. 144, give in this case 





and, since there is no true ” magnetism, 

div H == 0 (4c) 

Equation {Id), p. 182, which expresses the absence of free electricity 
in the interior of the homogeneous dielectric, continues to hold for the 
waves in the interior of the homogeneous conductor. To see this, 
form the divergence of (4a). We find 

~ ^ div E + div E = 0. 
c dt c 

From this equation we have already deduced (p. 115) that the volume 
density of free electricity at every point in the field diminishes accord- 
ing to the law 

p' = ^ div E = 

where 0 = Kj4:7Ta is the so-called “ time of relaxation The rate of 
decay of an original distribution of free electricity pf is therefore 
entirely independent of the electromagnetic disturbances which 
penetrate the interior of the homogeneous conductor. If, for example, 
we assume that at time t = 0 the field within the conductor was zero, 
then pf is also zero, and therefore p\ the density of free electricity, 
is permanently zero. From the equation thus obtained, mz. 

div E = 0, (4^) 
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and frona (ia), (46), (4o), we now conclude, exactly as in the preceding 
section (p. 183), that only transverse plane electromagnetic waves can 
be propagated in the interior of the homogeneous conductor. The 
elimination of S, or of H, can also be carried out in precisely the same 
way as at the place mentioned. We thus obtain for these two vectors 
the diSerential equations 


Ell d-B. , 4:7Taii an 


a' 

Ell a^E 

■^2- w 




c- 




• • {4e) 

• . W) 


■vrMcli take tie place of (le), (1/), p. 182. 

We again, investigate iomogeneous plane waves; we take tie 
a-axis in tie direction of propagation, and spit up tie vectors E, H, 
wMci ie in tie wave fronts, into tieir components. As before, we 
consider only tie components E„, H„ wMci, optically speaking, 
correspond to a plane wave pokrked parallel to tie z-asds. For Ey 
we haVe then the partial diSerential equation 

■ • • (4?) 


^ d^Ey 
c2 


dt^ 


4:7TaiJ, dEy 

c® 


dt 




The 


which is called the “ equation of telegraphy ” (cf. § 8, p. 211) 
same equation has to be satisfied by H, also. 

For plane waves, with wave normals in the direction of the a;-axis, 
we obtain from (4a), (46) ’ 

K dEy iftra j, dHy 


c dt 


d^ 

dx' 


If we put Ey = ae^“C‘-i'*W, ... (5) 

(i=V=l), we find from these equations for the two amplitudes 
a and 6, and for the index of refraction p, the equations 

[joiK + 47ra)a = jiDfh, 
ph = pa, 

from which we have p^ == pE — j 

(5a) 


and 


CO 


h = la. 

/i 

We therefore obtain a complex index of refraction p, i.e. absorption of 
the wave, and a complex ampitude ratio b/a; the latter denotes a 
phase-dnsplocemera of the magnetic relative to the electric vector 
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In {5a) we introduce tiie period r md tke vacuum wave-iengtt 
Aq of the light wave by putting 



and we also write ^ = n — j/c (55) 

For the constants of the material thus introduced, (5a) gives the two 
equations 

== Eji, 

2nK — 2jao-r. 

By solving these we obtain, for the “ refractive index ” n, 

n^=^lJ^{V{K^'^ic^T^) + K}, .... (oc) 

and, for the “ coefficient of extinction ’’ k, 

(5d) 

If, finally, we write p in the form 

p = y'(7j2 

then the pMse angle y is defined by 

tany = /c/w (5e) 

In terms of the constants thus defined, equations (5) give, for the real 
parts of Ey and jET^, 

771 27T?m 

Ey = cos ( r — ), 

\ T Aq / 

TT /^TT^ 27mx \ 

JJ = 5 1 ^g~27rK3f/Ao f ^ y\ 

ft \ r Xq W 

The coefficient k is therefore characterized by the property that the 
amplitudes are reduced in the ratio 1 when the wave travels a 
distance Aq/zc. It follows that this distance may be regarded as a con- 
venient measure of the range or penetrating power of the wave. 
The quantitative discussion of these equations is, for metals, greatly 
facilitated by the fact that in these we have usually 

2aT>E:.* (7) 

For the wave-length 1ft, in the short-wave infra-red, we have e.g. 

T = Ao/c = 10-V(3 X IQi®) = 3*3 X lO'is. 

Also, for copper, or = 5T4 X lO^"^, so that in this case 

2(7t = 3400, 

*Tlie symbol ^ means ‘‘much greater than’*. 
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With, regard to the dielectric constants of metals, there is at the outset 
the difficulty that the customary electrostatic methods for determining 
them are not applicable. On the contrary, the application of equation 
( 6 ) to the optical behaviour of metals is precisely the method by which 
we determine their dielectric constant. Absolutely unequivocal ex- 
perimearal results are not available, but so much may be said, that 
there is no ground, either experimental or theoretical, for attributing 
to E values of a different order of magnitude in metals from those 
which occur in insulators. If this is so, then in our numerical example 
the relation ( 7 ) is actually satisfied. Further — and this is specially 
important for the discussion of Hertzian waves — ^the relation is the 
better satisfied, the greater the wave-length of the waves considered. 

On the other hand, for very short waves (ultra-violet and especially 
X-rays) the inequality ( 7 ) completely fails. In the limiting case of 
extremely short waves, 2ar becomes even vanishingly small, so that 
the effect of the conductivity becomes ultimately unimportant. 

In the region within which the relation (7) is valid, (5c) and (5d) 
become 

n= 7=^77 (7a) 


For the depth of penetration, or range, d, of the wave we have accord- 



For copper (cr = 5T4: X ja = 1) we therefore obtain the following 
values of the range d: 


X 

1 cm. 

1 m. 

100 m. 

10 km. 


2*4 X cm. 

0*024 mm. 

0*24 mm. 

2*4 mm. 


These afe at the same time the approximate thicknesses of metal plate 
required to screen off the wave-lengths concerned. 

For the ratio of the electric to the magnetic field energy (time average), 
we obtain from ( 6 ), (5c), and (5d), in the first place generally, 


yiJBL^ + /c^ 




• • (7c) 


In an insulator (cr = 0 ) the energy is equally divided between the two 
types. In a metal, on the contrary, in the region for which (7) is valid, 
the energy of the field is almost entirely magnetic. Even for 
A = 10'^ cm,, in the preceding numerical example, the electrical 
energy amounts to only about -03 per cent of the total. For longer 
waves the proportion becomes even less. 
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For an experimentai tesb of tiie theory the most obvious suggestion 
is to compare the results of experiment with the expression (76), which 
gives the range of penetration d in terms of the conductivity. In the 
optical region, however, extremely thin films (thickness 10-® cm. at 
most) would^ be required; these would be very difficult to prepare 
and employ in a manner that would be free from objection. But an 
alternative method, more convenient than the direct measurement of 
absorption, is available, viz. the measurement of reflecting power. 

3. Eeflecting Power cf Metals. 

Boundary Conditions,— In dealing with the problem of the passage 
of a wave from a dielectric into a metal, the simplest method of attack 
is to begin by determining the boundary conditions which 
the vectors E and H must satisfy in all circumstances, ^ 
deducing these from equations (4a), (46), p. 187, by an "yA 
application of Stokes’s theorem. Consider an element dB x 
of the bounding surface between the media (1) and (2), the 
normal to which is in the direction of the cc-axis (fig. 1). 

We shall calculate the line integral ^E^ds for a small 

rectangle of breadth whose two long sides (of unit 
length) lie in the two media respectively and along the 
2 /-direction. We find from (4a) and (46), p. 187, 

For finite values of E, cr, [x the right-hand sides vanish in the limit 
f 0, since we assume that the field strengths are in aU cases finite. 
Hence the result: the tangential comfonmts of E and H are continuous 
across the boundary between the one medium and the other. 

We now consider a plane wave, originating in free space, and incident 
at right angles to the surface of a metal, which we take as the plane of 
yz. We have therefore to put, for the complex index of refraction 
introduced in (5) and (66), p. 188: 

for a? < 0, 2 ? = 1 (vacuum), 

55 > 0, 'p^n — jK (metal). 

At the metal surface, the incident wave is split up into a reflected 
wave which travels in the vacuum in the negative direction of the 
ir-axis, and a wave which penetrates into the metal (in the positive 
direction of the cc-axis). We can satisfy Maxwell’s equations for honio- 
geneous media by the following general assumptions: 
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In the vacuum f Incident wave, 
x<0 I Reflected wave, — 

In the metal r Transmitted wave,'(^ Ey = 
a; > 0 1 by (5) and (6a), i 11^ = 

The amplitudes a, a\ a'* are in the first instance undefined, but the 
boundary conditions (at x= 0) lead to two relations which they must 
satisfy: 

continuity of Ey, a — a' = a", 

„ a+a' = a'^ pI[i. 


If e.g. the amplitude a of the incident wave is given, we find: 

reflected wave: a' = a ? -- — , 

P + l^ 

transmitted wave: a" = a 

P + H^ 

The intensity of the radiation is in each case proportional to the square 
of the absolute value (modulus) of the amplitude. By the “ reflecting 
power ’’ R of the metal we mean the ratio of the intensities in the 
reflected and iucident waves; iE we denote the complex quantities 
conjugate to a and a' by d and a', we have then 

^ {P- fj)iP— P) (O^ 

ad (p + ^)(p+f,) 


With y = w — i/c, p = w “h i/c, this becomes 

p _ (^ — /^)^ + 

{n + ja)2 + 


(8a) 


In the region within which the relation (7), p. 189, is valid, we have 

'}/ (/^err) ^ 1 . 


In non-ferromagnetic bodies we have also ju = 1, so that we obtain 


2c7r ~ 2y(orT) 1 _ 2 

2orT -f + 1 vi^'^y 


(86) 


This theoretical formula for the reflecting power was found by Hagen and 
Rubens in their experiments in ike long-wave infra-red (A about 25ja) to 
be quantitatively verified. They thus proved that in this long-wave 
region the optical behaviour of metals is determined by the electro- 
statically measured conductivity o-, as in equation (86). 

Some of their results are shown in the following table. The con- 
ductivity is expressed as the reciprocal of the resistance in ohms of 
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a wire 1 m. long and 1 sq. mm. in section. If the conductivity thus 
measured is denoted by 77 , we have 

cx = 9 X 10 ^^ 77 . 

The wave-lengths are measured in microns (fc), so that A (in cm.) 
= Aj^ X 10"^. Lastly, the reflecting power is expressed as a per- 
centage, so that R% = 100J2. With this notation the Hagen-Rubens 
formula ( 86 ) becomes 

The quantity (100 — fi)V should therefore be independent of the 
material, and have the value stated in the last line of the Table. 



-n 

A 

= 4/4 

A 

== 8/4 

A = 

= 12,* 

100 

(100~i2)Vi? 

100 -i2 

(100- B) v'l? 

100 -J2 


Silver 

614 

1-9 

14*9 

1*25 

9*8 

1*15 

9-0 

Copper 

67-2 

2*7 

20*6 

1*4 

10*6 

1*6 

12-1 

Nickel 

8-5 

8*2 

23*9 

4*65 

13*6 

4*1 

12*0 

Bismuth 

0-84 

24*8 

22*7 

18*5 

16*9 

17*8 

16-3 i 

36-5/V 
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13*0 


11*0 


For shorter waves the observed reflecting power is definitely smaller 
than that calculated from ( 86 ). Qualitatively, this is what, on the 
electron theory, we ought to expect. On account of their inertia, the 
electrons are incapable of exactly following the rapidly changing 
field, and the electric current will therefore fail to attain the value crE 
at each instant. In point of fact, the deviations are such as would 
occur if the metal possessed a smaller conductivity for the shorter 
waves. This inertia effect becomes even more marked in electrolytes 
which (like H 2 SO 4 in water) statically show a high degree of conduc- 
tivity, but nevertheless are perfectly transparent. Here the carriers 
of the current are ions with masses many thousand times greater 
than the masses of the electrons. It is therefore easy to understand 
how electrolytes should behave like insulators with respect to the 
electric field of the light wave. 


L The Poynting Vector in the Steady and in the Periodic Field. 
In § 1, p. 145, we saw that the Poynting vector 



can be taken as representing the stream or flow of energy (per sq. cm, 
per sec.). For a region bounded by any closed surface, the rate of 
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diminution in time of the field energy contained in tliis region was 
found to be equal to tlie tliermocliemical activity, added to the flow 
of energy through the boundary, as given by the vector H. Now in a 
steady field the energy of the field is constant with respect to the time. 
Hence in this case the flow of energy, into the region 

considered is equal to the thermochemical activity in the region. In 
a time-periodic field, on the other hand, the energy content is of course 
continually changing, but only in such a way that it oscillates up and 
down about a definite mean value. Here also, then, the mean value 
of the field energy taken over a period will have a constant value, so 
that, on a time average, the Poynting vector will again directly indicate 
the Joule heat developed in a closed region. 

Yfe consider first a steady linear current 7mintained by applied 
electromotive forces. If S is the cross-section of the conductor at any 
point, then in the first place, by § 3, p. 116, we have quite generally for 
the total current % 

i = fi„dS=-f o{E^ + (IS. 

In a linear ” current we regard o, E, and as constant over the 
section. Also, we can confine ourselves to the components Ea and 
in the direction of the axis of the wire. We denote by 



the ohmic resistance of the conductor per unit length, so that 

R^i^E^ + Ef^K 

We shall calculate the Poynting stream of energy through 
a cylindrical surface of unit length, lying in the vacuum 
outside but closely surrounding the wire. E is parallel to 
the axis of the wire, H along a circle round the axis, so 
that N is definitely perpendicular to the surface of the wire. 
The flow of energy N into the cylinder considered is therefore 

(fig- 2) 

E,H,ds = E,i. 

since J energy flowing into the wire per 

umt length and unit time is therefore 


Fig. z 




Hence at those places where applied B.M.F.s are acting, energy flows 
from the wire into the field; where Joule heat is being developed, the 
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energy streams back from the field into the ■trire. The total fiov- of 
energy, su^ed over the whole circuit, is of course zero, as also follows 
i^ediately— si/ice B is irrotational—ham the equation JSf = E i 
men there are no E.M.F.s present, N is equal simply to the Joide 
heat Q developed per unit length. 

In time-periodic fields this relation betv-een the average values of 
^ and Q continues to hold. We may put the result in a somewhat 
diflerent form, which is convenient for many applications. We confine 
omselves^ to oscillations which are strictly sinusoidal in respect of 
meir variation with the time, and make use of the complex notation. 
Ihe most general function /(a;, y, z, t) representing such an oscillation 
may be written 

/= a{x, y, z) cos {cot + h{x, y, z)} 

= real part of 


or 


/= real part of a(a;, y, 2:)e> 


[JO): 


where a = is a complex function of position only. We shall denote 
average values with respect to the time by a horizontal bar, and a 
conjug ate complex value by an asterisk. Then, since coscot == 0, 
cos^cu^ = we have obviously 


/= 0 , 

/2 = f aa*. 


We shall require at a later point the product of the real parts of the 
two complex functions 

g = Q = 


If we denote the real part of g by 22 ^^, we have 

^e9 = l{g + 9% Rfi = w + (?*), 
so that E,g . = l{gG + g^G^ + gG^ + g^G), 


But, on taking the time average, gG = 0, and g^G"^' = 0; also g'^G is 
the conjugate of gG*, Hence 

. . . (tt) 


The complex notation has the great advantage, in analysis relating to 
periodic fields, that all differentiations with respect to ^ in linear 
differential equations can be replaced by multiplication by the corre- 
sponding power of e.g. 
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Maxwell's equations therefore become 


curl H 


( jcoK , 4:7ra 

C C 




cuilE= 


W) 

(y) 


In order that we may be able to apply the rule (a) to the complex 
vectors E and H, we write (^) in the conjugate complex form (replacing 
by-j) 


curlH*= + 


m 


Multiplying (j8') by cE/8w, and (y) by and using (35), 

p. 36, we ^d 

- ^ div ^[EH*] = a • ^EE* + 2jh) ~ pE*}. (9) 

If then we form the complex Poynting vector 


r=±i[EH‘>'], 


(9a) 


the real part of — div N' will give the Joule heat which is developed. 
For pB* is, by (a), the ^e-average of the square of the (real) field 
strength. But, besid^^ this, the imaginary part of div N' is also given 
a concrete interpretation by (9); it represents the difference between 
the mean magnetic ^d the mean electric field energy, multiplied by 
2w. For a closed region we have therefore 

fi-WndS=Q + 2ju.[V^-V,{\, . . (96) 

where Q denotes the Joule heat developed per second, and U the 
average field energy, magnetic or electric, within this region. 

In the following section we shall apply this theorem to the interior 
of a wire carrying an alternating current which is not uniformly distri- 
buted over the cross-section of the wire (the skin effect). Since in this 
case Z7d is always, by _(7c), vanishingly small compared to , the 
real part of (9a) wffl give the J oule heat and therefore the ohnuc re- 
sistance, while the imaginary part wiU give the magnetic field energy 
and consequently the part of the inductance contributed by the interior 
of the wire. 


5. The Skin Effect. 

We consider a straight wire of circular section and radius fo, along 
which there flows an alternating current of frequency co I27 t. At the 
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Burface of the wire there will be an electric held in the direction of tie 
asis, and a magnetic field at right angles to E, but also parallel to the 
surface. Qualitatively, therefore, the circumstances are the same as 
in the case considered above, that of a light wave entering the metal. 
We should in fact have a similar type of field near any given point of 
the surface if, in place of the alternating current, we had a light wave, 
of frequency do/27r, polarized perpendicular to the direction of the axis 
of the wire, and incident perpendicular to its surface. 

Eor such a light wave, in the case of a metal with a plane surface, 
we have already (p, 190) calculated the depth the wave penetrates 
before the amplitude is reduced to the fraction l/e-- of its original value. 
Eor the sake of simplifying the expressions which occur, we shall 
employ in this section, as the measure of the depth of penetration, 
not precisely the quantity defined in (76), p. 190, but this divided by 
277^^2, i.e. with /x = 1, 

c jr c 

2'7t\/2 'Si cr ^^(4770) a)’ 

Although of course the detailed analysis is rather more complicated, 
as we shall see immediately, for the cylindrical surface than for the 
plane, there are two limiting cases in which the result, qualitatively 
speaking, can be predicted at once. 

(1) Radius of wire, Tq, small compared to o/'\/(4:7rcoa). Here the 
alternating field has not become appreciably weaker when the wave 
has penetrated as far as the axis; the current density is distributed 
uniformly over the section of the wire. 

(2) 7*0 > c/y'(47ra;o'). The field has completely faded away, before 
it has .penetrated a distance which is a sensible fraction of the radius. 
Only in a thin superficial layer skin ”) is the current density ap- 
preciably different from 0. The whole interior of the wire is practically 
free from field. 

It may be noted that this penetration of the alternating field into 
the metal follows the same law as the penetration of temperature 
oscillations into a body whose surface is alternately heated and cooled. 
In fact, since the displacement current in the metal can be neglected 
in comparison with the conduction current ((7), p. 189), the equation 
giving the oscillations in the metal, ((4/), p. 188), becomes 

( 10 ) 

dt 

But, for a material of specific heat y per umt volume, thermal con- 
ductivity A, and temperature 0, the conduction of heat is governed by 
the equation 

= div (A grad 0), 
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or 


y^l=A9 

A di 


The intensification of the skin efiect with increasing frequency is accord- 
inglv strictly analogous to the fact that the annual oscillations of tem- 
perature penetrate farther into the gi‘ound than the diurnal oscillations. 

To deal with the skin effect quantitatively, we have to integrate 
equation (10) for the particular cross-section concerned. First, however, 
we shall apply the Poynting vector (9a) to the present example. We 
confine ourselves from the beginning to the case when the current, 
and hence the field also, are everywhere parallel to the axis of the wire. 
We take the axis of z parallel to the wire, and put E. == E. By integrat- 
ing (9) over unit length of the wire, and neglecting the electrical part 
of the field energy, we find 

£ f EH* ds=af \EE* dS + 2jo} . £ f ^HE* dS. (11) 

We now introduce the total current 

i= JaEdS (11a) 

The time average of the square of the real current is, by (o), p. 196, 

The resistance R and the “ internal ” sdf-indudance Lj are defined Iry 
the equations 

\m* =af iEE* dS, 

and J . JX,. ii* = ^J \HH* dS. 


Thus, according to these definitions, R . {R^if is the heat developed 
per second, and l-ij. . {Rgi)^ is the mean magnetic field energy in the 
interior of the wire. If we note further that 

~ ^ Eg* ds = i*, 

we see that (11) becomes 

K^)# = IRii^ + 2jcoiL,ii^, 

or {E)s-=^Ri + ja)L,i, (12) 

where {E)s is the value of E at the surface of the wire. The field strength 
at the surface of the wire consists, therefore, of an ohmic fart Ri, and 
an inductive fart wLji, the two farts differing in fhase by 90°. 
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In order to deduce the actual values of 22 and toLf from (12), we 
have still to express i in terms of E. Now, from (10), 


3 ■ E= diY grad E. 


Integrating over tlie cross-section, we find, since jaEdS=i, 


We now write 


. 47701/4 . fdE\ . 


V(4to)o-/x) ~ ^ (deptli of penetration), 

^ r 

(i^esistance for direct current), j 


and (12) becomes 


R + 


rQf^jdE\ 

iJo ~2 


(12a) 


(13) 


After we have integrated the difierential equation (10) for E, (13) 
gives us at once the technically important quantities R/Rq and coLj-; 
that is to say, the increase in the resistance due to the skin effect, as 
well as the internal inductance. 

When the section is circular, (10) becomes 


•77 JO 1 3 / dE\ 


(14) 


where r is the distance from the axis, and d is as defined in (12a). 

The general solution of this equation involves the Bessel function 
of order zero, and complex argument Vj rjd. We shall content our- 
selves with a direct deduction of the approximate solution in the two 
limiting cases mentioned above {Tq >> d and /q <C d). 

Strong SMn Effect {Tq > d ). — ^In this particularly simple case the 
action is confined to the neighbourhood of the surface, r « rQ, so that 
the factor r within the bracket in (14) can be treated as constant, i.e. 
the surface may be regarded as plane. We thus have 


I 



E = Eq e^jrid- 


dE 

dr 




BO that, by (13), 

R + jo}Li_Vjro__ 
22o 2d 


rp 

2y/2d 


(1 + j). 
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TJie ohnio resistance is therefore increased in the ratio Tq : 2\/2 d as 
compared with its direct-current value. 

WeaJc Skin Effect (tq < d).— In (14) we take a new independent 
variable y — rjd, and put = rjd. The equation beconaea 


10/ dE\ 
^ ~ y SyV dy) 


We may expand the required function E in powers of 

= (“o + aiy^ + + (x^ +...). 

We have therefore the identity 

j S a,y^-''= S {2vf<i.,y^’'-^ 


Ot> 00 

S S 

i/=0 if=l 

and therefore, to determine a„ the recurrence equation 


a 


. = /I /T- — 


Hence cq Oq ^ 


3" 

' “0 


These coefficients now give in (13) 


JJn 


_3 


0 


2 00 

If we again expand on the right in powers of y^, and put in the values 
found for oj, a^, . . we find 

As an index of the strength of the skin effect we may use the number 
where 


2= — ^ 


V©=V(*y' 


'2V2d 

We then have the results: 

When z is small: ^ = 1 -(- Ja* -f- . . 

xtQ 2c* 


When z is large: = z, 

■tin Hn 


(146) 
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The relationship between Bq and z is shown graphically in Sg. 3. The 
index numbers z for copper wire of various radii, and for various wave- 
lengths A, are tabulated below. For the calculation, the value of 
^(< 7 / 0 ) for copper is taken as 4*2 X 10^ (cnL)"-. This a-ives, bv 
2^/77 = 4-2 X 10%/ VA. 


Table oe Values op zItz 



1 

01 

0-01 

XumbcT of Periods 
per second=f 'A. 

X = 6 X 10® cm. 

0-17 

0-017 

0-0017 

50 

X = 6 X 10® cm. 

1-7 

0-17 

0-017 

oOOO 

X = 6 X 10^ cm. 

17 

1*7 

0-17 

0 X 10=^ 

X = 6 cm. 

1700 

i 170 

17 

5 X 10^ 


Intensity of the skin effect in copper wire; 
Tq = radius, a = wave-length. 


A phenomenon closely related to the skin effect occurs in the so- 
called high-frequency heating of cylmdrical rods. The rod to be heated 
is placed in a longitudinal magnetic alternating field of high frequency. 
This field generates in the rod an electric field, the lines of force of 
which are circles round the axis. 

The Joule heat of the currents thus 
induced causes the increase of tem- 
perature which is desired. Here, 
therefore, we have again at the 
surface of the rod the same electro- 
magnetic condition as would be pro- 
duced by a plane polarized wave 
incident at right angles to the sur- 
face; only in this case the wave is 
polarized parallel to the axis of 
the wire. Comparing this case with 
that of the skin effect, we see that 
the magnetic and electric intensities 
have changed places with each other, 
now the equation defining the penetration of the magnetic field into 
the rod which is being heated. that equation has been integrated, 

the complex Poynting vector gives immediately ia this case also the 
Joule heat, and the magnetic field energy, in the rod. 

6. Self Inductance and Capacity of Twin Circuits. 

As a preliminary to the theory of waves in wires, we shall in this 
section deal with the steady field of a double circuit. 

We consider two straight cylindrical conductors parallel to one 
another, the lengths of which are very great compared to their distance 



In particular, equation (14) is 
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apart; e.g. two parallel wires (a twin circuit in tlie proper sense), 
or a wire (a cable) enclosed in an insulating cover and laid in sea-water. 
In the latter case, the wire would represent the one conductor, and 
the sea-water the other. The two conductors cany opposite electro- 
static charges, and are also traversed b 7 currents, wMch are equal 
to each other, but in opposite directions. The resistance of the con- 
ductors will in the first instance be taken as rul, so that there is no 
pressure drop along the wires. It follows that both the electrical field 
E of the statical surface charge and the magnetic field H of the cur- 
rents are everywhere perpendicular to the direction of the wires. 
Hence, if we take the xy plane perpendicular to that direction, we 
shall have = H^ — 0. 

We shall calculate the field in the insulator {K, fj.), regarded as homo- 
geneous, between the two conductors. The electric field is irrotational, 
and so derivable from a potential 0{x, y): 


„ _ 00 P 00 


■ ( 15 ) 


The magnetic field, being solenoidal, can be derived from a vector 
potential. Since, however, all the currents are parallel to the z-asis, 
the vector potential has only the one component, viz. Ag = y), 

so that 


IT _ S'®* 

dy’ 


. (15a) 


These two functions in the plane of the cross-section have to satisfy 
certain conditions, obtained as follows. 

Within the insulator, which is free from charges and currents, we 
have div E = 0 and curl H = 0, i.e. 


0^0 L _ n I 9 ®^ « 

0*2 0«/2 - W + " 0 ^ ~ 


. . (16) 


We denote by -t-e the charge per unit length of the conductor 1, by i 
the current (in the z-direction) in the same conductor. If ds is the line 
element of a path of integration which encircles the first conductor 
but not the second, then 

Ane == K ds, and ^ (H ds), 

the normal n being drawn outwards from the conductor. The element 
of length ds, with the absolute value ds, and components da; and dy, 
IS connected with the components and of the unit vector n by 
the equations 

dx= — nyds,dy=n^ds (16a) 
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Thus (H ds) = H^dx+ Hy dij 



Again, since = — d^jdn, we have the further conditions 



and similarly, for 
ductor, 


every path of integration encircling the second con- 



(17a) 


There is an obvious analogy between the functions O and Y. 
To make the analogy complete, we now make the restrictive assumption 
that the magnetic field at the suifece of the conductor is purely tan- 
gential. This assumption is certainly correct for a single-core cable 
having the form of a circular cylinder, as is clear from the symmetry. 
For a twin circuit, consisting of two parallel wires, it is approxi- 
mately correct, provided that the distance between the wires is great 
compared to their diameter. (We shall have to apply our results later 
to rapidly varying fields. In this case, so long as the wire can be treated 
as a perfect conductor, the above assumption is always strictly correct; 
for an alternating field does not penetrate into such a conductor, and 
H is solenoidal; whence the normal component of H must vanish at 
the surface.) But the lines of magnetic force coincide with the curves 
T* — const., and our assumption is therefore equivalent to this, that 
at the surfaces of the conductors 1 and 2, T takes the constant values 
and Yg respectively. 

The corresponding equation of course always holds for the electro- 
static potential O. Thus 

T = const. 1 on the surfaces of the\ 

0= const.; conductors 1 and 2. j ■ • • v / 


The functions O and T are uniquely defined — except for an additive 
constant of no importance — ^by the three conditions (16), (17), (18). 
Further, since both functions (apart from the numerical values in 
(17)) have the same conditions to satisfy, they are identical except for a 
numerical factor. In fact, we see from (17) that 

= f >(^.2/) (19) 

The vectors E and H are everywhere at right angles to each other. 
Their numerical values are likewise in a constant ratio: 

Ei 
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A physical interpretation of T may be derived from (17a) as follows. ' 
We consider an arbitrary curve s joining the two points a and h in the 
pknp. of oey, and define its normal by (16a). We displace this curve 
through 1 cm. parallel to the z-asis, and propose to calculate the flux 

of force E„ds which passes through the strip abb' a' thus generated. 
Clearly, from (15a) and (16a) we have 

H„ds — ds 4- ds 


so that 


dy 


, , 0T, 3T , 

dy+-g-dx=-,^ds. 



We now imagine a strip of the kind mentioned, of unit breadth, to be 
attached at its ends to the two conductors respectively; and we define 
the “ external self-inductance ” per unit length of our double 
circuit to be the flux of induction (multiplied by 1/c) which passes 
through this strip when the current strength i is equal to 1. Hence 


c 



= 


( 20 ) 


(The name ‘‘ external self-inductance ” and the subscript e are intended 
as a reminder that a contribution Li from the magnetic field within the 
conductors must be taken into account if we wish to calculate the 
total self-inductance L.) 

Next, we define in the ordinary way the capacity G of the double 
circuit per unit length by the equation 


But, by equation (19), 




Hence 


or 


e i 

1 

1 




ViCL,) V(,4Z) 


C 

T 

7. 


(20a) 


(21) 


The Teciprocal of the product of the capacity and the eocternal self-inductance 
is equal to the square of the velocity Y of light in the surrounding medium. 
We arrive at the same result, if we define G and in terms of the 
field energy stored up in the insulator (always per unit length of the 
double circuit): 

^tnag “ ~ ^ 


. . ( 22 ) 
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For it follows from (19a) that 

_ c2 

/xjH^fZS fji KH^ [iK 

(Here again the part of the magnetic field energy. associatied with 
the interior of the conductors is left out of account.) Taken along 
with (22), this gives (21) at once. 

The Poynting vector of the system is everywhere parallel to the 
is-axis. We have in fact, from (15) and (15a), 


^ _c^ , ao aT\ 

4:7T\dx dx cy cy ) 


In virtue of (16), Green’s theorem now gives for the total stream of 
energy through the xy plane 


jSf = jNgdx dy 

0 r ^ 7 

= — — / $ 3- & 

477 071 


Lf 

4-77 Ji 


(!> 3 - ds, 

€71 


On account of the constancy of on the surfaces of the two con- 
ductors, we have from the second equations of (17) and (17a) 

We may note that this would be the value of the Joule heat, if we 
regarded the double circuit (which has no resistance) as ha\dng a resis- 
tance given by J2 = (3>i — ® 2 )A* 

In conclusion, we shall find the values of G esplicitly in two simple 
cases. 

Twin Circuit in the Strict Sense . — ^Let the distance d between the 
two wires be very great compared to their radius b. Then we have, at 
any point in the field (cf. e.g, fig. 3, p. 130), 

- 2a, I 2a, 

= -:giog^i+ g logo's- 


At the surface of 1, we have = b, and (since d ^ 6) r, ~ d, so that 


. 2e . d ^ 2e . d 


Hence 


0 = 


K 


^2 4:log{djby 


(23a) 


for a twin circuit, with d'^b. 
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Concentric Cable (copper wire of radius a, insulation of radius 6, 
beyond r == 5 sea-water as second conductor). 

In the insulator ^ = —{2ejK) logr. Hence 

02=-|log6. 

e K 

Thus, for a cable^ G — ^ ^ — rrT-r (236) 

' — < 1)2 2 log(6/o) ^ ' 

It may lie noted that in the expressions (23a) and (236) G is a purs 
number which, in such applications as occur in practice, will lie, say, 
between 1 and tV- Similarly, the order of magnitude of by (21), is 
from 10-21 to 10 X lO-^i. 


7. Waves along Perfectly Conducting Wires. 

We consider the same twin circuit (two parallel wires) as in the 
preceding section; the field is to be transverse as before, but is now 
to de'pend on t as well as on z. We first write down MaxwelTs equations 
for the insulator, for the case in which == 0: 


~ E == curl H, or 
c 


K 

c dt 
K 

c dt 
0 = 


dz 

dz 


(а) 

( б ) 


dH„ dHg 

dx dy ’ 


(c) 


-H = — cuxlE, or 
c ’ 


c dt dz 

fi dHy _ _ dE^ 
c dt dz 


(d) 

(e) . (24) 



divE=0, + = (,) 

divH=0, or ^+^=0. {h) 

So far as dependence on x and y is concerned, these equations are 
exactly the same as in the steady case. We can therefore again intro- 
duce functions <!> and T* which now, however, depend on z and t 
as well as on x and y. 
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Thus the four equations (o, f, g, h) are satisfied by 


B::-- 





0T ^ 




cx’ 



j. 

B,- 

= — 

oO 

w 

E,= 

_ dW \ 
ax J 


52<D , 

020 

= 0, 

02T 


= 0. 

da? 

5/ 

da? 

. 

1 o 

CIJ- 


(25u) 

(256) 


If and —e are again the charges per unit length on the two 
conductors for the section considered, and i and — i are the current 
strengths, where of course e and i are now functions of z and t, then 
O and Y have to satisfy aU the conditions (16), (17), (18) laid down 
in the preceding section (pp. 202, 203). The conditions (18) are in the 
present case — an alternating field — rigorously satisfied, since the field 
in the conductor vanishes. Next, the tangential component of B is 
continuous at the surface, likewise the normal component of H. (The 
tangential component of H, on the contrary, in a perfect conductor is 
in general discontinuous, on account of the skm ” current at the 
surface of the conductor.) If then we denote by the suffix 0 four func- 
tions Oqj ^03 ^03 related to each other as in the analysis of the 
preceding section, the solution of (25a) and (256) for the present case 
will be 


0{x,y,z,t) = ^^^e{z,t), ' 
»o J 


(25c) 


Batj by equation (19), p. 203, 

*0 ^ 

so that T(x,y,z,t) = - ^^h(z,t). . . . (255) 

C Cq 


We bave still to satisfy the four remaining equations (24a, 6, 5, e). 
If we introduce O and T from (25a, o, 5), we obtain from (24a) or 
(246), and (245) or (24e), 


de 

dt 



(26a) 


fiK ^ I n 

~^Ft~^Tz~ 


( 266 ) 
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On eliminating e we find for i the wave equation 

dH ^ 

02g qZ g2g 

and similarly 'yiK W 

Writing a for the wave velocity cl\/{^K)^ we have therefore the general 
solution 

«= /i(^“2J/a)+ f2{t + z/a), . . . (26c) 
i = a/i(^ — zja) — a/ 2 (^ + zja), . . . (26cZ) 

containing two arbitrary functions and /g. 

By making use of the concepts of “ self-inductance ” and capa- 
city ”, we can obtain the fundamental equations (26a) and (266) for 

waves along wires in another way, as 
follows. 

In the first place, we note that the 
charge on the element dz of a wire can only 
change if the current entering differs in 
amount from the current leaving. This 
gives the equation of continuity ” 
dejdt^—dildz, in agreement with (26a). 

Next, we may apply Faraday’s law of 
induction to a strip of breadth dz lying 
between the two conductors (the area abed 
of fig. 4). By the definition of (20), p. 204, 
the flux of induction through this strip is 
equal to cLJ,dz. Now the liue integral 
JBg ds, along the path abed, is 

(O, - Oj) - - O.) = dz. 

The line integral is equal to the rate of decrease of L^i, so that 

r Si 

dz ~ dt 



When we introduce the capacity G = 6/(<I>i — < 1 ) 2 ), this becomes 

1 r ?f- 0 

G dz'^^^df~ 


Noting that GLg= (p. 204), we see that this equation is the 
same as (266). 
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Consider in particular a wave of frequency a>/27r, advancing in the 
positive ^-direction. From (26c, d) we have the solution 

<5 = Oq sina)(i — 2 :/a), 
i = (7(2 Oq since — zja), 


where, for brevity, we have written <5 for 

The field E, H thus obtained differs from that of a phne wave in a 
homogeneous medium in this respect only, that in the wave plane (xy 
plane) the direction of polarization a'^id the intensity are both fundions 
of position. It is only in the neighbourhood of the wires that the 
intensity is sensibly different from zero; and at any point of the sur- 
face of either wire the electric vector is perpendicular to the wire. 
The picture suggested is that of a wave sliding along the double circuit. 
The general course of the field for the plane wave has already been 
depicted in fig. 4, p. 131. 

Among the multifarious applications of waves along wires, we shall 
only briefly consider the following example. 

Let the twin circuit extend from the plane z = —I to 2 = 0 . 
At the latter plane let the circuit be closed by an ohmic resistance R. 
At the other plane z = — ?, let there be a source of alternating current 
of frequency caj^rr. In order to get a convenient view of the resulting 
distribution of pressure and current, we first, from (26c) and (26c?), 
write down the general solution of frequency a>/27r: 




i 

Ca 




where p and g' are any complex numbers. We may, however, without 
loss of generality, take p to be real, and put = qe^^, where g and ^ 
are also real numbers. Further, we put for brevity 


20}Z _ _ y 


i.e. we measure lengths along the twin circuit with A/47r as umt; 
I increases by when z increases by half a wave-length. Our solution 
now runs 

O = {p 4" } 9 

^p — j- . 



We can now construct the vector diagram giving O and i fo^an 

arbitrary section 2 . For this purpose the common phase-factor 

is of no consequence. The meaning of the three constants y, g, ^ is 

( E 484 ) 8 
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evident from fig. 5 . Describe a circle of radius g, with centre at B, where 
OB = j?. (The centre B is not marked in fig. 5.) Then turn the diameter 
which passes through 0, viz. GH, through the angle ^ -f- so that it 
takes up the position FE. (In the figure as in our example, is nega- 
tive.) Then, as follows from -(27), the quantities O and iJCa are cor- 
rectly represented by the vectors 
OF and OE both in amplitude and 
in difference of phase, for the 
section z = ^Xj4:‘7T. The state of 
affairs at any point along the 
circuit can accordingly be made 
out very easily by simply turning 
the diameter through the proper 
angle. 

This general description may 
now be particularized according 
to the condition prescribed at the 
far end of the circuit, which in our case is: at f = 0 , there is an 
ohmic resistance R, so that = iR there. The equality of phase 
between O and i for ^ = 0 requires = 0. Also, by (27), for this 
boundary condition at 4 = 0 , we have 

p — q _ i __ 1 
p + q ^Ca ^ RCa 

Hence the ratio of OG to OH is also determined, and with it (except 
for a numerical factor) the circumstances at every point of the circuit. 

We may note the following limiting cases. 

(i) R= 00 . Gircuit open at the end. Here q^p, so that the circle 
passes through 0 ; and O, i have at every point the phase-difference 
90®. For 2: = 0 , ^A, A, ... 3 we have i = 0 , and for z = JA, |A, ^-A, . . . , 
<1> ~ 0 . {Standing loa'oes.) 

(ii) R = IjCa = La. This gives g = 0. The reflected wave dis- 
appears altogether, the resistance completely absorbing the incident 
wave. In this case ijCa and 0 have at any given point equal values 
and the same phase. 

(iii) JS = 0 . Short-circuit at the end. Here g = — p. This case only 
differs from that in which i 2 = qo in respect that i and O have to be 
interchanged in the results as stated. 



Fig. s 


The energy transmitted along the circuit has of course the same 
value for every section, as may be seen at once from fig. 5 . It is given 
in fact, except for the factor JOa, if the angle EOF is <f>, by 

OF , OE cos^ = OF' . OE = OG . OH, 
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For example, it is always zero if the circuit is closed at tlie cud by 
seld-inductances or capacities only, without ohmic resistance. For in 
that case the phase angle at the end of the circuit is x 90", and this 
requires \q = j?. The circle in the diagram must therefore alwavs 
pass through the origin 0. 


8. Waves along Wires of Finite Sesistaace. 

It may now be asked: what modifications must be made in the 
above picture of the propagation of waves in perfect conductors, when 
the ohmic resistance which is always present is taken into account? 
The question is one of fundamental importance for practical tele- 
graphy. It is obvious from the outset that the Joule heat which is 
necessarily developed will cause a damping of the waves. Jloreover, 
as we shall see, both damping and wave velocity will depend on the 
frequency, and this will introduce distortion of the signals transmitted, 
those representing speech, for example. 

From the standpoint of Maxwell's theory ohmic resistance in the 
wire implies a longitudinal component in the electric field; we cannot 
now put jBg = 0. Of the eight equations (24), p. 206, it follows that only 
the four (a), (6), (/), (A) remain as they were, while the other four 
require to be supplemented by a term containing the derivative of 
with respect to one of the four variables a;, y, t. Further, the field 
now penetrates into the conductor, so that we can no longer confine 
ourselves to the consideration of the insulator. On this account the 
problem becomes so complicated that a rigorous general solution cannot 
be given. Fortunately, however, in all cases of practical importance 
the circumstances are such that we can simplify the problem by making 
certain assumptions with respect to the order of magnitude of E.. 
These can be expressed briefly — ^though not absolutely correctly — in 
the form: 

electric transverse field in the insulator'i 

longitudinal field I . . . ( 28 ) 

transverse field in the metal. J 


These relations are to be understood in the following sense. 

(a) Since equations (24/, h) still hold, we can, as before, represent 
the transverse field by 


5 .= - 


30 rj _ dY 
dx’ ~dy^ 


7? - n - 


dY 

dx * 


(With respect to the assumption = 0, see (6) below.) 
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Then the equations cliv E = 0, and (curl H)^ = — give. 



Thus O and T do not now satisfy (256) of the preceding section 
(p. 207). If, however, dE^jdz and dEJdt are sufficiently small, we 
may for practical purposes take it that equations (256) still hold good. 

We shall begin by dealing with the problem to this approximation, 
and afterwards show by means of the solution we obtain that the 
assumption (28) is, in the sense mentioned, actually justified. (Of. 
equation (33), p. 216.) 

(6) The second assumption in (28), that E^ > the transverse field 
in the metal, is necessary if, as we shall always do, we are to put 
Hj, = 0. Otherwise, in fact, the current would have a transverse com- 
ponent, which in turn would give rise to a longitudinal component 
of H. 

Since equations (17), p. 203, for the charge e on unit length of the 
wire, and for the current i, continue to hold in all cases, the neglect of 
dEJdz and dEJdt in (29) implies that the transverse field in the msu- 
lator will agree exactly with that for the steady case, as calculated in 
§ 6, p. 201. In particular, therefore, the quantities C and which 
were introduced there, can be taken over without change. Thus we 
have as before the equations 

Ya) 


for the charge, and for the flux of induction through a strip of breadth 
1 extending from wire to wire. We can now, exactly as in the pre- 
ceding section (fig. 4, p. 208), determine the law of propagation by 
applying the equation of continuity and the law of induction. But 
the integral round the rectangle abed now includes contributions from 
the two sides be and da, viz. —E^^ and Eg^, so that we obtain 


8 ( 01 - 

dz 


dt^ dz ^ 


1 


+ 4 |.j 


( 30 ) 


Here E^^ and E^^ denote the values of Eg at the surface of the con- 
ductor, and also in fact the surface values within the metal (the tan- 
gential component of E being continuous). Up to this point the field 
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witldii the wire has been disregarded. By taking it into account, the 
quantities and E^^ can be eliminated from the equation last written. 
This is done by remarking that within the wire the circumstances are 
the same as those already considered in connexion with the skin e£ect 
(p. ] 96). Hence equation (12), p. 198, i.e. in effect 

S,-Ai+L, I 


can be extended at once to the present case. Here, it is true, R and 
are not constants; they depend essentially on the frequency ca of the 
alternating field (p. 199). The present solution, like the other, is there- 
fore applicable to a sinusoidal field only. 

If we now write 

= jR, and Lj-, = Li, 


so that R is the ohmic resistance and Li the internal self-inductance 
of our double circuit, the second equation of (30) becomes 


Ide , j di 



so that, by the first of (30), 

|-Oi!|+C(i,+ i,)g. .... (31) 

Eor a wave of frequency co/27r, we therefore have, if we write L for the 
total self-inductance Li + 

= {juiGR- o>K!L)i. 


We can satisfy this equation by putting 


This gives for y the equation 

oy^GL — j(x)OR, . 

If we split up y into a real and an imaginary part, 

y=a — j^, . . . 


we have 

O' = ¥ + W{iOLf + (CRH^}, 

(I)* = “ T + + (CW). 


(32) 

(32a) 

( 326 ) 
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Witt ttcse values our solution becomes 

Hence co /a is the phase velocity of the wave, and, 1 /jS is that distance 
after traversing lohich the amplitude of the wave is damped to the eth part 
of its original value. 

In order to throw into relief the effect of the field 'which penetrates 
into the metal, we split up L again in (32) into its components L^, and 
Li, and use the relation (p. 204), which holds here also, 

where a is the velocity of light in the dielectric. Then (32) may be 
written in the form 


W an 


The numbers 


and r: 


may be taken as characterizing the inductive ’’ and the “ oliniic ’’ 
contributions of the meta.1 to the action of the field as a wliole. If 
these numbers are both small compared with unity, the expansion 

V{1 + Z - ir) = 1 + - jr) -l{l- jrf +... 

gives, for the components a and of a — = y = (&> /a)V(l + Z — 

To a first approximation, the fractional fall {a — 7) ja in the velocity 
of the wave is ^ or whichever of these numbers is the greater. 
The interpretation of r is that the amplitudes are diminished in the 
ratio : 1 when the wave traverses a wave-length A = ^Trajoa. The 
number r therefore determines the damping; its order of magnitude is 
found as follows. 

We have, as in (32(i!), /=-?-= 

wLq CO 

If iJ is measured in ohms per cm., and we put a = 3 X 10^® cm./sec., 
then 

*■ ^ X 3 X 10“ = ^ A(cm.)i2(ohms/cm.) X A- 
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For copper wires of 1 sq. mm. section, neglecting tie skin eSect. we 
S = 2 X 0-00017 = 34 X lO-^, 

Q 

SO that ^ ~ 277 - ^ (^•)» 


where A (km.) = A (cm.) X 10“® denotes the wave-length in kilometres. 
Since C is of the order of magnitude 1, it follows that for the fre- 
quencies usually occurring (co/27r = 3000; X ^ S X 10^^/(3 X 10^) 
= 10'^ = 100 km.) the number r is not small, but so great compared 
with 1 that in this case 1 and I are relatively negligible. VTe have 
therefore the approximation ox 




a— 

O) 


Hence 



as might be obtained at once from (32a) and (32&), for the case Leo <C R> 
Thus if the wave-length is decidedly greater than 1 km., we have 
the results: 


phase velocity — - 
depth of penetration = ~ 



We have now obtained the solution of the problem, viz. i = 
it remains to determine the limits of its validity. For this purpose we 
must obtain an estimate of the order of magnitude of the error which 
we may have committed in neglecting the right sides of equations (29). 
Along with i, we of course know e and also, from (30), viz. 


y * 

e = - %, 
0} 




Since Lfi=lja\ and, by {32c) and (32d), tbe 

latter equation becomes 

-E._^ = i .jo>L,{l -jr). 

We now return to equation (29), p. 212, wHcb we shall deal with by 
considering the values of 
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taken round a curve encircling the first conductor at a distance d, 
tte first integral we have 



For 


where dS denotes an element of the area bounded by the curve. E„ 
has its greatest value at the surface of the wire. The area [J dS is 
of the order of magnitude The contribution from dEJdz to the flux 
of force JJ {d(^ldn)d8 can therefore be regarded as unimportant if 




F2 

dz ’ 


where d is a transverse dimension of the circuit, say the distance be- 
tween the wires. 

Again, the integral 




is determined by the sum of the conduction current i and the total 
displacement current 



Accordingly, the neglect of the displacement current in (29) will be 
justified if 


i'>d? 



If in these two results we insert the values for e and E^^ as noted above, 
we obtain the same condition in both cases, viz. 

1 > d?co^L^{jr — ?), (33) 

or, in view of the meaning of r and Z, 

1 > d^o)R, and 1 ';$> d^w^Li. 


We consider the first of these two conditions under the most un- 
favourable assumption for R, i.e. for the case of a strong skin effect, 
If b is the radius of the wires, then, by (14a) and (146), p. 200, 


P b\/(7TCO(x)^ 


. _ 1 
^ Trb^cr 


Our condition therefore runs 
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It may be infringed by extremely large values of oj (waves too short), 
or by too small a wire-radius 6. For short electric waves cd 10’ sec."^, 
and for metals cr 10^’ sec.”^. With these values 

For an interval between the wires of 10 cm., we have therefore the 
condition for b 

hjd? > 3 X 10“® (1/cm.), or 6 > 3 X 10“’ cm., 
a condition which in practice is satisfied as a matter of course. 


9. The Complex Poynting Vector and the Eanation of Telegraphy. 

We shall now give another discussion of the problem of last section. 
This time we shall from the outset use the fact explicitly that the field 
variables only involve t and z by their containing the factor 


In Maxwell’s equations we again put Hg = 0; and, if ^ is any field 
function which occurs, we write 


dcl> 

dt 



—irk- 


We shall not, however, confine our equations to the insulator, and 
shall therefore include the term 47raE/c for the conduction current. 
Thus we have the equations 


(.) 

= ( 6 ) 


_ dHy. _ incr + jEco ^ 
dx dy c ' 




dE. 




( 0 ) 

id) 

ie) 


Q 

0a; dy 


(/) 




. (34) 


/•w. 1QA \ 


8 * 
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We can satisfy (f), (a), and (&) by means of a single function O, putting 

, (35) 


00 jT Eo) — 4e7TjcT 00 


■p ^* 1 * IT 


yc dy ’ 

Ko) 4:7Tja 

yc dx* 


For Ep we then find two equations, one from (<3), viz. 

^ 0Z/V’ ■ ■ 


and a second from {d) and (c). If we write for shortness 


n‘^- 


flE — 4:7rjfJL0jcjl} 


(зба) 

(збб) 


the second equation for jB^ becomes 

» 

From (36a) and (36c) we obtain for the complex function 0 the equation 


wliioh, tvhen -integrated subject to the appropriate boundary con- 
ditions, must determine the complex wave-number y. This integration, 
however, with arbitrary given values of a' for insulator and metals, 
is not an easy matter. The approximate treatment given in the pre- 
ceding section amounts to putting the right side of (36i) = 0 in the 
insulator; and in the metal taking y^ as small compared with Ha'f, 
in accordance with the theory of the skin efiect (p. 196). Consequently 
7 disappears from the differential equation altogether. It is determined 
at a later stage by means of the boundary conditions (continuity of 
the tangential components of E and H). 

We shall now show how the results of the preceding section can 
be arrived at directly by means of the complex Poynting vector 
((9a) and (96), p. 196) 

r = £■ [EH*]. 


For the z-component of this, we obtain at once from (34fl, b) 


NJ==±(E^*-EJS*) 


jyo 


StT 4770 - + jKcO 


(EJB* + H^*). 
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Now^ ~j- IIyIIy^)IS7T Is e(jual to twico tiio magnetic enersev 

density ?7mag- By integrating N / over a plane area perpendicular to 
the wires, we therefore obtain a relation between the total flux of 
the Po^piting vector in the direction of the double circuit, and the 
magnetic field energy per unit length in that direction. Since we are 
putting = 0 in the metal, and o- = 0 in the insulator, this relation is 

=f J ^.z ^ . 2 (U„„„ in insulator) j 

+ ^ • 2 “1 metal). j 

We now take two cross-sections of tie double circuit 1 cm. apart. 
Then —dF'jdz is tke part of the “complex stream of energy” S' 
which is left behind between these two sections. But, by (96), "p. 196, 

3jF^ 

— = Joule heat + 2jco (magnetic energy — electric energy). (3Ta) 


We can work this out approximately, as follows. 

In calculating the electric field energy we neglect the longitudinal 
component Eg of E. Then, by (34a, 6), 


jS:ee* = 


Eyy^C^ 

(Ko))^ + (^TTO-)^ 


HH*. 


Eurfcher, it is only in the insulator that we need consider the electric 
energy, so that 

?7ei = (f^mag ^ insulator). 


Again, we bring in the resistance, as also the external and internal 
self-inductance, by the equations: 

Joule heat = 

Umag insulator) = 

(in metal) = 

Then in (37a) we carry out the ^-differentiation. Since F' depends on 
z in virtue of the factor 

we have — = j{y — y*) F\ 


We have now to insert the value of F’ from (37). In doing so, we can 
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neglect the second paxt (that relative to the metal). Thus, finally, from 
(37a), on rejecting the factor we find 

jyiv — y*) T”- ^e — ^ 3^ + ■^e ~ .2 ^e)j 


or 


so that 


Koj " ‘ ‘ Eco^ 

{yiy — /O + yy*} = — ^ + 

2 Koj^ Li , R \ 


wLicli agrees exactly with the result (32c), p. 214, obtained and dis- 
cussed in last section. 


10. The General Electrodynamic Potentials. 


In this section and the next, we set ourselves the problem of calcu- 
lating the field which is produced by an assigned distribution of charge 
and current density, which varies with the time in any given manner. 

Let the current density be i(x, y, z, t), and the density of charge 
p(x, y, z, t), these being given functions of ^position and of the time. 

We shall confine the discussion to the case of propagation of the 
field in empty space, so that we put K= jw. = 1. The field is therefore 
defined by the equations 


curl H — - E = — i, (a)] 
c c I 

divE=47rp, (6)J 


curl E + - H 
c 


0, (c) 
div H = 0. {d) 


(38) 


From (a) and (6) it follows in the first place that i and p cannot be 
quite arbitrarily prescribed, but that the equation of continuity 

div i + p = 0 


must be satisfied ever 3 rvvhere and always. We can satisfy (38d) identi- 
cally by introducing the vector potential A, so that 

H = curl A (39a) 

With this value of H, (38c) states that E + A/c is irrotational. Hence 
this equation is satisfied if we put 
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When we insert these values of E and H in (38a, b) they become 

1 •• 1 • 477 - 

curl curl A + A + - grad 6= — i, 

CO c 

1 * 

— ■ - div A — = 477p. 


Now (39a) only specifies the curl of the vector A. Its sources are still 
at our disposal. We define them by laying down the condition 


div A = 


(39c) 


Hence, when we take account of (33), p. 36, the two preceding equations 
become 


AA-l 


a^A 

di^ 

di^ 


477 . 




= — 47rp. 


{40a) 

(406) 


For the case of the steady field these equations pass inmiediately into 
the equations of electrostatics and of steady currents, which have 
already been treated in detail (cf. § 7, p. 24; § 11, p. 37). The familiar 

02 02 0 ^* 


are supple- 

02“ 


statical equations involving the operator + gp ' 
mented in (40a, 6) by terms in which take explicit account of 

C Ov 


the propagation of the field in time. 

The general integral of (40a, 6) can be put into a form very similar 
to the one which holds for steady fields. The general integral, as we 
shall immediately verify, is as follows: 




d-q dl . 


(41a) 

(416) 


where r = V {(a; — rif ^)2}. 


These equations state that the contribution of the element of volume 
drj dl to the potentials at the field point (cc, y, z) at time t difters 
from that in the statical case in this ojily, that the values of the den- 
sities of charge and current which are to be inserted in the integrand 
are the values at the point rj, ^), not at the time t, but at the earlier 
time t — rjc. The contributions i/cr and pjt which a source 'inakes to the 
potentials at a point in the field do not arrive at that point till after a time 
r/c. For this reason A and are often called retarded potentials. 
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We haTe still to satisfy ourselves that (41a, b) do actually give a 
solution of (40a, 6). It will be sufficient to prove this for (416). To 
do so, we divide tbe integration space into two parts 7^ and Fg, 
where T\ is a very small volume containing the field point (cc, y, z), 
and Fg is the whole of the rest of the space. We then divide ^ into 
the parts contributed by these volumes, viz- 

In the integral over the small volume the retardation is obviously 
of no consequence, so that in this integral we can replace p[t — rjc) by 
p{t) simply. But the integral is then precisely the same as in the statical 
case. We therefore have (p. 24) 


= — 4w/)(fl5, y, z, t). 


Further, for a function /(r) depending on r only (so far as the space 
variables are concerned), we have always (p. 43) 


AfM-; pW. 




But, for any function F of (i — r/c), 


Hence 


dr^ (? dt^ ’ 




We have therefore verified that 

Acf) = A<[)i + A^2> 


Accordingly, the function <f> defined in (416) does actually satisfy the 
differential equation (406). 

The above solution of Maxwell’s equations is perfectly general. In 
next section we shall discuss it in detail for the special case of the 
spherical waves which are sent out by an oscillating dipole. 
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11. Hertz’s Solution. 


In this section we shall specially consider the field due to that class 
of varying currents and charges, in which the whole generating system 
(the transmitter, or “ sender ”) is concentrated within a small region 
in the neighbourhood of the origin of co-ordinates. Physically, this 
means that the dimensions of the sender are to be small compared to 
the wave-length A of the emitted radiation, and small also compared 
to the distance r at which we investigate the field of the sender. Hence 
the potentials A and from which the field is deduced by means of 
(39a, b), satisfy the following equations everywhere except in the 
immediate neighbourhood of the origin: 



ct^ 


= 0, 


= 0, 


( 42 «) 

im 


divA+i(^=0 {42o) 


The simplest solution for our purpose is obtained by imposing 
the condition that A is to depend only on the distance r from the 
origin, and that it is to have the same direction everywhere. We take 
the axis of z in this direction, and therefore put tentatively 

= 0, A, == 0, M., -\X= 0 . 

0 


Since A^ is to depend on r only, we Lave 


^A,= 


1 

r 9r^ ’ 


BO that a solution is 

A = 0, . . . (43) 

Or 


where /is a function, in the first instance arbitrary, of the single argu- 
ment t — rje. Eq^uation (42c) now practically defines ^ also: 


But 


i i = — div A — — 
c 


dz ' 


dA^ _ dA^ ^ 

dz dr dz 




We may therefore take 

+ ■ • («<.) 
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This value of 6 satisfies (426) also, as we may see at once by comparing 
its functional form with that of dAjdz, wMch obviously satisfies the 
wave equation. 

To get a preliminary idea of the physical meaning of this solution, 
let us consider its behaviour at points so near the sender that we can 
neglect the retardation r/c in comparison with t, and the term which 
has r in the denominator in comparison with the one which has 
If, for example, as is usually the case in applications, / is a periodic 
function of the time, or 

/=/o sin 27Tv{t — r/c) =/o sin 27r{vt — r/A), 
we shall have, by (43a), 

^ ~/o I ~ cos2'7T{vt — ^ sin 27T{vt — r/A) | 

or ^ ~ 1 27r cos 2TT{vt — r/A) + ^ sin 2Tr{vt — r/A) | 


If we now take r < A, we see that we can in the first place cut out the 
term r/A in (v^ — r/A), and secondly reject the cosine term. 

Hence, in the neighbourhood of the sender (r A), our solution has 
the form 


A. 



f ? 

r2 f 


But 4 “3 i-e. 
r^r 



, is the electrostatic potential of an electric dipole, 


the moment / of which is in the direction of the positive 2 ;-axis. Also, 
by the Biot-Savart law, A is the vector potential of a current filament 


ids =/. 

Now two metal balls, which carry charges +e and — c, placed at a 
distance ds from each other, are equivalent to a dipole of moment e ds. 
If the charges change owing to the balls being connected by a spark- 
gap or by a wire, then a current i (or dejdt) flows along ds. The con- 


dition i ds =/is therefore satisfied in this system. 

Hence the solution (43) and (43a), for arbitrary values of r, which 
we now proceed to discuss, gives the radiation from a dipole at 0, which 
has the direction Oz and the moment f = f (t). 

As an aid to the discussion of the values of B and H, which are 
now given by (39a, 6), we introduce polar co-ordinates r, 0, a, taking 
Oz in the direction 0=0 (fig.'6). We then have, first, 


^9 = — l-ht — r/c) sine, A, = 0, 

0 / CT 
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Now H = curl A, and therefore, by (38/), p. 43, 

Ilf — 0 , Hg = 0 , 


H (L+ i\ 


m 


(44a) 


Also, from (896), p. 220, 





These equjitions give the field of oiir sender at any distance. We shall 
discuss the two limiting cases A andr ^ A. 

In the neighbourhood of the sender (r < A) the predominating terms 
are those with the highest powers of r in the denominator, i.e. 

//„ = ^2 sin0; JJr = ^ COS0; i's = ^ sin0. . (44c) 

As might have been expected from results already found (p. 223), these 
represent the statical magnetic field of a current element ids =/, and 
the statical field of a dipole of moment/. 

At d great distance from the sender (r A), on the other hand, the 
terms in 1/r are the only important ones. This is the region of the 



226 


THE ELECTROMAGNETIC FIELD 


E,= 0, Ho = 0, E, = ^^smd, 
Er=0, Eg = ^shxd, E^=0. 


■ . ( 45 ) 


Accordingly, in the wave-zone the vectors H and E are of equal mag- 
nitude, and 'perpendicular to each other and to the radius vector r. Their 
magnitude diminishes from the equator to the pole in proportion to 
sin0. We can no'W’ visualize the main features of our plane polarized 
wave, radiating from the sender in the direction r. The electric vector 
vibrates in the meridian, the magnetic in the parallel of latitude. 

We shall also calculate the amount of the radiation TJr, i.e. the 
energy which the spherical wave described by (45) transmits per second 
across a spherical surface of radius r. The two parallels d and 6 dd 
include between them the area sinfl dO. The Poynting vector being 



we have 

= ® //y 27rt'2 r siD?d . sbx9 de. 

477 \rc-/ Jo 

On putting cos0 = x, the integral becomes 

SSthat ^r==^(fft-rlc (46) 

The radiation TJr is, as it must be, only in so far independent of the 
radius r, that its value at time t is determined by the state of the 
sender at the previous time t — rfc. 

It is also worthy of remark that it is the retardation in (43) and (43a), 
p. 223, which is responsible for the spherical character of the wave in 
(45). In fact, (45) is obtained at once if, when we are differentiating 
with respect to r, we only consider the r in the combination t — rjc, 
and therefore treat the “ Coulomb ” r in the denominator as constant. 
Conversely we obtain the result in the neighbourhood of the sender 
if we dofferentiate with respect to the Coulomb r only, and treat the 
“ Maxwell ’’ r in the numerator as constant. 
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12. The Radiation from a Linear Oscillator. 

In periodic processes we are specially interested in the mean value 
of the radiation taken over a whole period. For this mean value, the 
retardation is clearly of no importance. To obtain the time average 
we can regard the sender either as an oscillating dipole, or as a current 
filament. The representation as a dipole is particularly suitable for 
the purposes of atomic 'physics^ where the dipole moment of the indi- 
vidual atoms is the natural starting-point for the calculation of the 
radiation they emit. The view of the oscillator as a current filament, 
on the other hand, is the natural one to take when discussing rhe 
antennse used in wireless telegraphy. 

If the frequency of the dipole vibrations is v, and their amplitude 
/o, we have 

/=/oSin277vi 

and (47a) 

On the other hand, if Z is the length of the dipole, and therefore also 
of the straight current filament joining the poles, 

/=iZ. 


Eence, if the current oscillates with amplitude i^^ we have 
i z= QOB27rvt; i^ = 
and / = — 2'TTvi^ ewStrrvty 

so that (/)^ = {27rvfl^{i^) (476) 


We therefore obtain for the radiation Ur the two equivalent expressions 

<^) 


and 


ff 2 8tj^ 

X‘’ - 


(486) 


For wirdess telegraphy, (48&) gives tlie radiation of an aerial of length I, 
for the wave-length A and the effective aerial current 
oscillation generator has to suppl/j besides this radiation, the Joule 
heat _ 


The factor multiplying in (486) is by analogy called the radiation 
rpaistaucft R.. of the antenna. The total rate of production of work by 
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the generator is tiien {R + R^) where R denotes the ohmic resis- 
tance (taking into account the skin effect) and is given by 

T> 

p 

or = 790 ^ ohms (I and A in cm.). 

In the emission of light by atoms, where a continuous supply of 
energy is out of the question, (48a) indicates a rate of loss of energy 
carried off by the radiation, and consequently a damjping of the emission; 
and this is capable of being observed spectroscopically, as a broadening 
of the spectral line. Also, (48a) gives the time of fading of the emission 
of light from a single atom, a quantity which, as the average duration 
of the excited state of an atom, has acquired fundamental importance 
in the quantum theory. 

Up to this point we have considered only the special solution (43) 
of the general wave-equations (42). For an elementary current filament 
i(t) ds it runs 

A_i((-r/o)a 

or ^ ^ 

On going back, however, to the general expressions (41) for A and <!> 
we see that, as regards the processes which take place in the wave- 
zone, this solution has a much more general character, provided only 
that the orders of magnitude of the quantities involved satisfy the 
relation: 

dimensions of sender <CX^t (50) 

If the part of the sender which carries the current consists of a 
curved wire of cross-section S, and having ds as an element of its axis, 
then, in (41a), i diq d^ = i ds, and we obtain 

A= T}, lt — rjc)^da. 

If (50) is satisfied, we may replace r here by the distance of the field 
point from the origin, so that 

A=— 

^ ^ i-ric 

In particular, let the sender consist of two metallic pieces joined by 
a curved wire of anv form, the ca-na-oitv of thp mp+.nl -oipppci hpiTKy Inro-P 
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compared with, tliat of the wire. In this case the current at any moment 
has the same value at every section of the wire. Hence (fig. 8) 

h{x,y,z,t) = — i{t-rjc)rds. . . . (50a) 

Of Q 

The only difference between this expression and (49) is that the line 
element appearing there is now replaced by the vector ds, which 

is represented by the straight line joining 
the two ends of the wire. It is therefore 
this straight line alone which determines 
the radiation emitted. It has its Tna,TimnTn 
value in the straight anteunse of wireless 
telegraphy (open oscillation circuits). It is 
vanishingly small when the wire conveying 
the current connects the coatings of a 
condenser of the usual type (closed oscil- 
lation circuits). 

This property constitutes the justification of our neglect of the 
radiation in our previous treatment (p. 176) of a circuit consisting of 
a capacity and a self-inductance. By means of the last formula we 
can in any concrete case estimate the error committed in neglecting 
the radiation in comparison with the Joule heat. 
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ENERGY AND FORCES IN 

THEORY 


]VIAX\¥ELL’S 


CHAPTER XI 

Thermodynamics of Field Energy 

1. The Field Energy a,s Free Energy. 

In oioj earlier discussions (pp. 151, 165) of the connexion between 
field energy and ponderomotive forces, we have tacitly assumed that 
when the changes in the field energy are sufiB.ciently slow the me- 
chanical and electrical work obtained is equal to the diminution of the 
field energy. From this assumption, and the assumed expression 

h E 5D + d- H d'B 

4:77 4:77 

for the change of the energy density in a given element of volume, 
we were able' to deduce both the ponderomotive forces and the law 
of induction. In this energy balance, development of heat occurred 
only in the form of the thermochemical ” activity associated with 
conduction currents; that is to say, the heat was either Joule heat or 
Peltier heat. We shall now consider specially the interior of a non- 
conducting dielectric. With such a material, in our previous discussions, 
no development of heat occurred. The results found were therefore 
incorrect, unless in the course of the change of the dielectric polariza- 
tion of individual elements no energy in the form of heat was either 
taken in or given out. But we must reckon with the possibility in 
the general case that in consequence of the polarization of a thermally 
insulated portion of matter, its temperature may change. It might 
appear indeed as if no difficulty in point of principle would arise on 
this account with respect to our former energy balance. ^ For we could 
introduce the supplementary condition that all electrical (and also 
magnetic) changes of state are to take place ctdiahciticdlly. This would 
mean, it is true, that in a non-homogeneous field the thermal con- 
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ductivity of tEe substance would require to be put equal to zero, 
since elements not equally strongly polarized will assume different 
temperatures. In point of fact, bowever, this artificial expedient for 
saving the former investigation would be most inconvenient and hardly 
practicable. In the first place, all substances do in fact possess a 
finite conductivity for heat. Experiments to test the theory will 
therefore never be carried out adlabatically, but as far as possible 
isothermally, i.e. with complete equalization of any differences of 
temperature that may occur. Further, the following point must also 
be noted: the dielectric constant K is in general a function of the tem- 
perature, As a rule it diminishes as the temperature increases. If, 
therefore, the temperature changes in the course of a process, K 
cannot be regarded as constant in the calculation of the field energy 

^ rKEdE, 
in Jo 

even if the vectors D and E are strictly proportional to one another 
when the temperature is kept constant. The fundamental expression 
ZE^/Stt for the energy density, in Maxwell’s theory, can therefore 
by no means lay claim to general validity; and yet the whole of our 
discussion of ponderomotive forces is directly based upon the assumed 
correctness of this expression. 

The only reasonable way of escape from the difl&culty is to adopt 
the view that does not represent the energy density at all, 

but the density of the free energy, in the thermodynamical sense. It 
is only by introducing this quantity, and making use of the second 
law of thermodynamics, that our earlier discussion can be completely 
justified. Consequently, we shall not accept the suggested proviso 
that our previous investigation is to be considered as referring to 
adiabatic processes; what we shall rather do is to lay it down as a 
definite understanding that the electric (and magnetic) polarizations 
dealt with in our earlier work are to take place isothermally. Thus, when- 
ever the field is changing, such quantities of heat will be continuously 
absorbed or emitted, both in individual elements and in the system as 
a whole, as may be required to maintain the temperature constant. 

We shall specially consider, with reference to § 2, p, 84, a cubic 
centimetre of a dielectric between the plates of a condenser. We can 
add energy to this portion of the dielectric in two ways: either by 
doing electrical work EdBlin (alteration of the charge on the 
condenser coatings), or by communicating a quantity of heat d'Q, 
Hence, if no other changes take place, the energy U of the system, 
condenser + dielectric, is increased by the amount 

dU=d'Q + ^E dB. 

in 


0 ) 
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For an adiabatic cbange, we of course fall back upon tlie relation 
already discussed, dXJ = (E dB)/47r. According ro the second law there 
exists a function 8 of the state of the system, called the entropy, 
which is such that 

^Q=^TdS, (la) 

in reversible processes; i.e. when a small quantity d'Q of heat is added, 
S increases by the amount d'QjT, 

Since we have identically 

TdS=d{T8)^SdT, 

(1) can be written 

d{U—T8) = — SdT+^Edl5. . . . (16) 

iTT ' 

If we now cliarge the condenser isoldiermaUy {dT= 0), the free energy 

F= U-TS 

is changed by the amount E dB/in. If D = E'E, we have therefore 

where K can now be an arbitrary function of the temperature. 

If, generalizing (1), we denote by d'A the work done on the system 
in a small change, then by the first law we have 

dU^d'Q+d'A (1^) 

For reversible processes, by the second law, d'Q = T dS, and therefore 
d(V-TS) = -SdT + d'A (le) 

Accordingly, for adiabatic processes d'A = dU, but for isothermal 
processes d'A = dF, So far as this goes, the free energy plays the 
same kind of part in isothermal reversible processes as the energy 
itself does in adiabatic processes. 

We have therefore justified our previous statement of account, 
but it has to be recognized that the balance arrived at is not a balance 
of the energy itself, but only a balance of the free energy, and that 
the general principle in question is the second law of thermodynamics, 
not the first. 

That beiug understood, we are now faced with the problem of 
actually estimating the quantities of heat involved in cases of electric 
and magnetic polarization. In particular, we have stiU to determine 
how the energy U changes in our isothermal processes, now that we 
know that our statements up to this point are to be taken as referring 
to the free energy only. 
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2. Thermal Effects at Constant Volume. 

We shall apply the fundamental thermodynamical equations (IcZ) 
and (le) to a cubic centimetre of a substance, whose energy can be 
changed, first by the addition of a quantity of heat d'Q, and secondly 
by the performance of work, electrical or magnetic. We assume that 
the specific volume of the substance is not thereby altered to any 
sensible extent. Further, we confine ourselves to the case when the 
vectors E and D are parallel to one another at every point, and 
similarly H and B, so that from the start we can deal with the numerical 
values F, D, H, B. By the first law (1<Z) we have then 

dV = d'Q ^EdD (in the electrical case), 
and dlJ = d'Q dB (for magnetization). 

4:77 

It is easy to see from the elementary treatment of the plate condenser 
(p. 70), and of the coil wound on a ring (p. 127), that the quantities of 
work there written down represent actual concrete amounts of energy, 
measurable e.g. in kilowatt-hours, and that no assumptions of any 
sort are made as to the form of the functions B = B[H) and D = D{E). 

In what follows we confine ourselves to the case of electric polariza- 
tion, seeing that the formulae for the magnetic case can be deduced 
from the others by simply altering the symbols, i.e. by changing E, 
D, K into H, B, /i. 

We also introduce, instead of D, the electric polarization P, by means 
of the equation 

D = E 4:7tP; 

we then have dU = d'Q + d{E^IS 7 T) + E dP. 

In order to simplify the notation, we shall split up the total energy 
into a “ vacuum part ” and a part TJ' belonging to the material 
of the dielectric: 

TJ^E^j^^+V (2a) 

It follows that dXJ' ^ T dS-\- E dP (26) 

We shall not assume to begin with that P is directly proportional 
to the field strength P, but shall suppose instead that the polarization 

P = P{P, T) 

has been determined by experiment for the substance in question, 
so that P is known as a function of E and T, We have now to determine 
wliat these data enable us to say about the function 

V = U'{B, T). 
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If we solve (26) for dS, and regard U' and P as expressed in terms 
of E and T, we find 




,aP' 


1/917' 


,9Px 


In order that the right-hand side may be the complete differential of 
the function S = S{E, T), we must have the identity 

d_ /d^\ _ ^ m\ 

BE KdTj ~ dT KdE/’ 


where dSjdT and dSJdE are given by the factors of dT and dE on the 
right side of the preceding equation. On working out this “ condition 
of integrability ”, we find at once 


BE BE BT 


(2d) 


Since we are regarding the function P{E, T) as empirically given, 
this equation gives the information we wanted about the change 
in U' due to a change in E under isothermal conditions. 

If, as a special case, the function P is linear in E, i.e. if 

P{E,T)=^x{T)E (2e) 


the ratio P :E for the substance, though still depending on T, will 
be independent of E. This is the case in most fluids. We shall then 
have, by (2d), 

~ ^ df dT ’ ‘ ' 


E BE 


m 


Here the right side is independent of E. 


Since 
(2/) gives 


1 

E BE BE^’ 

V'[E,T)=fiT) + m(x+^%} ■ ■ ■ i^9) 


where /, a function of the temperature alone, is entirely unknown to 
begin with, and m particular involves the specific heat of the substance. 
By (2a) we now obtain for the total energy density 


U=f{T) + ~E^i^l + 4^X + 


T 


dT r 


or, introducing the dielectric constant 

= 1 -f- 4^x> 

p_/m+£E>(i+J|5). . . . (2») 
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So long as we oniy consider isothermal changes, the function of the 
temperature, /{T), is of no significance. In that case, therefore, the 
energy density bears to the free energy KE^/Stt the ratio 


1 + 


T dE 
E dT ' 


Hence it is only when the dielectric constant is independent of the tern- 
pemture that the energy density can be taken as simply KE^/Stt. 

In many substances the ratio P : E (the “ susceptibility ”) is 
inversely proportional to P, or xi^) == ^x(^) is inde- 

pendent of the temperature. In this case, by (2/), U' is independent 
of E; and the electrical part of the energy density, viz. U —f{T), 
is, not AP^/Stt, but simply 

We shall now investigate the quantity of heat d'Q = T dS which 
must be supplied to the substance in order to keep its temperature 
constant when E changes. The result comes at once from (2c), by 
putting dT = 0 and taking account of (2d); thus 

= {2i) 

Hence, in those cases for which (2e) holds, 

d’Q=\T^dm- 


The quantity of heat absorbed per unit volume, while the intensity 
of the field increases from 0 to P, is therefore 

Q=WT^ m 

Hence, if x diminishes as the temperature increases, electric polariza- 
tion is associated with negative absorption, i.e. the substance gives 
up heat to the surroundings. 

TAe Specific Heats. — W e can heat the dielectric either at constant 
polarization P (i.e. without change of its electrical state), or at constant 
field strength P. The latter case is the simpler to realize experimentally, 
since all that is necessary for the purpose is to keep the difference 
of potential of the condenser plates constant. The difierence of the 
corresponding specific heats yp and y^ can be determined completely, 
whenever the function P(P, T) is known. To calculate yp, regard 
U' in (26), p. 234, as a function of P and T. We then have 
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For d P = Oj we have therefore 



fdu\ 

_ 

V dT )^~ 

varj, 


On the other hand, for dE = 0 we have from (2c) 


ys 




/dA 

\dT): 


But if we regard the value of P (as a function of E and T) as inserted 
in the equation TJ' = U'{P, T), we have 

(S).=(S),+(S),®).- 

It foUows that Yb = Vp+ { (^) ^ f- 
Also, from {21), by the condition of integrability, 


Hence 




{2m) 


The last diSerential coefficient here is found from the function P{E, T), 
which we are regarding as given: 

Or-Olp- 

Hence, finally Yp=Yp+^ (gj) / (^) {2») 

If in particular we put P = 


then 


=v.4-?:^^v 


Yp=Yp + 


\dT/ 


EK 


If — ^to specialize still further — x ^ inversely proportional to the 
absolute temperature, oi x — 




Yp+1^- 


3. Thermodynamical Theory of Electrostriction, 

In this section we shall apply the first and second laws of thermo- 
dynamics to the arrangement shown in fig. 2, p. 102, viz. two plates A and 
B of a condenser connected with the poles of a battery, so that there 
is a definite homogeneous field between them of strength E. The plates 
are partially imm ersed in a liquid dielectric, the boundary of which — 
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apart froiQ iii6r6 rigid walls — consists of two pistonsj one of tlicsCj fitted 
between tlie plates, is under a pressure p'] and the other, which is outside 
the field, under a pressure The whole system is in thermal contact 
with a large reservoir of heat at the absolute temperature T, 

The four quantities mentioned, 5, j?', Poj ^5 cannot, it is clear, 
be arbitrarily assigned independently of one another, if there is 
equilibrium. It is intuitively evident, in fact, that three of them, 
say E, Pq, and T, can be given arbitrary values, but that there is only 
one definite value of 'p' compatible with these, if the whole of the 
liquid is not to be driven into or out of the condenser. Hence there 
must he one relation, and one only, hetiveen the above four quantities. 
The object of this section is to find this relation. 

We shall use the following notation. For the part of the dielectric 
between the condenser plates, let be the total volume, the 
specific volume, ni^ the mass. For the part of the dielectric outside 
the field, let the corresponding quantities be denoted by Vq, Vq, mQ. 
Let U, S, M be the energy, entropy, and mass of the whole dielectric. 
Then obviously we have 

Fi = Vq = Wo^o; M = . . (3a) 

We suppose the physical nature of the dielectric to be defined by an 
electrical and a thermal equation of state; that is to say, the polariza- 
tion P is a given function of the field strength, specific volume, and 
temperature; and similarly the pressure p in the dielectric, when 
there is no field, is a given function of the specific volume and the 
temperature. We therefore kno'w the two functions 


P^P{E,v^,T) (36) 

and p == p{v, T) (3c) 


For a reversible change of U the general equation (Id), p. 233, becomes 
in the present case 

dU=TdS + E d(FiP) -- p' dFi -- Pq dVQ. . (3d) 

Now, for an isolated system, the condition of equilibrium is that the 
entropy has its greatest possible value. If then S is the entropy of 
our dielectric, S' that of other systems associated with ours (i.c. th(i 
heat reservoir, the electric battery, and the apparatus for maintaining 
the pressures p' and p^, then we have equilibrium when, for given 
values of T, E, p', Pq, the total entropy /S -f S' is a maximum with 
respect to flow of the liquid into or out of the condenser. Such flow 
implies changes in the masses and m^, subject to the fixed relation 
The condition of equilibrium is therefore that 

85' + 85' == 0, (3c) 

when Sm^ = — Smg, and 8T = BE = Bp' = = 0. But, if we 



233 


THERMODYNAMICS OF FIELD ENERGY 


consider tEe external part of tEe system alone, tEe entropy or wEicE 
is S', we see tEat 

T SS' = -BU + B S(7iP) - p' SFi - p, 

For, in tins part of tEe system, tEe cEange of energy, as also tEe 
separate items of work, Eave always in a given process tEe opnosite 
signs to tEe corresponding quantities in tEe dielectric. 

If we multiply (3e) by (— T), and substitute tEe expression just 
found for T dS', noting tEat T, E, p', p^ can be taken witbin tEe sign S, 
since hT = hE — hp' = Sp^ = 0, we obtain, witE reference to tEe 
variation indicated in (Se), 

S(I7 — Pdf— FFiP-{-pTi + po7o) = 0. . (3/) 

Tte quantity whose variation is taken in (3/) is called the thermo- 
dynamic potential By (35), for an arbitrary change of vith 
reversible changes of T, E, Pq, we have 

dijj = — S dT — VjE dE + T'l -p Fq dpQ. . (3^) 

On the other hand, we can write 8 in the form 

where and Sq denote the entropies per unit mass m the field and 
outside it; then, using (3a), we find 

dif; = %(— §1 dT ■— vJP dE 4* % dp') + ^?Po)- 

Hence, introducing the specific potentials, i.e. the potentials per unit 
mass, we have 

dif;^ == -Si dT — dE + df; = ^i(r, E, p') \ 
and diljQ = dT + Vq dp^; ijjQ = ^^{T, p^, j ^ 


The thermodynamical potential 

xfs = 0(mi, mo, T, E, p\ p^) = + mo^o 


may be regarded as a function of the six variables m^, m-o, T, E, p', 
and Pq. If the total differential of this function of six variables is to 
be consistent with the formula ( 35 r), which holds for equilibrium pro- 
cesses, we must have 


dyn^ 




whenever 


Sm^ -f- 8m2 == 0. 


Hence 


difj dijj 

dmf 


or (since ifj = + ^o^o) 


i.e. ^{T, E, p') = rpa{T, Pol 


(3i) 
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This equation gives the required general relation between the four variables 
T, E, p', and po- 

We shall discuss (Si) for the special case of isothermal changes of 
B, Pq; i.e. we regard T as having a given fixed value, and study 
the relationship between E, p\ and p^ which is defined by (3i). In 
differential form it becomes 




or, if we insert from (3A) the values of the partial derivatives, 

v^P dE + dp' = Vq dpQ (Si) 


This simple equation summarizes the facts about eUctrosiriction (§ 6, p. 95) 
and also about electrical surface forces (§ 7, p. 100). Note in the first 
place that the right-hand term in (3A), in virtue of the thermal equation 
of state (3c), can be regarded as the complete differential of the 
function 




• m 


On the other hand, p' must be uniquely determinate when and E 


are given, so that we have 
and therefore, from (dh), 

[-ViP + + v^^^dvj_= df{Vo). . (3m) 

Here the left side, like the right, must be a complete differential. 

S'”' 

dp' 3 / TIV /o V 



We shall now suppose that the electrical equation of state (36) takes 
the special form 

P:^x{T,v^)E (3o) 

Then (3n) becomes = \ , 

or, on integration, / = p{V]) + p® ( 3 ^^ 


which agrees exactly with the results of the electrodynamical treav 
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ment of § 7, p. 102. Here p(«i) is the pressure which the dielectric, in 
accordance with the equation of state (3c), would ezert on the walls 
of the containing vessel, at specific volume and with no electric 
field. 

If in (3 to) we insert the values (So) for P and (3p) for p' we obtain 


¥\ 




or, by (31), 




Hence (3ifc) can be completely integrated for the special case (3o). 
Clearly we have 



so that the integral is 



which is exactly equivalent to the formula (14c) for electrostriction 
already proved and discussed in detail (p. 97). There, however, instead 
of the specific volume v we used the reciprocal l/cr of the density, 
and instead of the susceptibility x dielectric constant K ( = l-j-47rx)« 


(B484) 



CHAPTEE Xn 


Tlie Forces in Fields which Vary with 
the Time 

1. The Maxwell Stresses and the Principle of Action and Reaction. 

In the discussions of § 5 (p. 91) and § 2 (p. 146) on mechanical 
forces we confined ourselves to bodies at rest in a steady electro- 
magnetic field. In § 8 (p, 104) and § 2 (p. 146) we succeeded in represent- 
ing the mutual action between two systems of charges and material 
bodies, by means of forces acting across any surface separating the 
too systems. For these forces, action and reaction are certainly equal, 
as they are required to be by Newton’s third law; in fact, when the 
direction of the normal to an element of surface is reversed, the surface 
traction derived from the stress tensor changes its sign. 

The question arises: what happens with regard to these forces in 
fields which vary rapidly with the time? The Maxwell-Hertzian 
theory assumes that the whole force exerted on a bounded region 
can still be represented, even in an electromagnetic field varying 
as rapidly as we please, by the surface tractions derived from the 
Maxwellian stress tensor, so that the force may be expressed in 
the form 

(la) 

If n is the outward normal to dS, the aj-components of Tgi and T^ag are 
given by 

(2’ei)« = ^ - E/ - E,^) cos(n, x) 

K JBl 

+ EJEy cos(m, y) + EjE, coB{n, z); 

(^mag)® = ^ — J?/) COS(w, X) 

+ £ HJSy cos(n, y) + EJS, cos(w, z). 

We shall now, for the case of fields varying rapidly with the 

242 
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time, investigate tie value of the force £ per unit volume, where 

¥=^^ 13,7 (Ic) 

In the first place, wc find by means of (9) and (9a), p. 152, that 
f = 1 E div (ZB) - s- - E Vafi S: + ^ [curl E, ZE] 

477 077 4:77 

(a*'®) ~ ^ "’■ad [^ + - 7 ^ [curl H, uE]. 

477 077 477 


This expression for the force density is obviously composed of three 
distinct parts. In fact, if we take account of Maxwell’s equations, viz. 


div (EE) = 477p; div QiE) = 0; 

curlE = -^H; cuxlH = ^i+-E; 
c c c 

we find ^ ^ lel “1“ fmag 4" 0-^) 

where = pE - ^ E^ grad Z, (le) 

.... (I/) 




Of these three component parts of the force density the two first have 
already come before our notice (pp. 95, 150). They are zero, except 
at places where there are either charges or matter; we are therefore 
entitled to regard the sum f<,i + f^ag as the actual density of ^be force 
acting on the matter in the field— and that is what fo dia before. 
The third part of (Id), however, is new. It occurs only m fields winch 
vary with the time. It is connected in the closest way mth the 
Poynting vector representing the stream of energy (p. 145), viz. 


We have in fact 


N = / [EH]. 

477 

C® dt' 


The remarkable thing about this force is that ite exi^nce does not 
presuppose the presence of matter; the Maxwelhan stress^ pr^de 
a “ moving ” force at points of empty space, even though there is 

no matter there for the force to move. p 4 .-U ji, pio'trAlnrk 

This result is of fundamental importance for t^ 
ment of the theory. Originally-i.e. in the time of MaxweU and Hertz 
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--fj was interpreted as an actual force acting upon the “ ^ther 
At one time, when the tendency in all cases was to endow the aether 
in the most liberal way with mechanical properties, this interpretation 
was undoubtedly appropriate enough. Newton’s third law is satisfied 
by the expression taken for the force in (la); nevertheless the laio of 
action and reaction is no longer true for matter hy itself alone. 

The reaction of the aether on matter is immediately accessible to 
observation in the form of radiation pressure. Imagine a finite train 
of waves originating at a source of light to be incident on a mirror. 
Further, let the source be so far away that the wave train has com- 
pletely left it by the time the front of the wave reaches the mirror. 
The mirror will then be subjected to radiation pressure, which is 
practically the force defined by ijji — but the light source is by that 
time entirely out of action. We have therefore here a force actually 
exerted by vacuous space on the mirror, and — since action and re- 
action are equal — an equal and opposite force exerted by the mirror 
on vacuous space. 

The conception of a substantial aether, which may be acted upon 
by force, is incompatible with the views held at the present day. 
The modern theories (Relativity^ Theory of Electrons) developed in the 
sixth volume of this series take no account of any forces beyond 
those which act on matter. The expression for the force density f 
to which these recent theories lead is accordingly different from that 
of (Id). The difference simply amounts to leaving out that part of 
f which, as we have just seen, implies the existence of a force acting on 
vacuous space. The force density obtained by the theory of relativity is 


Eji aN 


. . ( 2 ) 


(The terms additional to + fmag> "P^hich still appear on the right, 
vanish in a vacuum. In an experimental determination of they 
might, on account of their smallness, be omitted altogether.) The 
resultant force which, according to (2), acts on a finite volume, is 
therefore 

Pmat = /(Tel + T^g) dS-^f ^NdV. . . (2a) 

If we denote by G^at the momentum of the matter contained in the 
volume considered, and by gj^at momentum density, we have 

^mat “ J Smat 

The significance of Finat is to the fact that it defines the time rate 
of increase of : 

w ~ a 

■“mat ”mat* 
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We have therefore from (2a) 

J (^el + ^mag) ~ J "i" ^ ®) 

We shall now apply this equation to a bounded system, i.e. a system 
whose electromagnetic field lies entirely at a finite distance. In this 
case we may take the volume through which we integrate so large 
that the field vanishes all over its external boundary; hence we obtain 

const. . . . (%] 

But it follows from Newton’s third law that the momentum of an 
isolated system is constant with respect to the time. Hence, if we 
wish to adhere to the third law, we are compelled by equation (26) 
to regard the quantity 

Smat “b ^ ^ 


as the density of momentum. We have here an example of the important 
result of the Theory of Relativity, that every stream of energy N 
has associated with it a momentum density 

g.v = ^N (3) 

(equivalence of energy and inertial mass). 

In particular, electromagnetic radiation always carries with it 
the momentum specified in (3). We call gy the momentum density of 
the radiation, and 

Gjf =J gy dV 

we call the total momentum of the radiation contained in F. The 
theorem of momentum (26) now takes the form: 

The sum Gmat + Gj 

of the momentum of matter and the momentum of radiation in an isolated 
system is constant with respect to the time. 
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Divergence: ^ ~ ^ ^ ^ ' 

Page 

18 

Gauss's theorem: J Jv^ dS==:J j j div v dV. 

18 

Green's theorem: 


Srail 9^)} dV, 

19 

t) ^ =!!!<•* ^ - ■f "■ 

19 

Potential of point souices of strengths e,-: 


^ = S - ; V = —grad <f>. 

20 

Double source of momeut m: 


j / 1 1\ (mr) 1 m 1 . cos 0 

= grad, ; j = V= ' ' 

23 

Surface of discontinuity: 


^ ~/A (“’ 7 ) ‘^'^ 12 - 

29 

Uniform double stratum: v — r ^ . 

32 

Curl: 


cnil V = i f + 3 f , t 

\dy dz)^^\dz dx)^^\^ 

). 33 

Stokes’s theorem: j)vds— J J (curl v)„ dS. 

Expression for v in terms of its sources p and vortices 0 : 

35 


38 

Rules for calculation ■with vectors: 


div 9 JA = ^ div A + A grad^. 

18 

curl 96 A = ^ curl A + [grad A], 

129 

div [AB] = B curl A — A curl B, 

36 

curl curl A = grad div A — AA. 

36 
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ELECTRODYNASnCS 

Maxwell’s equations for bodies at rest; I to IV, general; V 
fco VII, constitutive: 

I. curl H = — i -f- - 

6 C 


Page 

144 

144 


II. curl E = — - B. 141 

c 

III. div D = 4:7rp. 75 

IV. div B = 0. 136 

Here H = magnetic field strength, 

E = electric field strength, 

D = dielectric displacement, 

B = magnetic induction, 
i = current density, 
p == density of (true) charge. 


We have also the vectors 

p = dielectric polarization, 

I = intensity of magnetization, 

with the relations 

D = E + 47rP, 74 

B = H + 47rL 136 

Hence, from III, 

div E = 4'7 t(p — div P). 


For isotropic substances, 

V. i= cr(E+ E(^>). 

VI. P = xE; D = ZE: 

where a = electric conductivity, 

= impressed electromotive force, 

X = dielectric susceptibility, 

K = dielectric constant (= 1 + 47 tx). 


116 

74 


For substances not ferromagnetic, 

VIL I=/cH; B=/xH; 

where k = magnetic susceptibility, 

= permeability (= 1 + 4^/c). 


(E4S4) 


9 * 
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Eqmtion of Energy . — ^From I to VII it follows that 

- 1 i (KE 2 + p.B?) = div H + (iB). 

Q 

where H is the Poyntmg vector [EH], 

Energy density of the field: 

u = ■}■ {KlS? + fiB?). 

OTT 

Thermochenoioal activity: 

= (iEW). 


Page 


145 

145 

145 

150 


Warn Equation . — ^For homogeneous uncharged media 
{K, ft, a constant in space; EW = 0; p~ 0): 

Kfi 02E 0E _ . 

Hence, for insulators: 

c 

Velocity of wave propagation a = 

Index of refraction n — ; 

and, for conductors: 

Depth of penetration i — — -\/ . 

Vft ^ o 


188 

184 

185 

190 


FURTHER SPECIALIZATIONS OF I TO VH 


Qmsi-steady fidis: neglect of D/c in I; equivalent to tiro 14C 
assumption div i = 0, and the assumption of infinitely groat 
wave-velocity a. For a quasi-steady current i the sdf-indudance 
L is defined in terms of the magnetic field energy: 

^mag ~ 0^ J dV — . 104 

Steady fidds: D = 0, B = 0. 109 

E is .irrotational, so that a potential <j> exists: 

E = — grad^, 109 


curl B = — (i -f c curl I), 
c 


136 
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Page 


Static fidds: D = 0, B = C, i = 0. 

The fields E and H are irrctational, and independent of one 
another: 

magnetostatics; div H = — 4?: div I; 132 

electrostatics: div (KE) — iTrp, 75 

Hence, in homogeneous insulators (K constant in space), 

47r 

—div E = A(^ = — 75 

K 

NUMERICAL RELATIONSHIPvS OE UNITS 


! 

Name of 

Measure in 

Measure in 

leasure in 


Practical 

Electromagnetic 

Electrostatic 

Gau<;5lun 


Unit 

Units 

Units 


Electric charge . , 

Coulomb 

10-1 

3X10® 

3X10® 1 

Electromotive force 
(and electric potential) 

1 Volt 

IQS 

1/300 

1/300 

Electric intensity 

Volt/cm. 

108 

1/300 

1/300 

Capacity 

Farad 

10-0 

9 X 1011 

9 X 1011 

Current . . 

Ampere 

10-1 

3 10® 

3X10® 

Resistance 

Ohm 

10® 

1/(9 X 1011) 

1/(9x1011) 

Inductance 

Henry 

10® 

1/(9 X 1011) 

1/(9x1011) ' 

Magnetic pole strength 

1 

1/(3 X 1010) 

1 1 

iMagnetic intensity . . i 

Gauss 

1 

3 X 101® 


Magnetic flux . . 

Maxwell 

1 

1/(3x101®) 

1 

Energy (and work) 

Joule 

10’^ ergs 

10’ ergs 

10’ ergs 

Power . . 

Watt 

10' ergs/sec. 

10’ ergs/sec. 

10’ ergs/seo. 


The table shows the conversion factor required to change from 
any one to any other of the four systems of units. If, for example, 
a capacity is given in electrostatic units, and is to be expressed in 
electromagnetic units, we can use the relation stated in the table 
that 9x30’-^ e.s.u. = e.m.u., so that 1 e.s.u. = 1/(9 X 10-®) 

e.m.u. A useful mnemonic is the fact that the equation 


dt^ C~' dt 


holds in all four systems of units. 


*I.e. electrical quantities in electrostatic units, magnetic quantities in electro- 
magnetic units. 




EXAMPLES 


Bui he ye doers of the word^ and not 
hearers only, deceiving your own selves , — 
James, i, 22. 


Vectors 

1. The length of the vector A is | A | = 5; it makes an angle of 30° with 
the z-axi8; its projection on the ajy-plane makes an angle of 45° with the ar-axis. 

The projection of the vector B on the 2 -axis is = +4; its projection on 
the a^-plane has the length 6, and makes with the rc-axis an angle +120°. 

iPind A + B. Give the length of this vector, its Cartesian components, and 
the angles it makes with the co-ordinate axes. 

2. The point of application of the force P = (5, 10, 15) kg. is displaced from 
the point (1, 0, 3) to the point (3, —1, —6). Find the work done by the force, 
in kg.-cm. (The co-ordinates are in cm.) 

3. Find the scalar product of two diagonals of a unit cube. What is the angle 
between them? 

4. The unit vectors i, j, k of a Cartesian co-ordinate system define a cube 
of volume 1, of which they form the edges. Find the scalar and the vector product 
of two face-diagonals starting from the origin. What angle do they form with 
one another? What is the area of a face of a tetrahedron inscribed in the cube? 

5. Find the Cartesian components of that vector, of length 3, which makes 
equal angles wdth the negative jc-axis, the positive y-axis and the negative 
s-axis; the vector being drawn from the origin in the octant formed by the parts 
of the axes as stated. 

6. Let a be a vector drawn from the origin, and ao the corresponding unit 
vector,’ also let r be the vector drawn from the origin to the variable point P, 
Prove that 

(ao.r)=lal 

is the equation of the plane at right angles to a through its end-point. 

7. The perpendicular from the origin of co-ordinates to the plane P is p = (2, 
4, 6), A straight line through the origin has the direction cosines (1/ V2, 1/ V2, 0). 
Find the co ordinates of its point of intersection with the plane P. 



254 CLASSICAL ELECTRICITY AND MAGNETISM 


8. Let n be a unit vector and A an arbitrary vector; prove the formula 

A== n(A.n) + [li- [A.n]] 

and show that it represents the decomposition of A into two components, one 
parallel to n and the other perpendicular to n. 

9. The vector (2, 2, 5) is drawn from the origin; find the vector perpendicular 
to this from the point (1, 2, 1). 

10. Given the vectors a == (2, 1, 1) and b = (— 1, 3, 2); find the components 
of tile fundamental vectors of the Cartesian left-handed co-ordinate system, 
whoso r-axis is in the direction of a, while its ?/-axis is in the piano of a and h 
and on the same side of a as b is. 

] 1. Rind the components of the vector t — (5, 8, 10) in the co-ordinate system 
specified in the preceding example. 

12. The end-points of the three vectors a, b, c drawn from the origin of co- 
ordinates define a plane. What is its distance from the origin? 

[Use the scalar products of a, b, and c with the (unit) normal to the plane, 
each of which is eq^ual to the distance required; then solve the equations for the 
components of the unit normal.] 

What is the geometrical interpretation of the final formula? 

[Note that the volume of the tetrahedron formed by three adjacent edges 
of a parallelepiped is ^ the volume of the parallelepiped.] 

13. A body is rotating about a fixed axis; the angular velocity vector is 
u = (—60, +80, +100); the velocity v of the point r == (4, 6, 6) has the a;-com- 
ponent = 20, and the y-component Vy = 30. Find the shortest distance of 
the axis of rotation from the origin. 

14. A rigid body rotates at 300 revolutions per minute about an axis which 
makes with the cc-axis an angle of 50° and with the ^/-axis an angle of 70°, and 
passes through the origin in the first octant. Find the components of the velocity 
of the point r = (4, 5, 6) cm. 

15. The end-points of three vectors a, b, c lying in a plane, and drawn from 
the origin of co-ordinates, determine a triangle. Find its area, having given 
a=(6, 1), b=(8, 6), c=(2, 10). 

16. The vectors a = (6, 3, 1), b = (3, 6, 1), c = (1, 3, 6) start from the 
origin of co-ordinates. Find the area of the triangle formed by their end-points. 

17. For any determinant 
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D = 

®21» 

<^229 

. . . , a2n 



^n29 

. . . , 


Hadamard has proved the inequality 


real) 


P’- < n ( S a,, 2) 

i=i y=i 

~ + • • •+®in“) (®2i^ + + • • • + fl2n®) • • • + «7ia®+ • • • 


Consider the case of a three-rowed determinant, and regard the elements of 
a row as components of a vector; what geometrical theorem is then expressed 
by the inequality? What theorem of plane geometry corresponds to the case of 
a two-rowed determinant? 
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IS. Witn every point of a curve in space there is associated a unit vector t, 
the direction of which is that of the velocity of a point describing the curve in 
an assigned sense. This vector therefore gives at the same time the direction 


of the tangent. Prove that = 0, where s is the length of the arc of the 

curve measured from a fixed point on it. What is the geometrical meaniuz of 


19. Let r be the radius vector from the origin to any point, and a a constant 
vector. Find the gradient of the scalar product of a and r. 

20. If 9 and ^ are two functions of a point in space, so that 9 = i^{x, y. 
and ^ = iKjc, y, z), what is the geometrical signification of [grad 9 . gradvj? 

21 . A circular disk rotates about a fixed point in its plane with angakr 
velocity co. Every point of the plane lying within the circle has thus a definite 
velocity vector v associated with it. Find an expression for curl v. 


22. Tho points of a plane rotate about a fixed point m the plane, but with 
angular velocities which depend on the distance from the fixed point: oi = 6 i(r). 
Determine the function oi, if the velocity field is irrotational. 


23. A plane central field A is defined by A = r ./(j r |) = r ./(r). Determine 
f(r) so that the field may he irrotational and solenoidal. 

24. A central field A in space is defined by A = r . /(j r | ) = r . /(;•)* Determine 
f{r) so that the field may he irrotational and solenoidal. 

25. The rectangular components of a vector A are: 




dz dy 


dz 


dy ''dx 


where / is a given function of the co-ordinates x, y, z. Express A as the vector 
product of two vectors, and prove that 

(A . r) = 0 and (A . grad/) = 0 . 


Electrostatics 

26. Find the force of attraction between two equal and opposite charges 
of 1 coulomb distant 1 km, from each other. 

27. A quantity of positive electricity +e is distributed uniformly throughout 
the volume of a sphere of radius a. A n^ative point charge — e is situated at a 
point within this “ charge-cloud ”. Find the force actiug on the point charge, 
as a function of the distance from the centre of the sphere. 

28. A dipole m is situated at a certain point in a field of strength E. Find 
the work required to remove the dipole to an infinite distance, (The angle 
between E and m is a.) 

What does the result become in the special case when the dipole can rotate 
freely? 

29. A point charge of 0*5 electrostatic units is placed at a distance of 1 cm. 
from the plane face of a large body of 

(а) metal (conducting plane), or 

( б ) glass with dielectric constant 7 (dielectric half-space). 

Find in each case the force which acts on the charge. 
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30. A metal sphere of radius a is placed in a homogeneous electric field E. 
Find the surface density of the induct charge. Find also the surface density 
of the free charge on a dielectric sphere whose dielectric constant is K, 

31. Find the force between a metal sphere of radius R carrymg a charge E, 
and a small body with a charge e, at a distance d from the centre of the sphere. 
Prove that the two bodies in certain circumstances may attract each other, 
even if the charges E and e are of like sign. 

32. Find the greatest charge which can be carried by a metal sphere of 
10 cm, diameters if the dielectric strength of the air is 20,000 volts/cm. 

33. Find the limiting radius of curvature to which the corners of a conductor 
charged to 100,000 volts must be rounded, if the dielectric strength of the air is 
20,000 volts/cm. (Take the rate of fall of potential in the immediate neigh- 
bourhood of the surface as approximately equal to that for a sphere.) 

34. What is the surface density of electric charge at a place on the earth’s 
surface where the rate of fall of potential is 250 volts/m.? Find the force acting 
on 1 sq. m. of the earth’s surface at this place. 

35. A soap bubble hanging from the end of a glass tube shrinks towards the 
opening of the tube under the action of surface tension. Is it possible, in view 
of the fact that air has a dielectric strength of 20,000 volts/cm., to prevent the 
soap bubble from collapsing completely by giving it a strong electric charge? 
If so, find its limiting diameter. (Surface tension = 48-5 dynes/cm.) 

36. In a charged soap bubble of radius r the air pressure is the same inside 
and outside the bubble. Find the relation between the radius, potential and 
surface tension. 

37. A very long thin rod of dielectric constant K is placed in a homogeneous 
field Eq, parallel to the direction of the field. Find the values of E and D in the 
interior of the rod. 

38. A homogeneous field of intensity E exists within a dielectric of 'which 
the dielectric constant is K, Find the intensity in a hollow space within the 
dielectric in the three cases when the hollow has the form of 

(а) a very long thin cylinder parallel to the lines of force; 

(б) a thin plate perpendicular to the direction of the field; 

(c) a sphere (cf. p. 80). 

39. In a plate condenser (plate distance d) which is connected to a battery 
of F volts, glass plates (dielectric constant K) of different thicknesses are inserted 
in turn. How do the two values of the field strength, viz. in the glass and in 
the residual ah space, depend on the thickness x of the glass plate? How docs 
the capacity of the condenser vary with a;? Also find the values of the field strength 
in the glass and in the air space when the condenser is disconnected from the 

1 battery before the glass plate is inserted. 

40. (a) With what force (per sq. cm.) do the coatings of a plate condenser 
attract each other, at 1000 volts pressure and 1 mm. plate distance? 

(6) What is the value of the force when the condenser is disconnected from 
the battery of 1000 volts after charging, and is then filled up with petroleum 
(K = 2*0)? 

(c) What is the value of the force when the condenser is first filled up with 
petroleum and then charged? 
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41. (a) Whafc is the value of the force which acts on the plates of the plate 
condenser in the preceding problem, if the condenser is separated from the 
battery after charging, and a plate of paraffin {K = 2-0) 1 mm. in thickness 
is then inserted so as just not to touch the plates? 

(6) What is the value of the force, if the paraffin plate is inserted before 
charging the condenser? 

42. In the Gaussian system of units the sources of the electric field are given 
by the relation divE = 4:Tcp. The units of the Heaviside-Lorentz “rational” 
system are defined in such a way that the factor 47r drops out of this eq[uation, 
so that div E = p. 

What is the constant factor for Coulomb's law in the rational system? What 
is the relation between the rational and Gaussian units of charge, intensity, 
pressure, and capacity? 

43. Two condensers, whose capacities are = 0*5 and Gg = 0*2 micro- 
farads, are connected in series to a source of continuous pressure of 220 volts. 
What is the charge on the coatings, and what are the pressures in the two 
condensers ? 

44. Two equal air condensers, originally uncharged, are connected in series 
to a battery of pressure V. Find the change of potential in the wire oozmeoting 
the two condensers, when one of the condensers is filled with a Ii<g[uid of dielectric 
constant K. 

45. Two condensers of capacities Gj = 1 and Gg = 10 microfarads, originally 
uncharged, are set up in series and connected to a battery the poles of which 
have potentials 4-100 and —100 volts relative to the earth. If the wire connect- 
ing the condensers is then earthed, find the quantity of electricity which is 
discharged through the earthing wire. 

46. Assuming that the potential problem has been solved for the case of two 
infinitely long cylindrical conductors, one within the other, i.e. that the potential 

y) has been found, which takes constant values at the surfaces of the 
cylinders, and which satisfies Laplace’s equation 

!!£ + ^ = o 


at all points of the space between them — ^how is the mutual capacity of the two 
oylmders obtained? 

47. In a plane problem, let the cross-sections of two cylindrical conductors 
be given, and a family of equipotential lines drawn, so that the difference of 
potential for any two adjacent Imes is constant. How can we calculate from this 
diagram the mutual capacity of the two conductors (subject to the error arising 
from the limited number of the equipotential lines)? 

48. By means of the function w = w -j- iv = f{z) of the complex variable 
z ^ X iy, n, value u = u(x, y) and a value v = v{x, y) are associated with every 
point of the plane of xy. If the limit 

Lim = 

S ^ ^ 

•exists, so that in particular it is iudependent of the path along which approaches 
z, prove that both u and v satisfy Laplace’s equation, i.e. that 


dx^ 


dhi 

dy^ 


= 0 , 


and similarly for v. 

In other words, if we have two curves, 1 and 2, on which e.g. u takes the 
constant values and then u is the solution of the potential problem for 
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a plane (cylindncal) field, wliicli is generated by the two cylindrical conductors 
with the cross-sections 1 and 2, when the pressure between these is — Uo. 
If we multiply u by a suitable constant, we obtain the distribution of potential 
for a prescribed difierence of potential between 1 and 2. 

49. The complex function 

z= sc + ii/ = I'iw) = F(u -f iv) 


(for which we assume the existence of the derivative dzldiu =# 0, cf. Ex. 48) 
associates a point (re, y) of the 2!-plane with every point (w, v) of the ?(;-planc. 
In the s-plane let a system B of conductors (or rather, of cross-sections of cylindrical 
conductors) be given, for which the potential problem has been solved, i.e. for 
which a function 9 of a; and y has been found which satisfies Laplace’s equation 
and takes constant values at the given curves B. Let 9 be the real part of the 
function f{z) == 9 -f Further, in the WJ-plane let a system A be given, for 
which the solution of the potential problem is wanted. Prove the following: 
if a function F(w) is known which represents the w>-plane on the 2:-pIane in such 
a w'ay that it makes the figure A correspond to the figure B, then the real part 
of f{F{w)} = f{F{u -f- iv)} is the potential function required for the system A. 

"What is the ratio of the capacity of two conductors in A to that of the con- 
ductors comespondiug to them in JB? 

50. Use tho method of conformal representation (Ex. 49) as follows to 
determine the capacity (in cm.) of a twin circuit, i.e. of two parallel circular 
cylinders of the same radius r, the mean distance d between which is very great 
compared to r. Begin with a condenser formed by two concentric circular 
cylinders; then, by means of the function w= I/2, with proper choice of the 
origin, represent tMs conformally on the given twin circuit. (In a transformation 
de&ied by 10 = l/z, aU circles remain circles, except such as pass through the 
origin, which become straight fines. The capacity of a cylindrical condenser 
is 1 -r (2 log 6/a), where a and 6 are the radii of the cylinders.) 

61, From the fact that 1/r is a solution of the potential equation A9 = 0, 
deduce that 




8x 


a> - 


0 


/IN 

dxdz \r/ 


are also solutions of A9 = 0; a, 6, c being constants. 

By what arrangements of point charges near the origin are the potentials /, gr, h 
respectively produced, at a great distance? [Two pomt charges for /, four for 
g or h.'\ 


Electrodynamics 

62. What is the length of tungsten wire in an incandescent lamp, if the lamp 
consumes 50 watts at 220 volts, and the diameter of the wire is 26 (x? [The 
specific resistance of the tungsten may be taken as proportional to tho absolute 
temperature; at 18° C. it is 0*056 X ohm-cm. The temperature of tho wire 
may be put at 2500° abs.] 

53. A tungsten filament lamp takes 60 watts at 220 volts. Find tho value 
of the current immediately after the lamp has been switched in. How many 
times greater is it than the working current? The room temperature is 18° C. 
[For other data see Ex. 52.] 

64. In an electric circuit the copper wire (cross-section 1 sq. mm.) is 
protected by a fuse of silver wire, the diameter of which is 0*2 mm. Calculate 
approximately (neglecting heat lost by conduction, &c.) how long it will take 
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for the fuse to be completely melted by a short-circuit current of 20 amperes; 
also the rise of temperature in the copper "wire. [The specific heat of silver is 
0*055 cal./gr. °C.; its specific resistance is 0’016 X 10“^^ ohm-cm.; melting-point 
901° 0. Copper has the specific heat 0*091 oaI,/gr. °C, and the specific resistance 
0*017 X 10-^ ohm-cm.] 

65. A twin conductor (copper cross-section = 2x1 mm.=) 300 m. in length 
connects a 220-volt generator to a point where the current is taken bv itto 
100- watt lamps. By how much will the pressure afc the lamps he lowered, if an 
electric box-iron consuming 500 watts is inserted in the circuit? 

66. The following consuming devices are connected to a 220-volt supply: 

6 lamps for 220 volts, 50 watts; 1 lamp for 8 volts and 6 amperes, with the 
requisite inserted resistance; and a motor, which at 220 volts aevelops -Jr h.p.. 
with an efficiency of 75 per cent. ITind the total resistance of the load, the 
current taken, and the power used. What resistance is needed for the S-voIt 
lamp? 

57. An electric kettle taking 3 amperes at 220 volts brings 1 litre of water 
from 18° C. to boiling-pomt in 11 minutes. Bind its efficiency, i.e. the percentage 
of the energy supplied which goes towards heating the water. 

58. (a) The internal resistance of an ammeter is R, What resistance must be 
inserted in parallel to multiply the working range of the instrument n times? 

(6) The internal resistance of a volt-meter is R. What resistance must be 
inserted in series to multiply the working range of the instrument n times? 

59. The internal resistance of an accumulator is R, and the E.M.F. is T'; 
and n of these are available. If the battery is divided into groups, each consisting 
oi h accumulators connected in series, and the (n/k) groups thus arising are 
arranged in parallel, find the value of k for which the current is a maximum, 
the external resistance being jB^. 

60. The deflection of a suspended coil galvanometer is proportional to the 
current and to n, the number of turns in the coil. Since the space available for 
the winding is fixed, we have a choice between a few turns of thick wire and 
a large number of turns of thin wire; the product of the number of turns n and 
the cross-section of the wire A is approximately constant, say nA — F, How 
should the coil be wound in order that, for a given E.M.F. (F), and a given 
external resistance (jB), the deflection of the galvanometer may be a maximum? 

61. The capacity G of an arrangement of two metallic conductors of any 
given shapes (or the capacity of a conductor standing by itself) is known. Suppose 
now that a medium of specific resistance p ohm-cm. is introduced into the space 
between the conductors, so as to fill it completely; p is much greater than the 
specific resistance of the metals, so that the pressure drop in the metal electrodes 
can be neglected. Determine the resistance B of the arrangement for the passage 
of current from the one conductor to the other. 

62. An apparatus is earthed by means of a hemispherical metal electrode, 
which is sunk in the earth in such a way that the circular base lies in the earth’s 
surface. The specific resistance of the ground is 10,000 ohm-cm. Find the earthing 
resistance. (Radius of electrode = 10 cm.) 

63. A Darnell cell consists of two concentric cylinders, one of copper (radius 
a), the other of zinc (radius b); its height is If the specific resistance of the 
acid solution of copper sulphate is p ohm-cm., what is the “ internal resistance 
of the ocU? (The capacity of a cylindrical condenser is 1 -r (2 log 6/a), where a 
and 6 are the radii of the cylinders.) 
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64. The interior of a plate condenser (plate distance d) is composed of two 

layers having respectively the thicknesses and dielectric constants 
and Knt and conductivities Gj and go; and d = + ^ 2 . The pressure between 

the plates is V, Tind the intensities Ei and E^, and the displacements Di and 
Do. Find also the densities of the true and the free charge on the plane surface 
bounding the two layers. Determine the strength of the current through the 
condenser, and discuss the limiting case Gj = 0. 

65. A plate condenser is filled with material of conductivity g and dielectric 
constant K, By momentary contact with the terminal of a battery it is charged 
to potential V, Calculate the “ time of relaxation ”, i.e. the time after which 
the charge (or pressure) of the condenser has fallen to the fraction (l/e) of its 
original value. 

66. The equation p = is alvrays true (as the proof on p. 115 

shows), provided g and K are constant in the space considered. Suppose e.g. 
that at time i = 0 a definite quantity of electricity was concentrated within a 
very small sphere, while the remainder of the medium carried no charge; then 
the equation states that every part of the medium which was originally un- 
charged, even if it is in the immediate neighbourhood of the charged part, 
remains electrically neutral while the charge on the sphere is disappearing. A 
quantity of heat existing in the small sphere at i = 0 would behave quite 
differently; it would flow out into the surrounding part of the medium, instead 
of merely fading away where it stands, like the electric charge. Explain this 
difference between the two cases. 

67. A very large sphere of conductivity g and dielectric constant K is placed 
in a vacuum; at its centre, as in the preceding problem, at ^ = 0, a given charge 
is confined within a very small sphere. Since the total charge of the system must 
remain constant, the exponentially vanishing charge at the centre must begin 
even from the very first to appear at the surface of the large sphere, no matter 
how great the radius of the latter may be. Prove that this phenomenon cannot 
be employed to transmit signals with infinite velocity, so that in spite of appear- 
ances the relativity postulate is not contradicted. 

68- A large sphere of radius h consists of material of conductivity g and 
dielectric constant K, At time i = 0 a charge Q is uniformly distributed over 
the surface of a small concentric sphere of radius a. Calculate the Joulo heat 
developed during the discharge, and prove that it is equal to the loss of electro- 
static energy due to the dispersal of the charge. 

69. Find the intensity of the field generated by a dipole m, at the end of a 
radius vector r drawn from the dipole. 

70. The magnetic field of the earth can be represented with good approxi- 
mation as the field of a magnetic dipole. Find the moment of this dipole, having 
given that the mean value of the horizontal intensity in magnetic latitude 45° 
is H = 0-23 gauss. What relation must exist between the horizontal intensity 
at the magnetic equator and the vertical intensity at the magnetic poles? 

71. Making the same assumption as in question 70, find how the dip i depends 
on the magnetic latitude. 

72. The molecules of a paramagnetic gas are small magnetic dipoles of moment 
[r. In a homogeneous magnetic field H they would set themselves in the direction 
of the fid.d, were they not disturbed by the thermal motion. As the effect of the 
thermal motion, at a given moment molecules of every orientation are present, 
but there is a smaller number of dipoles in directions differing greatly from the 
direction of the field. The distribution of the dipoles round the direction of the 
field is given by the Maxwell-Boltzmann formula 

dn — 
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where dii is the niunber of dipoles with directions lying within the solid an^ie 
dco; E is the energy of a dipole making the angle a with the field (5 = — [lE cos a); 
h is the Boltzmann constant = 1-36 X ergs/=C.; and the constant factor 
is defined by the condition that the integral of dn over all directions in space 
(i.e. over the whole solid angle Atz) must be eq^ual to the total number of the 
molecules. 

bind the value of the ratio defining the degree of magnetic saturation^ viz. 
o : Go == magnetic moment of 1 gr. of gas 

: magnetic moment of 1 gr. of gas, when the dipole axes are all in the 
direction of the field, the temperature being T, and the intensity H, 

73. The result in the preceding q^uestion is given by “ Langevin*s formula ” 

— = coth a — 

where a = 

JcT 

Find the limiting value of g/gq for a 1, and for and show that 

Curie’s result x = CjT (p. 133) is a good approximation to Langevin’s when 
a is small. How are [l and Gq connected with Curie’s constant C? Calculate the 
magnetic moment of a gramme molecule in terms of Curie’s constant. 

74. An iron sphere of radius a = 5 cm. is homogeneously magnetized to 
saturation (an ideal hard magnet; for iron AtzI^ = 22,000). Find its dipole 
moment. What are the values of B and H in the sphere? Find the distribution 
of the surface divergence of I and the density of the “free” current on the 
surface of the sphere. What is the maximum value of the free current in amperes 
per cm.? 

75. Calculate the field in external space due to the magnetized iron sphere 
of question 74, 

76. The radius vector from one dipole mi to another m 2 is r. Fmd the mutual 
energy of the two dipoles. 

77. A magnetic needle of moment | m ] = 100 magnetic units floats horizon- 
tally on a cork in the sea. What are the positions of stable and of unstable 
equilibrium? What is the difierence of energy in these two positions? 

Give the answers also for the case when the needle is stuck in the cork 
vertically. 

Take the earth’s magnetic field (as in question 70) as due to a dipole; the 
magnetic moment of the earth is 8-33 x 10^®, 

78. The radius vector from the dipole mi to the dipole m 2 is r. What is the 
force on m 2 ? 

How does the force between two small, freely movable magnetic needles 
depend on their distance apart? 

79. A coil of 600 turns is wound round an iron ring of 20 cm. diameter and 
10 sq. cm. cross-section; find the magnetic flux J dA in the ring, when the 
current in the coil is 1 ampere. (Take p. = 500.) 

80. Suppose the iron ring of question 79 to contain an air gap of width 3, 
where 3 is so smaU that it is not necessary for our purpose to take into account 
the spreading of the lines of induction in the air gap. How does the magnetic 
flux depend upon 3? What is its value for 3 = 0-1, 1 and 5 mm.? 

81. Calculate the field energy in the iron, the field energy in the air gap, the 
total field energy and the self-inductance (in henrys) of the divided iron ring 
of question 80, for the three widths of gap stated there. 
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52. Pind the force ^ith which the poles of the divided iron ring of questioB 
SO attract each other. Discuss the energy balance of the process, supposing 
the poles to be drawn apart slightly. (Neglect elastic energy in the iron.) 

53. Pind the force (per cm.) with which the two wires of a twin circuit repel 
each other, when they are 30 cm. apart, and are carrying a current of 50 amps. 

54. A su«;pcnded coil galvanometer lias a square coil of 2 cm. side, and 100 
turns; the coil can rotate about a vertical axis; the restoring couple due to the 
suspension is 10~- gm.-cm. /degree. The vertical sides of the coil are placed in 
a held of 1000 gauss, which is directed radially relative to the axis of rotation. 
Find the angle of deheetion per miUiampere. If the instrument is used as a 
mirror galvanometer, what is the current corresponding to a deflection of 1 mm. 
on a scale at a distance of 2 m.? 

85. A string galvanometer consists of a thin stretched wire, set vertically 
and carrying a current in a homogeneous horizontal magnetic field. The de- 
flection at the middle of the wire perpendicular to the fines of force is observed 
with a microscope. Pind its value when the current is 1-0 miUiampere, the lengih 
of the wire 5 cm., the (elastic) tension of the wire 0-02 gm., and the magnetic 
intensity 200 gauss. The form of the wire when the current is passhag is a parabola 
with the equation (referred to its vertex as origin) y = x-{pl2Z), where p is the 
transverse force per nnit length, and Z is the longitudinal tension. 

86. A straight wire of length and direction s moves with velocity u in the 
magnetic field B. Its ends are connected by means of movable contacts vrith a 
fixed conductor, which with the wire forms a closed circuit. Pind (in volts) the 
electromotive force induced in this circuit. 

87. The two rails of a railway track are insulated from one another and from 
the ground (say by sleepers impregnated with oil), and connected through a 
millivoltmeter. What is the reading of the instrument when a train is passing 
at 100 km. per hour? The vertical component of the earth’s magnetic field is 
0*15 gauss, and the distance between the rails is 1435 mm. 

88. A ring of copper wire of 20 cm. diameter and 1 mm.® cross-section 
(sp. res. == 1-75 X 10”® ohm-cm.) rotates in the earth’s field about a vertical 
axis at 300 revolutions per minute. Pind the Joule heat developed per second. 
Pind also the average and maximum values of the necessary applied torque. 
(The horizontal component of the earth’s magnetic field is 0-18 gauss.) 

89. How does the current strength in the copper wire ring of question 88 
depend on the angle coi between the earth’s field and the normal to the piano 
of the ring? Pind the intensity (as a fimction of coi) at the centre of the ring 
duo to the current. 

90. In a suspended coil galvanometer there are given: (1) the resistance JR, 
breadth &, height Z, and number of turns w, of the coil; (2) the (radial) magnetic 
field strength H in the air gap; (3) the (haH) period of oscillation on open circuit; 
(4) the deflection G in degrees, for a current of 1 ampere. Calculate from these 
data the external resistance requisite for the non-periodic limiting condition. 

91. An air choking coil of 0*3 henry self -inductance and 20 ohms virtual 
resistance is connected to an alternating pressure of 220 virtual volts at 50 cycles 
per second. Pind the quantity of heat (in cal.) developed in the coil per minute. 

92. A resistance of 10 ohms, a coil of self-inductance 0-5 henry, and a condenser 
of capacity 0-5 microfarad are joined up in series, and connected to a sinusoidal 
^ternating pressure of 220 virtual volts and frequency 60 cycles per second. 
Find the current in virtual amperes, its phase displacement relative to the 
pressure, and the power. 
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93. The pressure of an alternator is not purely sinusoidal, but besides the 
fundamental of frequency v contains also its third and seventh harmonics 
(frequencies 3v and 7v). The amplitude of the third harmonic is 5 per cent, 
that of the seventh 1 per cent of the amplitude of the fondamental. Find the 
amplitudes of the two harmonics (expressed as percentages of the fundamental 
amplitude) in the current, for the two cases when the generator is connecle^l 
(a) through a choking coil of negligible ohmic resistance; 

(&) through a condenser. 

94:. (a) Three conductors arc connected with each other at a “ star-point 
In them flow sinusoidal alternating currents of the same frequency and equal 
amplitudes; but the phase in each conductor is displaced by 2-/3 relative to 
tho preceding conductor (star connexion in three-phase system). Prove that 
the sum of the currents reaching the star-point at any moment is zero. 

(&) Three coils are set up symmetrically in star formation about a central 
point in which their axes intersect, and the currents of a three-phase system 
flow through them. Each coil produces at the centre of the star a magnetic 
intonsity of amplitude B which changes sinusoidally with the time, and has 
its direction along the axis of the coil; so that the fields due to the tlnee coils 
arc displaced by 27t/3 relative to each other, in phase with respect to time, and 
in direction with respect to space. 

Determine how the resultant intensity at the centre of the star varies with 
the time. 

95. A choking coil of self -inductance L 1 henry and resistance == 1 ohm 
is connected, at time i = 0, to a battery of constant electromotive force F. Find 
the current at any time L How long does it take before the current acquires 
its stationary value within 1 per cent? 

96- A resonator (in the form frequently used to demonstrate electrical oscilla- 
tions in the earlier experiments) consists of a circular ring (radius B = 5 cm.) 
ol copper wire (diameter 2r = 1 mm.); the ring is not quite complete and has 
two parallel circular metal plates (diameter a = 5 cm.) attached to its ends; 
these represent the capacity of the circuit, Kke the coatiugs of a plate condenser. 
When the resonator is placed in an alternating field, w^hose frequency agrees 
approximately vdth the proper frequency of the resonator, sparking occurs 
across the spark gap between the plates. i . • i 

Find what the distance between the plates must be to demonstrate electrical 


waves of wave-length X — 1 m. 

97 (a) The energy, in the form of solar radiation, which is incident on an 
area of 1 sq. cm. perpendicular to the rays at the earth’s surface, has the value 
2-2 cal. (the “ solar constant ”). Calculate the root-mean-square values of the 
electric and magnetio intensities m sunlight, in volts per cm. and gauss respectively. 

(b) Find the root-mean-square values of the electric and magnetic mtensities 
in the radiation from a 60-watt lamp at a distance of 1 m„ assummg that the 
lamp emits all the energy supplied to it. 

98 A rincs carrying a current produces at a great distance the same field 

as a “magnetic dipole”. Assummg this equivalence, and usmg Maxwells 
equations, deduce the field produced at a great totoce by m o^t 

in a coil, from the formulse for an oscillating electric dipole. (Radiation from a 

“ frame aerial ”.) 


99. The plane wave 

Ey = a sin27cv(/S — x[c) 

Hg = a sin27rv(i — x/c) 

falls on the plane surfMe a = 0 of a conducting tody extending indefinitely 
towards the side for which x is positive. 
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Find the pressure of radiation (p) due to the wave. Deduce the pressure 
(in kg. /cm.-) exerted by the sun's radiation on the earth's surface (at per- 
pendicular incidence, and neglecting reflection). (For the "value of the solar 
constant, see question 97.) 

100. In the interior of an absorbing body the S-vector of a light wave 
produces a current density i, which combined with the H' vector gives rise to 
a force density f = [iH]/c. 

Prove from Maxwell’s equations that the radiation pressure (p) in question 
99 is identical with the volume integral of f . = a^jS-K.) 


Additional Miscellaneous Examples 

101. Find a vector v such that div v = 0 everywhere, and curl v = 0 outside 
the cylinder a*® -{- y® = while inside the cylinder curl v is of constant magnitude 
CO and is in the direction of z. 

102. The radii of three concentric thin spherical conducting shells are a, h, 

c (where a<h< c), and they carry charges respectively. Write dovn 

without proof the potentials of the three shells. 

If the outer shell is now connected to earth, find the changes in the potentials, 
and prove that the loss of energy is ^(Qj + Qg + 63) 

103. Find an expression for the capacity per unit length of a long cylindrical 
condenser. How must the dielectric constant of the medium between the 
cylinders vary with the radius in order to ensure constant electric intensity 
between them? 

104. A condenser is formed of three concentric cylinders of which the inner 
and outer are connected together. Obtain a formula for the capacity, neglecting 
end eflects, and show that if the middle plate is 10 cm. long, and the radii of the 
cylinders are 3*9, 4-0, 4-1 cm., the capacity is approximately equal to that of a 
sphere of 4 m. radius. 

105. A long thin insulated wire, having a charge of 6 e.s.u. per metre of its 
length, is stretched parallel to, and 2 m. distant from, an earthed conducting 
plane. Find the force per metre of its length with which the wire is attracted 
to the plane. 

106. A conducting hemisphere of radius 3a is placed with its base in contact 
with an infinite conducting plane which is maintained at zero potential. If a 
point charge is placed on the axis of the hemisphere at a distance 4a from its 
centre and on the same side of the plane as the hemisphere, show that the total 
induced charge on the plane is to the total induced charge on the hemisphere 
in the ratio of 7 : 13. 

107. Prove that the functions xy and ocyl{x^ + 2/^ + both satisfy La- 

place s equation d^Vjdx^-\- d^V jdy^ d^Vldz^ = 0. Electricity is distributed 
on the^ surface of the sphere a;" + -j- z® = so that the surface density at 

the point {x, y, z) is xy. Using the above result, find the potential at any point 
inside or outside the sphere. 

108. If X is a given function of x, y, z, prove that a solution of Laplace’s 
equation exists in the form of a function of X, provided the ratio 

. JY^x\2 /axy ,ax\a^ 

+ 8y^ + • lU; + [Fy) + [Fz) I 

is a function of X. Illustrate by the case X =: -f 2 /® -f 
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109. If X is tlie positive root of the equation 4X(2 -f X), prove 

that X satisfies the condition of Ex. 108. Hence show that coniocal paraboloids 
of revolution form two families of equipotential surfaces. 


110. An infinite hollow circular cylinder of soft iron, of permeability ji, 

whose internal and external radii are a and 6, is placed in a uniform masnetic 
field of strength H perpendicular to the axis of the cylinder. Show that the 
magnetic force within the cavity is 4:ixh^H / -f a^) -f 2a{h^ — a^)}. 

111. A small spherical cavity is made in a magnet. Prove that the magnetic 
force at the centre of the cavity is compounded of and JB, where H and B 
are what the magnetic force and induction at the same point would be if there 
were no cavity. (The magnet is ideally hard.) 


112. A very small magnet of moment M is placed at a height d above the 
horizontal plane face of a block of iron, which may be supposed to extend to 
infinity laterally and downwards. Show that the magnet is attracted to the 

block with a force - , where ^ is the permeability of the iron, and the 

axis of the magnet is vertical. 


113. A sphere of soft iron of radius a and permeability p. is placed in the 
field due to a single magnetic pole of strength m at a distance / from the centre 
of the sphere. Prove that if a is smafi compared with /, the sphere vuli be 

attracted to the pole with a force approximately equal to 2 1 

114. Find the relative amounts of energy stored in a 2- volt accumulator 
which gives 100 ampere-hours discharge, and in a condenser of a million e.s.u. 
of capacity, charged to 100,000 volts. 


115. A copper cylinder of length 50 cm. and internal diameter 6 cm., having 
a glass bottom, is filled with copper sulphate solution, and has a copper wire 
of length 50 cm. and diameter 1 mm. placed down its axis. The specific resistance 
of the solution is 33 ohms per cm. cube. Find the current passing through the 
solution i£ 2 volts potential difference is maintained between the cylinder and 
the wire. 


116. An mfinite straight wire is coplanar with a wire in the form of a circle 
of radius a, the wires not meeting. Prove that the coefficient of mutual induction 
of the wires (in e.m.u.) is 47r{/i— V(^^— where h is the distance of the 
straight wire from the centre of the circle. 

117. Prove that the vector potential due to a circular current, at a point 
distant p from the axis of the circle and z from its plane, is directed at right 

/‘2:r 

angles to the axial plane through the point, and is of magnitude ia I cos 0 d0/Z>, 

where i is the current in e.m.u., a the radius of the circle, and Z)® = a® -|- p* 
-j- — 2ap cosO. 

118. A circular wire of radius a and resistance B is spun in a magnetic field 
of strength H with angular velocity oo about an axis which is in the plane of 
the wire and is perpendicular to the lines of force. Show that the average rate of 
dissipation of energy by electric currents induced in the wire is approximately 
-J-tuVco“//V-K. (B is in e.m.u.) 

119. A condenser of capacity 6 microfarads has imperfect insulation, the leak 
between the terminals being equivalent to 200 million ohms. If a constant 
charging current of 3 microamperes runs into the condenser, find how long it 
will take for the potential across the condenser to rise to 500 volts. 
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120. A circular coil of wire, of radius a and resistance 22, is fixed in a plane, 

and a thin bar magnet, of moment M and length 2&, is perpendicular to this 
plane and moves along the axis of the coil. Show that, when the centre of the 
magnet is at a small <Sstance x from the centre of the coil, the number of lines 
of magnetic induction passing through the coil is approximately (e.m.u. being 
used) 27 riir(l/& — 1//+ where p = + bK 

Pind the current induced in the cod if a; = siant. 

121. The length, I cm., of a solenoid is great compared to its diameter. The 
area of the section is A sq. cm., and the number of turns n. Prove that the selE- 
inductance L is 4:701^ A fl, in e.m.u. 

What is the frequency of oscillation in a circuit of negligible resistance, 
consisting of a straight solenoid of IQOO turns, of length 50 cm. and radius 3 cm., 
in series with a capacity of 0-2 miorofarad? 

122. A conductor carrying a current i has the form of a plane curve, and 
two magnetic poles A", 8 of strengths m, — m lie in its plane. Prove that the 
couple tending to turn any portion AB of the conductor about NS as an axis is 
mi{GQsANS + GO^ ASN — gosBNS’— cosBSN), 

123. A circuit of seH-inductance L and resistance 22 is connected at time x 

to mains of which the P.D. is given by E Find a general expression 

for the value of the current at any subsequent time t What must bo the value 
of X in order that no transient current shall flow in the circuit? 

124. Two cods of negligible resistance each contain a condenser of such 
capacity that the frequency of the electromagnetic oscillations in each cod is n, 
when the cods are apart; prove that, when the coils are close enough for the 
osciUations to be affected by mutual induction, the frequencies of the two principal 
oscdlations become n/(l i A;)i, whore = M^jLN; L, N, M being the seH- 
inductances and mutual inductance. 

125. Two precisely similar circuits each consisting of a condenser of capacity 
C short-circuited by a wire of self-inductance L and resistance 22 have each a 
period T when at a great distance from each other. Show that when they are 
brought near together so that the two circuits have a smaU mutual inductance 
M each circuit wid have two periods given by T{1 ± (il2/L)(l — T^I^tc^LG)], 

126. A circuit contains two impedances connected in series. Each im- 

pedance consists of a self-inductance, a resistance, and a capacity connected in 
series, the values being 22^, and 2 / 2 » ^ 2 * ^hid the current due to a 

given sinusoidal pressure of frequency co. 

127. Find the current, for the circuit of Ex. 126, when the two impedances 
are connected in parallel. 

128. An alternating current runs through a non-induotive resistance J2. 
Find how much the voltage drop down 22 is reduced if a capacity C is placed 
in parallel with 22, and the same current is made to flow through the combination. 
If 22 = 30,000 ohms, and G = 300,000 e.s.u., find for what frequency the 
reduction is 5 per cent. 

129. Compare the effects of (i) an inductance and a capacity in scries, (ii) 
the same in parallel, on the total current supplied by an alternating E.M.F. 
through each arrangement. Prove that when the circuits are “ tuned the 
total currents will tend towards infinity and zero respectively as the resistances 
are iudefinitely diminished. 

130. Two conductors of capacities G^ and Cg have one plate of each earthed. 
Initially the first condenser has a charge Qq and the second is uncharged. The 
two insulated plates are joined by a wire of resistance 22 and self -inductance L. 
Prove that if .R® = 4L{l/Cj^ -j- I/G 2 ) the current in the wire will be a maximum 
when t = 2Ir/22, the maximum value being ^Q^j^eGJR). 
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131. Discuss the values of the initial ouirent, and of the total charge, sent 
round a circuit which is acted on by an electromotive impulse. 

An electromotive unpulse acts in a primary cod of self-inductance L. Show 
that by the presence in the neighbourhood of a closed secondary of self- 
inductance N, and having mutual inductance M with the primary, the efiective 
initial seH-inductance is reduced from L to L — IP/N. 

132. A helical coil (100 cm. long, 4 cm. diameter, 1000 turns) is overwound 
near its centre by a secondary coil (400 turns, 3 ohms resistance) which is short- 
circuited. 

(1) What charge will flow round the secondary on making a steady current 
of 2 amps in the primary? 

(2) What current will be induced in the secondary by a simple harmonic 
current of root-mean-square 2 amps and frequency 50 cycles in the primary? 

133. Two points A and B are joined by two wires in parallel containing 
resistances Bi, B 2 , and self-inductances Lj, respectively. Show that if a 
condenser is discharged by joining its poles to A and By the total amount of 
electricity discharged by each wire is independent of and i-g. 


134. A dynamo supplies an electromotive force B sbxrJ to a circuit of resistance 
B and seH-inductance L, A circuit, also of resistance B and self-inductance L, 
is linked to the first, and the coefucient of mutual induction is L. Show that, 
when the currents in the two circuits are periodic, the current in the circuit 
containing the d 3 m.amo is 

^ Z' \i • i 1 LBn 


B\B^+iLW 


sin — 


tan"^ 


222 + 2L 




Show also that the mean rate at which the dynamo is supplying energy is 

(222 4. 2 W )/222 ( 22 ^ + 

136. If F = {/(2 — r/c) + J(^ + y/o)}/f, where / and F denote arbitrary 
functions, show that 

jji ^ rn^^^^y^^'y 

- dx^ ay2 

aipo possible values of the electric force in free space. Show also that F = 
sin(v 7 -/c) gives a possible field inside a hollow perfectly conducting spherical 
shell of radius a and centre at the origin, if v is a root of oot(av/c) = ejav — avjc. 

136. A current flows m a straight wire of circular section, and the current 
density li in e.m.u.) at time 2 at a distance r from the axis is of the form f[r, t), 

' d BE BH 

Neglecting the displacement current, prove that 47^1 == — (Hr), ^ = g. 

whore E is the electric and E the magnetic vector. ^ 

137. In Ex. 136, assume that the variables involve the time only in the 
form of a factor e3< The wire is of radius ay conductivity c? and permeability 

[X. Show that = (iivjiLacoJn. 

If TvyLcjm^ is a small fraction, prove that an approximate solution is t = 
AeM (1 -f TCjVccor®), where A is a constant. If Iq is the effective total current, 
show that the heat developed in the wire per unit time and unit length is 




ANSWERS TO EXAMPLES 

WITH HINTS FOR SOLUTION 


1. Components of A + B: -1-23, -|-6-97, +8-33; ] A 4- B i = 10-9; a= 96-5“, 
P = 50-1“, Y = 40-3°. 

2. Work done by the force = —135 kg.-cm., i.e. 135 kg.-cm. of work are 
done against the force. 

3. I ab I == 1; a = 70-5°. 

4. Scalar product = 1, angle = 60°; the six possible vector products are 
ih(— i, 3 , k), ±(ij — k)j ±(ij 3» — k); area of face of tetrahedron — J absolute 
value of vector product = \/3/2. 

6. - v/3, +V3, -V3. 

6. The equation represents a plane, since it is linear in the co-ordinates of P; 
the plane passes through the end of a, since it is satisfied by r = a; it is per- 
pendicular to a, since all other vectors which satisfy the equation, but have a 
difi’ercnt direction from a, must be longer, in order to give the scalar product the 
value assigned. 

7. 9-3, 9*3, 0. 

8. Follows immediately from the formula for [A[BC]]. 

9 . + 1 * 

10. The components of the unit vectors are, in order: {0‘S16, 0*408, 0*408); 
(-0*506, 0*707, 0*424); (0*115, 0*577, —0*808). 

11. (11*4, 7*1, -2*9). 

12. The distance d is D/V(fc® -f- Z® -|- where 


D = 


\ » 


k = " 1 “ ^z^y) i^y^z “ 

I = (bgCg. — bajCg) + 

m = Va?) "5" 

269 
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Geometrically interpreted, the formula gives the height of a tetrahedron in 
terms of its volume and base-area. (Cf. questions 15 and 16.) 

13. 6*3. 14. (—43*1, —35*0, +58*1) cm./sec. 15. 21. 16. 13. 

IT. Of all para-Uelepipeda having edges of given lengths, the one which is 
rectangular has the greatest volume. Of all triangles with two given sides, 
that one has the greatest area in which these two sides are at right angles. 

18 . Since t® == 1, it follows that A — ^ = 0. $ is the curvature, i.e. a vector 

\ ds/ ds 

to the centre of curvature, equal to the reciprocal of the radius of curvature. 

19. grad (ar) = a. 

50. The direction of the vector is that of the line of intersection of the two 
surfaces 6 = const., 9 = const, which pass through the point in question. 

51. curl 2o>. 22. co = k/r^ 23. /(r) = const. /r 24. f{r) = const. /r®. 

25. A = [r . grad/], from which the results stated follow at once. 

26. 917 kg. 27. - eV/a^ 

28. (mE) = + I m I . I E I . cosa. If the dipole can rotate freely, put 
cos a = 1. 


29. {a) 64 X 10“5 gr.; (6) 4-8 X lO”® gr. 

SO. Metal sphere, co = {3£Jq/4:1v) cos0,* dielectric sphere, c«i = 

2d^ - Ee 


3J^n Z -- 1 


31, 


!. r = 5 cm. 




4tc Z-f2 
1667 e.s.u. = 5-56 X 10”^ coulomb. 


COS0. 


34. <0 = 6*6 X 10“^ e.s,u./cm.2; Z = 2-8 x 10”® dyne/m.®, 

35. r = 11 mm. 36. = 327crT. 37. E = Eq? D = ZEq- 

38. (o)E; (5)ZE = E + 4 tuP; (c) E E - y P. 

89.Ingla^,|El=_j-^^^; in air space, ] B j = 

40. {a) 44-3 dynes/cm. 2; (6) 22*1 dynes/cm. 2; (c) 88*6 dynes/cm.^. 

41. (a) 44*3 dynes/cm. 2; (6) 177*2 dynes/cm.2. 

42. Factor = l/47c. The rational units of charge, field strength, pressure, 
and capacity are respectively l/\^47c, VItu, VStt, and I/471; times the corre- 
sponding Gaussian units. 

43. Q = 3*15 X 10”® coulomb, 63 volts, 157 volts. 


44. 

46 . 


^ ^ ^ coulomb = 2*7 X 10® e.s.11. 
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47. Since 4rt6) = | df^jdn | | |, we liave the following construction. 

Draw the lines of force (the orthogonal trajectories of the equipotentiai lines) 
in such a way that the distance between two consecutive lines of force at any 
point is equal to the distance between two consecutive equipotential lines at the 
same point (i.e. so that the network of the two sets of lines consists of squares). 
We take a length 1 cm. of the cylindrical system; hence in a tube of force 
defined by two lines of force the area of the section made by one of the con- 
ductors is equal to the breadth 6 of the tube of force at that conductor. The 

charge on this area is therefore JL I ^ 1 5 = §0/4"; and if m tubes of force issue 

47rl 6 1 

from the conductor, the total charge per unit length is If further the 

pressure F between the conductors is divided up into n parts by the equipo- 
tential lines, drawn as explained, we have S9 = F/w, so that the capacity C is 
(l/47r) (m/w) electrostatic units. 

48. Form the limit, {a) with real, (6) with pure imaginary Zi — 2, and 
equate the two results. We thus obtain the Cauchy-Riemann difierential 

equations ~ By differentiating these with respect to x, y 

^ 8x 8y dy dx 

respectively, and adding, we obtain Laplace’s equation for and similarly 
for V. 

49. For the first part of the question it is sufiScient to remark that, subject 
to the conditions stated, f{F{w)} is also a function of w with the requisite 
properties of regularity, and that its real part also is constant on the corre- 
sponding curves of A. The capacities of the original and transformed systems 
are equal, as may be proved as follows. Any complex number, and therefore 
in particular the derivative of F{w) at the point P of the ziJ-plane, can be VTitten 
in the form re*'/*, so that dz = re**/* dwi this states that the transform dz of any 
infinitely small vector dw is derived from dw by a stretch in the ratio r ; 1 and 
a rotation through the angle dcp. Hence the angle between two Imear elemente 
passing through P, and the ratio of their lengths, both remain unchanged; on 
this account this representation by means of a differentiable complex function 
is referred to as conformal The network of squares formed by the equi- 
potential lines and lines of force in B transforms therefore into a network of squares 
in A\ and the number of lines in each set is of course not changed. These two 
facts, taken along with the answer to question 47, prove the result stated above. 

50. To find an origin from which the circular sections of the two oyliuders can 
be transformed into the concentric circle of the cylindrical condenser, constmct 
any circle cutting the two circular sections at right angles. Either of the pomts 
hmiting points ”) where this orthogonal circle cuts the line of centres of the 
sections will serve as origin. When d^a, the value of the capacity of the twin 
circuit becomes l/{4:log{d/a)}. 

61. The potential / is produced by a dipole (+e at a: = 0 and — e at a = h 
with d — a); g by two oppositely directed dipoles on the £C-axis, of moment a 
and at distance d, such that ad==h; h similarly by two dipoles on, but 
perpendicular to the fl:-axis. 
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5S. 99 cm. 

63. z = l-95 amperes; 8*6 times greater than the working current- 

54. 0*35 sec.; 0*7® 0. 65. 23-3 volts. 

66. Current 8*1 amperes; load resistance 27*2 ohms; power 1780 watts; 
inserted resistance for 8-volt lamp 3o*4: ohms. 

57, 79 per cent. 58. (a) Rl{n-- 1); (6) {n— l)jR. 59. h— V{iiRJR). 

60. The resistance of the coil must he equal to the external resistance. 

61, R == pI4:t:C. 62. R = p/2Tur; if r = 10 cm., R = 159 ohms. 

63. R = p log d/a -h 47r/i. 

64. Ri/V<J2 = ^ 2 / Yoi = DJK-iVa^ = 

Density of true charge ±(F/4Tr) (ZiOg — ir 2 ai)/(c?ia 2 + density of free 

charge ±(l^/47c) (og — If the conductivity Cj of the first layer 

is zero, then there is no field in the other layer, and no charge on its plate; we 
have simply a condenser with plate distance dielectric constant and 
pressure 7. 

65. Z/47WT. 

66. If e is the charge concentrated in the small sphere at time t = 0, 
this produces at distance r the field strength e/r®, which calls forth the 
current density i = oe/r®; i is directed radially. The flow of electricity 
is therefore solenoidal; there is no condensation or rarefaction of conduc- 
tion electrons, and consequently no charge originates anywhere. While, 
therefore, in conduction of heat or in diffusion the dispersing entity tends to 
spread outwards, here the action at a distance of the electric charge acts on the 
conduction electrons at different distances with forces which are exactly such 
as to have no concentrating effect. From a mathematical point of view, the 
force which produces the flow in heat conduction or diffusion is the gradient 
of the density of the flowing substance; in electricity, on the other hand, the 
application of the gradient operator to the driving force E gives the density 
(divE = 4-p). 

67. In order to be able to give a signal at a definite moment, we must, 
until this moment arrives, prevent the charge which is concentrated on 
the small sphere from being dispersed, by means of an insulating envelope, 
which is withdrawn at the given moment. Before this, however, an induced 
charge equal and opposite to the charge on the sphere would appear on the 
external surface of the envelope, and at the same time an induced charge equal 
to the original charge would be produced on the surface of the large sphere. 
The withdrawal of the insulating envelope would merely cause the charges on 
its two sides to unite. 

69.H=«r-“ 

f® 


68 . 

2K \a bJ 
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70. [ m I == 8*37 X 10®5; the vertical intensity at the poles is double the 
horizontal intensity at the equator. 

71. tani — 2 tanp. 72, See 78. 

78. For a ';$>!, ct/cto 1 ~ 1/a; for a<^l, (j/gq Ja. G = Gq^l^/BJc 
(3 = sp. grav. of the substance). The magnetic moment of a gramme-molecule 
is V {BMBC/B), where M is the molecular weight and R the gas constant. 

74. 1 m I = 916,000; | H | = —7,350; 1 B| ~ 14,700. The' surface divergence 
of I (“ surface density of magnetism ’*) is — 1 1 1 cos 6 ; the surface density of the 
free current = c 1 1 1 sinO, where 0 is the angle between the direction of 
magnetization and the spherical surface. The maximum value of the free current 
is 17,500 amperes/cm. 

75. £r^=( 87 ir/ 3 )a 8 |l|cose/r 3 ; ^ 0 = ( 47 r/ 3 )u 3 | ![ sine/r®. 

76. (mimo)/^^ — 3(mir) (m2r)/r5. 

77. The needle floating horizontally is in stable equilibrium at the magnetic 
equator, unstable at the magnetic poles; the energy difference at the two places 
is 32-3 ergs. The vertical needle is stable at that pole where its direction is the 
same as that of the earth-dipole, unstable at the other pole; the difference of 
energy is 129*2 ergs. 

78. -j^ (mir) mg + (mgr) mi + (mimg) r — r| . The force between 

two magnets which are free to rotate is — 6 | mi| . [ m 2 l/r^ (the negative sign 
indicating attraction). 

79. 60,000 maxwells. 

80. 55,500, 33,400, 12,100 maxwells, for 3= 0*1, 1*0, 5*0 mm. 

81. Energy in iron 0*154, 0*055, 0*007 joules; energy in air gap 0*023, 0*044, 
0-029 joules; total cnerg 3 ^ 0*177, 0*099, 0*036 joules; self-inductance 0*354, 0*198, 
0*072 heiirys — for 3= 0*1, 1, 5 mm. 

32. Force 12*5, 4*5, 0*6 kg. for 3 = 0*1, 1, 5 mm. If the poles are drawn 
a small distance apart, so that the self-inductance L of the divided ring is 
decreased by A 7^, the field energy, when the current iis kept constant, diminishes 
by The magnetic flux decreases by A<p = ci AL, causing an E.M.E. of 

sclf-indiictance F = — - in the same direction as the current, the total work 
c at 

of wliioh, viz. J Vi dl = (i Acp)/c = AL, is restored to the battery which feeds 
the coil. The mechanical work expended in the process is therefore AL, which 
is equal to the decrease of the field energy, so that in all double this amount, i.e. 
i® AL. is restored to the battery. 

83. 1*67 dynos/cm. 

84. oc =» 4*1°; 1 mm. on tbe scale corresponds to 0*0031 milliampere. 

85. 0*032 mm. 80. s[uB] . 10”® volt. 87. 0*6 millivolt. 

(» 484 ) 10 
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88. 34 X 10“® oal./seo.; average torque 4*6 X 10“®gm.-cm.; maximum torque 
9-2 X 10"® gm.-cm. 

89. Ii E is tlie resistance of the ring, i = (co7ur“jff/E)10~® sincoi = 1*62 sincoi 
miliiamperes; the intensity perpendicular to the plane of the ring ia 
H'== (2“WZ?/i2)10”® sino>«=l*02 X 10“^smcoi gauss. 

90. External resistance in ohms = {rz-G J3Q0T)hhiH . — B. 

91. 1490 caL/min. 92. 0-0354; 89® 54-5' ahead; 0-0125 watt, 

93. (a) i-7 per cent; 0*14 per cent; (5) 15 per cent; 7 per cent. 

94. (6) The magnitude of the intensity is constant; its direction rotates 
with angular velocltyo). 

95. i = »o(l — «o == F/JS; 0 = L/E, Time = 6-9 sec. 

96. d = 3*7 mm. 

97. (a) 7-5 volts/cm.; 2*5 X lO"-® gauss: (6) 0-39 volt/cm.; 1*3 X 10“® gauss. 

98. If E and H are solutions of Maxwell’s equations for a vacuum, then these 
equations are also satisfied by the vectors E' = —H, and = +B* In equations 
{44a) and (446), p. 225, repiaco the vector E by H, and the vector H by — E; 
we thus obtain the radiation from a magnetic dipole p. For a flat coil of n turns 
and area S, carrying a current i, the value of p is nSifc, 

99. a®/877, i,e. for the sun’s radiation, 5 X 10"^^ kg./cm.^, 

100. I^om -^= -- and ^ - - 1 it Mows that 

dx c dt dx c ^ c dt 


/«=^*A = 


* a® ^ c “ 


--(■ 

47C \ 

I f 1 1 jp 4, I ^ (JJ Tp \\ 


so that, for the time average. 


101. Inside, Va- == — Jcoy, Vy = Jcoa;, % = 0; outside, 

Vy = 4- 2/3), = 0. 

102. Vi = Qi/a4-C2/^+C3/^j F2= Q\P>-\-Q2[b-\-QJc, Fs = Qilc-^-Q^/c-^Q^c, 

New potentials are Fi— F 3 , Fg— F 3 , 0. Loss of energy == ^(Q^^Fi + CgFo 
+ G3F3) “■ Rs) + 02(^2 — F3)} = + O2 + QsV^s- 

103. (i) If = 1 , Ej . . 27rr = const., (p = A log^rJrQ), charge per unit length 
= lA, capacity per unit length =14-2 log(ri/ro). (ii) If E^ is constant, then 
Kr ~ const. 
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104. Let radii be a, b, c with a ab < c* Take F = 0 on outer and inner, 
r = Fo on mid cylinder. Between a and 6, F = Fq Iog(r/u)/log(5;a); between 
b and c, F= Fq log(r/c)/log(6/c). On inner side of b, 47:coi= dV'cr=^ T'o-f- 
{b log{b/a)}; on outer side of 6, 47 to )2 = — dV/dr = Vo-h [b log(c/b)]. Capacity 
=s 2 ti:5Z(g)i + co 2 )/Fo = ' 2-Z{l/(log&/a) -f l/(logc/5)]. In numerieai ease, capacity 
is rather over 400 e.s.u.; capacity of sphere is 400 e.s,u. 

106. Attraction is equal to that of imago of charged line in the nlano 
= 2(lLncar density on image) X (charge attracted) -i- (distance between the 
lines) = 2 X (6/100) X 6 -f- 400 = IS X 10-« dyne. 

106. The image system consists of three charges, — e at height ~4a, — 
at and +|6 at — Ja. If 6) is the induced density at any point of the plane, 
then 47ra> = normal force due to the fonr charges. Now normal force due, say, 
to g at height h and — at — is ’-2ghJ{p^ -f- and the corresponding 

induced charge on the plane is (— 1/4:1:) 2-^ dp2qk/{p^ -r or 

— q/t/V (9u® + ^®)- Thns total induced charge on plane is — c . 4a/^''(9^l- 10a-) 

+ -Je . Ja/V(9a2 -i- 81a2/16) = — f e-h :/;r5== — 

induced charge is — c, the charge on hemisphere = — e -f = — -Ifje, 

107. (i) may he proved by differentiation; it is a case of the general theorem 

that B^(x, y, 2:)/r-^+^ satisfies Laplace’s equation when y, z) docs so; 

where r = V(a;2 + 2/® + is a polynomial of degree ?z. (ii) Assume 

that the potential inside is Axy, then that outside is Axya^/r\ Hence, just 
inside, dVjdr^2V Jr (since F is x a function independent of r); just outside, 
dVIdr = — 8F/r. Then 4:r6) = (8V/Br) inside — {dV/'dr) outside = 5F/r = 
bAxyJa, The conditions are all satisfied if we take A = AKaJb. 

108. (i) Try F = /(X); QVjQx^f'Wb'kldx; a^F/a^jS =:/'{x)52x;,V + /''(X) 

{dydxY-. AF = 0, if (a2x/aa:2 + ^ a2y/a32)/'(x) + {{dxjdx;- -f (sx,%)3 

+ (S^/5s)2}/"(X) = 0. If the ratio referred to in the question is jF(X)» fEen AF 
wHl be zero i£ F('k)f'{X) + f"{X) = 0, from which /(X) can he found, (ii) Thus, 
if X = a;2 4- ^ 2^, we have F{X) = 6/(4;c" + -f = 5X“^. Hence 

rw/rw= iogr(x) = -f iog(x/o), /(x) = ax-^ + h- a/ 
V(x’^ + + 2®) 4- B, 

109. a;® + 2/® + »^ = (« -f 2X)2, 2X = r — z. Hence, as in Ex. 108, J(X) = 1/X, 
log/'(X) = log (A /X), /(X) = A log X 4- The second family is found by taking 
the negative root, say 2[j(. = — r— s. 

110. If the magnetic potential is 9 we may take (cf. Ex. 107): (r > b), 
93 == — Ha; 4- Cxjr^; (b >r > a), 92 = Aa; 4- Bxlr^; (r < a), ©i = Dx; where 
A, B, C, D are constants, of which jD is to bo determined. The conditions are: 
9 is continuous, and the radial component of the induction is contiuuous. Hence, 
at r=6, -H4-C?/62=: A4-H/b2, and p.(A/b - H/b^) = ~H/5 - 0/6»,* at 
?• = a, A 4- B/a^ = H, and ^iiA/a — Bja^) = Dja, The first two of these four 
equations give A 4” Bjh^ 4" l^(A — Bjb^) = “2H; and the last two give A 
and B in terms of Z>, whence D is found. 

111. It follows from the theory of p. 137 that, when the cavity is made, the 
force H is augmented by the force due to a layer of surface densily on the small 
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sphere, eq^iial to the inward normal component of I. We may suppose I to be 
in the direction of Oz, and take 0 at the centre of the cavity; the density is then 
—Izjr, The force at the centre due to this is, by symmetry, along Oz, and ia 
(— 2 /r) (1/7*2) ^ 4.TJI3. Hence, if Hq, Hi are the original and final 

values of H, we have = Hq -h 47rI/3 = Hq + "H® — ^o)- 

112. Let the face be the plane 2=0, and let the magnet be placed at 

(0, 0, d). Potential due to magnet is M{z — where {z—d)K 

We add to this a potential continuous at 2 = 0, and regular every^vliere else; 
and so chosen that the whole normal induction is continuous at 2 = 0 . We may 
take the added potential to he A{z-\- d)/Bz^ in the space 2 > 0, where 
i?„2 == + 2^® -h (s + d)2; and —A{z — d)/!?!® in 2 < 0. Then, in 2 > 0, 

dojdz = {a;2 + 2/® — 2(2 — d)2} M/B^^ + {x^ + 2/^ — 2(2 + d)®} A/B.^^; and, in 
2 < 0, dojdz — [a;2 + 7/® — 2(2 — d)®} (M — A)IB-^. At 2 = 0, we are to have 
the former of these = [x times the latter; or, Af + A = \x{M — A), so that 
A = i¥((x — l)/(ti. + 1). Then, at (0, 0, d), part of Md^Q^jdz^ duo to the A term 
is M . 6A/(2 + dY ^ illA/dK 

113. Potential, within and near the sphere, due to polo alone, is 

n [x^ + y^+ {Z'- = mjf -f- mzjp approx. As in Ex. 112, wo have to 

add a potential continuous at the surface of the sphere, and regular elsewhere; 
say 92 (outside) = A 2 / 7 A «Pi (inside) = Azja^, Then, at the surface (of. Ex. 107), 
d<pQl8r = mzjap, di^ijdr = Az/a^ dep^jdr = —^Azja^; and (x(^9o/^7* -{- dQ^ijdr) 
= Sffio/Sr +d(p 2 l^> Hence A = — {([jl — l)/(p. + 2)}ma^/p; and force on pole 
= = 'fnA{r^ — 2z^)lr^ = — 2Am//^ 

114. Energy = JQ F ergs, where Q, V are in e.m.u. or e.s.u. In accumulator, 
Q = 100 X t’o X 60 X 60 e.m.u., F = 2 X 10® e.m.u., CF = 72 X 10^^ ergs. 
In condenser, F = 10® X 10® e.m.u. = 10® X 10® -r (3 X 10^®) e.s.u., Q = OF 
in e.s.u., QF = 10®F® = 10® X (10®/9) = lO^^/Q ergs. Energy of accumulator /that 
of condenser = 64*8. 


115. If i? is the specific resistance, i the radial current, then, applying Ohm’s 
law to an element of volume drdS, we find {--dVI dr)dr = B[drldiS)idS, or 
i==: ^{pYj dr)IR, But i = A/r, where A is a constant; hence (— SF/5r) = ARjr, 
V = AB log (r Jr), To find A, we have 2 = A x 33 log^GO. Current required 
= i X 2nr x 50 — 4*65 amperes. 


116. For an infinite straight current of i e.m.u- we have (p. 126) H = 2f/r. 
Hence, flux through circle =JJ dxdy2il(x + J^p dp dO/(p cos0 + h) 


— 2iJ^ p dp . 2tc/VA® — p' 


117.. As at p. 129, A = 4^* ds/r. Take origin at centre of circle, and the pohit 
at (p, 0, 2 ); then =; (p — a cosG)® + sin^O + 2 ^ = p^ — 2ap cos0 + a® + 2 ®, 


so that r = D, Also A- = i 


^ ; cos 0)1 D = — ia J* sin 0 dOjD = 0, since 

“ '“X * -^ 1 / “ X^(^ sm0)/I) = ia p"^ COS0 dOjD; A^ = 0. 
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118. Flux (in e.in.u.) at time t — E . Tzar cosco/, so that E.M.F. = — 5 . tta-co 

sincof; current i ~ — (H . sinoii; arerage rate of dissipation = J 

= iEV-aW^R. 

119. After t sec., let potential across condenser be T" volts. Then leaking 
current = 7 4- (2 X 10®) amperes, and total leak to time t = V di 4- (2 x 1G-) 
coulombs; residual charge at time t=txSX 10“® — / V dt-^ {2 X 10”), Trliich 

must be equal to 7 X 5 X 10“®. Differentiate; then 3 X 10”® -- F 4- X 10®) 
= 5 X IQr^dVIdt. Hence 7= (1 — e“^/io®0) 600, which is to be 500; t = 1000 
logg6 = 1792 sec. = 30 min. 


120. Flux from a pole of strength m at height h above coil is (downwards) 
J {ml{7i^ + r®)} {h/VTb^ + r®} 27rr dr = 2x7w(l — h/Vh^ + a®). Hence total fiux, 

in question, — 27rm [2 — (5 -j- x)IV{b + a;)® + a® — (6 — x)IV{b — a;)® ~ <Z“]. 
Now (6 + x)IV{b + a;)® + a® = (& + a;) (1//) (1 + 2hxjP -j- a:®//®)”v, the part of 
which, even in x, is 6// — Total flux = 27rJ]/(l /6 — l//-r 3a“a:-/2/^). 

E.M.F. = —dBldt= —2TcM{3a^l2P)2xdxldt= — 7rJ/(3a®//®)w:Co® sin2/if; for the 
current, divide by R. 


121. For first part, cf. p. 171. For second part, L — ii: X 10® x 9:: 4- 50 
= 727U® X 10* e.m.u. (7 = 2 X 10”’ farad = 2 X 10”^® e.m.u. T = 2t.%^{LO) 
= 236-9 X 10”® sec. Frequency = 4220 cycles per second. 

122. Let PT be the tangent at a point P on the curve. Force on element 
t d5 at P, due to N is i da(m/NP®) sinNPT, perpendicular to the plane; moment 
of this about E8 = mi dfi(l/r®) (rdQlds)r sin0; where r == NP, 6 = PNS, This 
moment = mt ds sin0 d^/ds — --mi d(cos6); its integral over the length of the 
curve — —mi {aosBNS — cosANS), Similarly with (—m) at S, 

123. Ldi/dt -\-Ri=E sin27m«; i — A cos27TOi -j- B 8m2r,nt + Ce”-R«/^, where 

C is arbitrary; and A, B are given by L . 2TznB 4- EA = 0, with L[—2rzrLA) -{- RB 
— E. At time i = a;, t = 0; hence, if C = 0, 0 = A cos2w71jc 4- B s^2Tmx, or 
0 == (cos2TU7ir + 0), where tan0 = P/(27mL); a; = (Nw + ir. - 0)/27u?i, where 
N is any integer. p 

124. If Oj, Cg are the capacities, then LGid-eildt^ 4- MGjdh 2 ldt^ + ^ = 0, 

and MG.d\ldf-+ NG.d\ldt^+e, = 0. Here LG^== NG^= say. 

Try Cj “ A coscoi, e^ — B ooscoi; on eliminating A, P, we find (1 — LG^^^) 
(1 _ NOaCo®) = lI®CiCaC0*, or (1 - 6i®/v®)® = A;®o>VA or 1 - co®/v® = d=^o)®/v®, 
orco®/v®= 1/(1 ±fc). 

125. LGd\/df--{-MGd\ldt^ + RGde^ldt^ MG d\/di^-\r LOd% 

jdt^ + RGdeJdt 4- Cg = 0. By addition, (Ir+ M)Gd%e^ 4- + RGd[e^ + Cg) 

Idt + (Ci + Ca) = Eut Cl 4- fig == + M] Cn^ — RCjn — 1 =*= 0; 

n = {RGj ± Va®4- 4ikfO)/{2(L 4- -3f)0}; where a = V4LG - P®0®. Since 
M is small, this gives (ff ti =: 7^l 4- ^^2) -r ^MGjzf} — MIL)l{2LC)i 

also, by putting Af =: 0 in this, 2TC/T = cil(2LG)» Hence 27t/T = (27tlT) 
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{i + [M/L) (— i + T^jS-r:^LG)}. The second period is obtained by subtracting 
instead of adding the original eq[uations; + Cg period, the 

other; so that have the two periods. 

126. Let pressure across the circuits be 6 i, each involving the factor 
ejw*. If given pressure is e, then e = % + Co. The current i is the same in both 
circuits. Hence i {itj + — IMCi)] = and i {JSg + — l/ciCg)} = Co, 

so that, by addition, i [{R-i -j- -^o) 3(^1 + ^"2)] = e; where Xj, X» aro the two 

reactances Xi = wLi— l/(ci(7i), X^ = oLa— l^coOg). This gives i as at p. 173 
(cf. Ex. 127), 


127. Here ij{Ri + jXi) = e, uiBi + iXg) = e (cf. Ex. 126). In this case 

ii+4 = i. Hence e/(B,+ jX,) + e/{S, + jX,), or i = 

— /Xo) 

+ If e = where E is real, the real part of this expression 

for i gives the current for the pressure E aoscat, and the coefficient of j in the 
expression gives the emrent for the pressure E sinco^. 


128. If /, E denote loot-mean-sqnare values, then before the condenser is 

inserted, E^ = ML Afterwards (Ex. 127), i = ejR + e (— j/oiC) = c(l/E -{- joG); 
from which, on taking the moduli, we get I = + co"0®). Henco 

reduction in the voltage drop = == "" I/'^(I H" 

(Xi - Xal/Ei = 1 - 1/V(1 + Thus V(1 + q 2 ( 72 jj 2 ) = 20/19. But 

C = 3 X 10® e.s.u. = 3 X 10® -r (9 X lO^o) e.m.u. = 1/(3 X 10^®) c.m.u.; CM = 
1/(3 X Iffi®) X (3 X 10^) X 10^= 1/100 sec. Then coCi2= V39/19, co = 33 
cycles per second. 

129. See Examples 120 , 127. We have hero only L^, G^* In case (i), 

tj{oZi — l/ojCg) = e; in case (ii), i = e/jX^ + = («/i) (-^i + -^ 2 )/-^^ 

= (e/j) (o>z-i - i/c^) (-Zi/cy. 


130. Let Q be charge of first condenser at time i, Qq— Q charge of second; 

potential of first = QIGj_, of second (Qo” Q)l^ 2 - Ercssuro from first to second 
= Q/Cj^ ~ (Qo — O/C.,; so that Ldifdt Mi ~ Q{} /Gj + 1 /Go) — QolG.,; and 
LdHldt- + Mdi/dt + ^( 1 /Gi + I/G 2 ) = 0. If wo try i = wo find that tbo 
two values of 53 are equal, viz. p = i2/2Ir, Solution is + lUe~^^; but *1 — 0 , 
since ^ = 0 when « = 0 . The difi'erential equation now gives, when I is put equal 
to 0, HZ = Qq/Gi. Current is a maximum when = 0, or / = l/'p 

=- 2X/i2. 

131. Integrate the equation Ldijdt-^- Mi=^ E from i=s 0 to r; tlicn 
Lit + mJ^ i dt =JjEdt, The value of the latter integral when v becomes in- 
definitely small, is the i?npul3e, P, How, when t is small, i is of order t, but 
j idt oi order as we easily see from the formula for the case of constant 

E, viz. i — A(l~~ Hence, passing to the limit, we find Li = P, where 

i is now- the initial current due to the impulse. By integrating from 0 to 00 , wc 
find; total charge =P/P. (ii) Equations are: Ldijdt + Mdijdt + M^ii = P, 
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N dio/dt + Mdi-^jdt -f- ^23^2 = 0; so that, by preceding argument, JA^ -}- = P, 

and + Mii = 0; and therefore [L — M^jN)ii = -P- 

133. By Es. 121, self-inductance L of first coil = 4- x 10® X 47r/100 = 
1671:2 X 10^ e.m.u. The mutual inductance 21 = 47:ni?Z3*4;'2, in e.m.u. = 64r:3 
X 1000 e.m.u. The self -inductance N of the second coil may be taken as equal 
to 21, Equations are: 

Ldijdt -f- 2IdiJdt = E, Mdijdt + Mdu/dt -f Boi^ = 0. 


(1) Integrate latter equation from i = 0 to f = 00 ; then 2Iu-r = 0; 

that is, charge passing = — = 1*4 X 10“* coulomb. (2) In same equation, 
if varies as 21 dijdt + = —lljcoii, or = — {ifjco/{i2o -f J/joi) ; z-- 

or, for root-mean-square values, = IjMciil'V[R^^ -f = -066 amperes. 

133. Let potential of plate joined to B be 0, and charge of other plate Q 
at time t. Then total current from J. to B = —dQjdt^ i, and pressure = Q C. 
If partial currents are i^, then Lidijdt + Bjfi = QjG, L^duldt i- RzU = Q:^'> 
h + ^2 == When we integrate over the whole time of discharge, the terms 
in Lx> ^2 disappear, and we get = ^2 / Sence | i^dt : J 9\dt : initial 

charge = : i2i : Pj + R^* 

184. Ldijdt 4- Ldi^ldt 4- = E sinw^, Ldijdt 4- Ldijdt 4- B/3 == 0. 

Add and subtract; then 2Ld{ii 4- 4- Riii 4" ^*2) = ^ sin?i^ and R(zi — 22 ) 

= E sin wi. These give ti4 “ h h’~h- We find 2iilE = {Rl{R^-\-'iL^n^)-r 1/-P} 
smnt —{2Ln/{R^ + 4:Lhi^)}GOsnt, Mean rate of energy supply « J coefficient 
of sin^n^ in i^E sinnt 

135. (i) As in § 11, p. 223, V satisfies the equation 8W /dt^ = ^V. Hence 

E^, By, Eg, in the forms given, all satisfy a similar equation; also dEJdx-r 
dEyjdy 4- dEJdz = 0; and there are just the four equations obtained by 
eliminating Hg,, Hy, from Maxwell’s equations. 


(ii) The surface condition for a perfect conductor is that the electric force 
must be in the direction of the normal, or that ~^J 

o. TT . j- r £*1 ^ ^ ^ 

a; : t/ : 2, at r = a. Smce 7 is a function of r, we tind = r 5r \r "dr / 


=: x:y:z,a.tr’^ 


Since 7 is a function of r, we find 


dW ^yzd(idj\ BW,^^_^dndv\_idy_y^y, 

dydz r dr \r drF dx^ dif r dr \r dr) r dr ® 

the fact that 4- - ^ + = 0. Hence the condition is that -r 

dr^ r dr ^ ni* c- 


s= 0, at r = a. 


136. The electric vector is parallel to the axis, and the lines of magnetic force 
are circles round the axis. As at p. 126, 27rrH =J 4Tci . 27irdr, or dl8r(rH) =47:ri. 
Again, apply Faraday’s law (p. 141) to the rectangle with two sides paxallel 
to the axis, at distances r and r 4- dr from it, and with its other sides at unit 
distance apart. This gives {E 4- {dEldr)dr} — E = [L{dHldt)dr. 
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137. The two equations of Es. 136 become (since i = oE) 47i:n = dJdr{Er)f 
3i/dr = jiiGcoH; and, on elimination of H, djdr{rdilBr) = (4TTjtJLcj&i)n. Write 
for the small fraction wjjLacoa®, and put u for zrfa. Then dldu{u8ildu) = 4juL 
The solution of this equation can be written as a series of ascending powers of 
of which, since u is small, we need only retain the first two terms. Thus 
i = (1 + + wjpo-cor®) = + jzh^ja-). If the root- 

mean-square current at the distance r is /, this gives P = -f 
and the mean rate of development of heat is Pjc per c.c. per second. Hence 

rate of development of heat per unit length of the whole wire = ( (Pjc)2v:r dr 

= (A^m^j2G) (1 + Je^). Again, integral current = / 2m dr = . Tza^ 

(1 + and, if r.m.s. integral current = Iq, then = JA® 7 rV(l Js^)* 

Hence heat per unit length and time = fJ^jTZGa^) (1 + 
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Constitutive equations, ^4-^* oressed 
Contact of metals, and 

Co-ordinates, curvilinear, 4'^* 

— cylindrical, 42* ^ 

— spherical polar, 43, 2*0* 

Coulomb’s law, 123. 

Couple, on conductor, lo®* 

Crystal optics, 186. 

Curie point, 135. 

Curie’s law, 133- 

Curie- Weiss law, 135- jjnates, 43- 
Curl in curvilinear co-oren 

— of magnetic field, izo- 

— of vector field, 32. c 

Currency of area, 8, 9. -onditio®® for n*, 
Current, and boundary coti“ 

113- . 

— conduction, 1X2- ^ -87. 

— conduction, and wave , 

. — density, iii- 

. — displacement, iia, ^^ 3 - 
. — due to double stratum, 3 
— • polarization, iia. 

■ — steady, 109. 2, 

— steady, is solenoidal, ^ ^^^-131. 

— steady, magnetic field » r 

— total solenoidal, II3' . yjation 01, 171 

Currents, alternating, cal 

— ener^ of system of, ^^50. 

— in moving conductor, ^ jjo. 

— parallel, magnetic field « 

— quasi-steady, 159* 
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Currents, varying, 146, 

Curvilinear co-ordinates, 40, 

Damping, 178, 180. 

— of waves in wires, 211-2:7. 

Decay, magnetic, 139, 143, 
Diamagnetism, 133, 139- 
Dielectric constant, 7c, 144, 332, 236. 

— constant, infinite, 79, So. 

— constant, in metals, 190. 

— constant, tensor, 75. 

— effect of, S5-87. 

— polarization, 73. 

— sphere, in any field, 90. 

Dielectrics, 70. 

— and Faraday’s discovery, 70. 
Differentiation of vectors, 1 1 . 

Dipole, Hertz’s, 224. 

Directed area, 8. 

Discharge, across spark gap, rSo. 

— non-periodic, 17S, 

— periodic, 178. 

Displacement and charge, 73. 

— and intensitj-, 75- 

— current, 112-116, 143, 146. 

— current and condenser, 113, 180. 

— current, neglect of, 210. 

— electric, 74. 

Distribution of electricity, 59. 
Divergence, 1 8. 

— in curvilinear co-ordinates, 41. 

— of E, 56. 

— ofH, 132. 

— surface, 28. 

— surface, of E, 56. 

Double circuit, 201-220. 

— sources, 22. 

— strata, 27. 

— stratum, current due to, 32. 

— stratum, moment of, 28. 

— stratum, uniform, 30. 

Electric charge, 54. 

— energy, in waves, 219. 

— field, S3. 

— intensity, 53. 

— intensity, within conductor, 109, 
Electricity, frictional, 53. 
Electrodynamics of mema at rest, 143. 
Electrolyte, impressed force in, 117, 

— with metal, impressed force in, 119. 
Electrolytes, optical behaviour of, 193. 
Electromagnetic field, 123. 

— units, 155. 

— waves, 182. 

Electromotive force, ii6, 121. 
Electrons, theory of, 185. 

Electrostatic potential, 57. 

— system of units, 55, 251. 

— units, 156, 251. 

Electrostatics, problem of, 59, 
Electrostriction, 95-roo. 

— theiTnod>Tiamics of, 237--241. 
Ellipsoid of revolution, capacity of, 62. 

— of revolution, potential of, 64. 
E.M.F. round circuit, 141. 

Emission of light, 228, 

Energy, conservation of, i6i. 

— density, 145, 235. 

— density, electrostatic, 147. 

— density, magnetic, 147-15 2. 


Energy, electric, as potential energy, 89. 

— flow of, 193-196. 

— flow of, along wire, 210, 219. 

— free, 122, 148, 233, 233. 

— from cell or accumulator, 160. 

— in alternating circuit, 174. 

— in electrostatic field, 81, 82, 83. 

— in magnetic field, 146-152. 

— in Maxwell’s theory, 231. 

— integral, from Maxwell’s equations. 145. 

— in terms of currents, 164. 

— in wire carrying current, 170. 

— magnetic field, 159-165. 

— of condenser, 84. 

— of electrostatic field, 84-87. 

— of field, and work done, 163. 

— of system of currents, 159. 

— radiation of, 226-229. 

— ratio of electric to magnetic, rgo. 

— source of, in circuit, 123. 

— stream of, 145. 

— transmitted by wave, 1S6. 

— with insulators present, 84. 

Entropy, 233, 339. 

— maximum, 33 S. 

Equation of telegraphy, 18S. 

Equations of state, 338. 

Equilibrium, thermodynamic, 238. 

Faraday, and dielectrics, 70. 

— and magnetism, 123. 

— and Maxwell, 55, 56. 

Maxwell conception, 116. 

Maxw^ell tlieory, 104. 

Faraday’s law for moving media, 141. 

— law of induction, 139, 160. 
Ferromagnetism, 133, 135, 139, 144. 

Field action, 55. 

— electric, 53. 

— energy, and Joule heat, 1 12. 

— energy, electrostatic, 84-87. 

— energy, in complex notation, 196, 

— energy, rate of change of, 1 12. 

— energy, thermodynamics of, 231-241. 
Fluid dielectric, electrostriction in, 95. 

— dielectric, force at surface of, 100. 

Flux, and motion of conductors, 163. 

— of electric force, 55, 56. 

— of magnetic induction, 160-165, 

— through moving area, 39. 

— time rate of change of, 139, 140, 141, 
Force, applied, 116-122. 

— at surface of dielectric, loo. 

— between charges, 104. 

— density, 243. 

— impressed, in electrode, 117. 

— in electromagnetic field, 151, 162, 165. 

— in varying fields, 242-245. 

— on conductor, 165. 

— on wire carrying current, 151. 

Forces, between currents and magnets, 
14S-151. 

— electrical, surface, 240. 

— electrodynamic, 163. 

— equivalent body and surface, 104. 

— in electrostatic field, 81. 

— in Maxwell’s theory, 231. 

— mechanical, in electrostatic field, 91- 

95 . 

Free charges, 74. 

— energy, 122, 148. 
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Free magnetism, 151. 

Frequency, proper, of circuit, 177, 
Fresnel’s formula, 186. 

Fundamental vectors, vector product of, 9. 

Galvanometer, ballistic, 140. 

Gases, polar, 1S6. 

Gaussian system of units, 153, 251. 
Gauss’s magnetic measurements, 124. 

— theorem, 18, 105. 

Gradient, 14. 

— field and source, 23. 

— in curvilinear co-ordinates, 41. 

— of potential, 57. 

Green’s theorem, 18, 59. 

Hagen and Rubens, experiments of, 1 93. 
Heat, absorption of, 236. 

— and polarization, 233, 334. 

— conduction and skin eflfect, 197. 

— in dielectric, 331. 

— Joule. See Joule Heat. 

— specific, 235, 236. 

— with steady current, 121. 

Heating, high frequency, 301. 

Hertz, and force on gether, 244. 

Hertzian waves, 185. 

Hertz’s oscillating dipole, 224. 

— solution of Maxwell’s equations, 223. 
Homogeneous electric field, sphere in, 79. 
Hysteresis loop, 134, 135. 

Images for plane, 77. 

— method of, for plane, 65. 

— method of, for sphere, 67. 

Impedance, 172, 174, 177. 

Impressed E.M.F.s, ii6. 

— force, in contact of metals, 119, 

— forces, 116. 

— forces, in circuit, 120. 

— force with metal and electrolyte, 1 19. 
Index of lefraction, 185. 

— of refraction, complex, 1S8, i8g. 
Induced charge (point and plane), 65. 

— charge (point and sphere), 67, 
Inductance and magnetic energy, 196. 

— calculation of, x66. 

— ellect of, in metal, 214. 

— mutual, of circles, 167. 

— self- and mutual, 164. 

Induction, electrostatic, 66. 

— Faraday’s law of, 139, 160. 

— in transformer core, 175. 

— in use of proof body, 66. 

— law of, 23 1 . 

— law of, differential, 141. 

— lines of (diagram), 137. 

— magnetic, 136. 

— magnetic, flux of, 160-165. 

— self- and mutual, 163. 

Inductor, earth, I40. 

Inner product of vectors, 7. 

Insulators, 58. 

Integral, line, 14. 

— surface, 17. 

— volume, 17. 

Intensity, electric, 53. 

International units, 158. 

Irrotational vector E, 75. 

— vector field, 14. 

Isothermal changes, 232, 233* 


Isothermal processes, 148. 

Joule heat, iii, 122, 145, 147, 160, 163, 
180, 194-196, 201, 205, 219, 229, 231, 

— heat, and field ener^v, 112. 

— heat, and ohmic resistance, 156. 

— heat, in alternating current, 174, 

— heat, in skin efiect, 19S. 

Joule’s law, 109, in. 

Lag of current, 172, 174. 

Laplace’s equation, 38, 59. 

— operator, in curvilinear co-ordinates, 

42. 

Leyden jar, discharge of, 179, iSo. 

Light, electromagnetic theorj’ of, iS£, 

— velocity of, 1 84. 204. 

~ waves, 1 84. 

Line integral, 14. 

Liquid dielectric, charged conductor in, 103. 
Logarithmic decrement, 179. 

Magnet, cylindrical, 136. 

— ideal hard, 133. 

Magnetic decay, 139, 142. 

— energy and inductance. 196. 

— energy in skin effect, 19S. 

— energy" in waves, 319. 

— field, curl of, 126. 

— field energy, 159-165. 

— field, in solenoid, 137. 

— field, measurement of, 124. 

— field of parallel currents, 130, 

— field of steady currents, 125-131. 

— induction, 136. 

— intensities in vacuo, 123. 

— moment, 12S, 

— needle, as test body, 124. 

— shell and current, 127. 

— vectors, 123. 

Magnetically hard substances, 134. 

— soft substances, 134. 

Magnetism, free, 151. 

Magnetization, 13 1. 

— cur\’e, 134, 14S. 

— Gauss’s measurements of, 134. 

— residual, 135, 148. 

— reversible, 136. 

Magnetized cylinder (diagrams), 137. 
Magnetostatics, 123. 

Magnetostriction, 149. 

Magnets, permanent, 135. 

Matrix, 46. 

Maxvi^eirs equations, 143. 

— equations, energy integral from, 145. 

— equations, for waves, iS_3. 

— equations. Hertz’s solution of, 223, 

— equations, optical test of, 185. 

— equations, solution of, 222. 

— equations, tabulated, 144. 

— equations, when Hz = Es~ o, 206. 

— relation, ?r — Jif, 185, 186. 

— stress tensor, 105, 

— theory, 55, 56, 81, 82, 231. 

— theory, energy and forces in, 231. 

— theory of light, 185. 

Maxwell stresses, 104, 242. 

— stresses, example of, 107. 

i — stresses, in magnetic field, 146, 151. 

[ Metal in electrolyte, and impressed force, 
1 II9* 
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Metals, contact of, and impressed force, 
119. 

— optical behaviour of, 1S7-193. 

— reflecting power of, 191. 

— waves in, 1S7-193. 

Mirror, waves incident on, 244. 

^lodulus of decay, 115. 

Moment, magnetic, 128. 

— of double stratum, 2S. 

— of source system, 22. 

— of vector, as vector product, 9. 
Momentum of energy, 245. 

Moving circuits and magnets, 150. 

Mutual inductance, 164. 

— induction, 163. 

Oersted*s discoveiy*, 123, 125. 

Ohmic effect in waves in wires, 314. 

Ohm’s law', 109-111, 116, 140. 

— law, differential form of, iii. 

Optical behaviour of electrolytes, 193. 

— behaviour of metals, 187-193. 
Oscillations, in circuir, 177-1S1. 

Oscillator as dipole or filament, 327. 

— radiation from, 227. 

Outer product of vectors, 8. 

Parallel conductors, 201-220. 

Parallelogram law, 3. 

Paramagnetism, 133, 135, 139. 

Peltier heat, 231. 

Penetration of wave, 189, 190, 191, 215. 
Period of oscillatory discharge, 179. 

— proper, of circuit, 177. 

Periodic E.M.F., circuit with, 172. 
Permeability, magnetic, 139, 144. 
Phase-displacement of B, H, 188, 189. 

Plane conductor, charge induced on, 65. 

— of polarization, 186. 

Plangnisse, 8. 

Point sources, 19. 

Polar gases, 186. 

— vectors, 51. 

Polarization and heat, 233, 234. 

— and temperature, 236. 

— current, 112, 115, 

— definition of, 73. 

— dielectric, 72, 

— dielectric, and heat, 231. 

— for waves in wires, 209. 

— magnetic and electric, 123, 

— plane of, 186. 

Polarized conducting sphere, 69. 
Ponderomotive forces, 231. 

Potential, at great distance, 21. 

— deduced from sources, 24. 

— electrostatic, 57. 

— electrostatic, gradient of, 57. 

— of simple and double strata, 29. 

— scalar, i6, 220-232. 

— vector, 38, 129, 136, 166, 220-229. 

— velocity, 16. 

— W’ithin conductor, 58. 

Potentials, retarded, 221. 

Power in alternating circuit, 174, 176. 
Poynting vector, 146, 193, 243. 

— vector, and skin effect, 198. 

— vector, complex, 196, 201, 217. 

. — vector in conducting wire, 188. 

7- vector in twin circuit, 205. 

— vector in w'ave motion, 226. 


Practical units, 156. 

Problem of electrostatics, 59. 

Products of three vectors, 10. 

Proof body, 53. 

— body, conditions for use of, 91, 

Proper frequency of circuit, 177!? 

— vibrations of circuit, 177. 

Radiation from oscillator, 227. 

— in oscillatory discharge, 180, 

— momentum of, 245. 

— neglect of, 229. 

— of energy, 226-229. 

— pressure of, 245. 

Range of wave in metal, 189, 190, 191. 
Ratio of units, electrostatic and electro- 
magnetic, 155. 

Reflecting power of metals, 191. 

Reflection at metal surface, 19 1. 

— solution of problem of, 191. 

Refraction, complex index of, 188, 189. 

— index of, 185. 

Relaxation, time of, 187. 

Residual charge, 144. 

Resistance and Joule heat, 196. 

— and self-inductance, circuit with, 17 1. 

— in skin effect, 198. 

— of circuit, 121. 

Resonance, 177. 

Retarded potentials, 221. 

Reversible processes, 333. 

Right-handed axes, 5. 

Rubens and Hagen, experiments of, 192. 

Saturation, magnetic, 133. 

Scalar, i. 

— potential, 16, 38, 320-223. 

— product of vectors, 7. 

Screw, right-handed, 51. 

Secular equation, 49. 

Self-inductance, circuit with, 171, 175, 176. 

— external, 204. 

— in skin ^ect, 198. 

— in twin circuits, 201, 308. 

— of circular wire, 169. 

— of coil on ring, 170. 

Self-induction, 163, 164. 

Sinks and sources, 16. 

Skin effect, 170, 190-201. 

— effect and heat conduction, 197. 

— effect in waves, 216. 

Solenoidal total current, 113. 

— vector D, 74. 

— vector field, 36, 37. 

Solid angle and potential, 31. 

Sources and sinks, 16. 

— and surface integral, 31. 

— continuous, potential of, 24. 

— double, 22. 

— of vector field, 37, 

— point, 19. 

— strength of, 16, 20. 

— surface, 26. 

Spark gap, 180. 

Specific inductive capacity, 70. 

Sphere, dielectric, in any field, 90. 

— in Homogeneous field, 79. 

Spherical conductor, charge induced on, 
67. 

— polar co-ordinates, 225. 

Steady current, 109. 
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Steady current, boundary conditions for ] 
in, I 13* 

Stokes’s theorem, 35, 141. 

Strain as tensor, 49. 

Strata, simple and double, 26. 

Strength of source, 20. 

— of sources, 16. 

Stress as tensor, 44. 

— tensor, Maxwell’s, 105. 

Stresses, Maxwell, 104. 

— Maxwell’s, in magnetic field, 146, 151. 
Surface and volume integrals, 17. 

— density of electricity, 59. 

— electric forces, 240. 

— integral and point sources, 21. 

— sources, 26, 

Susceptibility, 241. 

— dielectric, 74. 

— electric, 236. 

— magnetic, 1 3 1 , 132. 

Telegraphy, equation of, 188, 217-220. 
Tensor, components of, 45. 

— invariance properties of, 47. 

— Maxwell’s stress, 105, 242. 

— skew-symmetric, 47. 

— symmetrical, 45. 

Tensors, 43. 

— stress and strain, 52. 

Thermal effects in dielectric, 234. 
Thermochemical activity, 145, 150, 160, 

194, 231* . , 

Thermodynamical equations, 233. 
Thermodynamic equilibrium, 238. 
Thermodynamics of electrostriction, 237- 
241. 

— of field energy, 231-241. 

Thomson’s theorem, 87. 

Time of relaxation, 115. 

Transformer, 175. 

True charges, 74, 78. 

Twin circuit, 201-220. 

Uniqueness of vector field, 25. 

Units, and velocity of light, 184, 

— electric and magnetic, 152-138, 

— electromagnetic, 155. 

— electrostatic, 156. 

— Gaussian, 153. 

— international, 158. 

— of charge, ratio of, 184, 

— practical, 156. 

— relations between, 152-158. 

— table of, 251. 

Variable fields, forces in, 242-245. 

Vector as skew-symmetric tensor, 51. 

— component of, 4. 


I Vector, denrition of, i. 

I — diagram, 172, 276, 177, 209. 

I ~ field, 13. 

I — field, curl of, 32. ^ 

; — field, derivative ci, 46. 
j — field, hydrod^mamical picture of. 23. 

' — field, irrotatlonal, 14. 

— field, solenoidal, 36. 

— field, sources and vortices of, 37. 

— potential, 3S, 129, 136, 166, 220-329. 

— product, components of. 9. 

— product, non-commutative. 7. 

— product of vectors, 8. 

— test for, 6. 

— unit, 4. ^ ^ 

Vectors, addition of, 2. 

— axial, 51- 

— differentiation of, ii. 

— fundamental, 5. 

— H and E in wave motion, 226. 

— inner product of, 7. 

— magnetic, 123. 

— outer product of, 8, 

— polar, 51. 

— scalar product of, 7. 

— vector product of, 8. 

Velocity, critical, 1 54. 

— 01 light, 20.i. 

— potential, 16. 

Vibrations, proper, 177. 

Voltaic cell, 122. 

— circuit, 120, 

Volume and surface integrals, 17. 
Vortices of vector field, 37. 

Wattless component, 174, 176. 

Wave, absorption of, 18S, 1S9, 191. 

— equation for E and H, 1S2, 183. 

— motion, H and E in, 226. 

— range of, in meral, 189, 190, 191. 

— transmission of energy by, r86. 
Waves along wires, 206-217. 

— and conduction current, 187. 

— electric, generation of, 223. 

— electromagnetic, 182. 

— Hertzian, 1S3. 

— in conductors, 187. 

— infra-red, 185, 190. 

— in metals, 187-193, 

— in wires with damping, 21 1-2 17. 

— longitudinal, 185, 

— of light, 184. 

— plane, 183. 

— transverse, 184. 

Wireless telegraphy, 227. 

Work done, and energy of field, 163 

— electric or magnetic, 234. 

— in electromagnetic field, 161, 

— in electrostatic field, 81. 



